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Preface

The conference on Random Dynamical Systems took place from April 28
to May 2, 1997, in Bremen and was organized by Matthias Gundlach and
Wolfgang Kliemann with the help of Fritz Colonius and Hans Crauel. It
brought together mathematicians and scientists for whom mathematics, in
particular the field of random dynamical systems, is of relevance. The aim
of the conference was to present the current state in the theory of random
dynamical systems (RDS), its connections to other areas of mathematics,
major fields of applications, and related numerical methods in a coherent
way.
It was, however, not by accident that the conference was centered around

the 60th birthday of Ludwig Arnold.
The theory of RDS owes much of its current state and status to Ludwig

Arnold. Many aspects of the theory, a large number of results, and several
substantial contributions were accomplished by Ludwig Arnold. An even
larger number of contributions has been initiated by him. The field bene-
fited much from his enthusiasm, his openness for problems not completely
aligned with his own research interests, his ability to explain mathematics
to researchers from other sciences as well as his ability to get mathemati-
cians interested in problems from applications not completely aligned with
their research interests. In particular, a considerable part of the impact
stochastics had on physical chemistry as well as on engineering goes back
to Ludwig Arnold. He built up an active research group, known as “the
Bremen group”.
While this volume was being prepared, a monograph on RDS authored

by Ludwig Arnold appeared. The purpose of the present volume is to doc-
ument and, to some extent, summarize the current state of the field of
RDS beyond this monograph. The contributions of this volume empha-
size stochastic aspects of dynamics. They deal with stochastic differential
equations, diffusion processes and statistical mechanics. Further topics are
large deviations, stochastic bifurcation, Lyapunov exponents and numerics.

Berlin, Germany Hans Crauel
Bremen, Germany Volker Matthias Gundlach

August 1998
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Hans Föllmer
Institut für Mathematik, Humboldt-Universität, 10099 Berlin, Germany
e-mail: foellmer@mathematik.hu-berlin.de

Matthias Gundlach
Institut für Dynamische Systeme, Universität Bremen, Postfach 330 440,
28334 Bremen, Germany
e-mail: gundlach@math.uni-bremen.de

Diederich Hinrichsen
Institut für Dynamische Systeme, Universität Bremen, Postfach 330 440,
28334 Bremen, Germany
e-mail: dh@math.uni-bremen.de





Contributors and Speakers xv

Peter Imkeller
Institut für Mathematik, Humboldt-Universität, 10099 Berlin, Germany
e-mail: imkeller@mathematik.uni-bremen.de

Russell Johnson
Dipartimento di Sistemi e Informatica, Università di Firenze,
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Stochastic Dynamics: Building
upon Two Cultures

Stochastic dynamics stands for the meeting of two mathematical cultures.
These are stochastic analysis on the one hand, and dynamical systems on
the other.
The classical approach of stochastic analysis is concerned with properties

of individual solutions of stochastic differential equations. These individual
solutions form a family of Markov processes, the transition probabilities
of which induce a Markov semigroup. The generator of this Markov semi-
group can be read off from the coefficients of the stochastic differential
equation. Many properties of the system under consideration, qualitative
as well as quantitative, can be derived from the Markov semigroup or its
generator. Markov methods allow, in particular, the investigation of stabil-
ity of stochastic differential equations, almost sure as well as in mean. Even
bifurcation in a family of stochastic differential equations can be introduced
on the level of the Markov approach to denote, e. g., a qualitative change in
the shape of a stationary measure. With another notion of bifurcation turn-
ing up later, this was then called phenomenological or P-bifurcation. Even
though many interesting and important characterizations of a stochastic
system can be obtained using the Markov semigroup and its generator, gen-
eral assertions about the joint behaviour of two or more initial conditions
are not accessible. Only properties of one-point motions may be investi-
gated by the Markov semigroup and its generator. Also the investigation
of stability, which is a question concerning two-point motions, cannot pro-
ceed directly, but has to use the linearization of the system. Thus, stability
investigations of non-linear systems by the Markov approach are confined
to the local behaviour close to non-anticipating solutions.
The essential progress, which made it possible to overcome this defi-

ciency, was the introduction of stochastic flows, discovered by Elworthy,
Baxendale, Bismut, Ikeda, Kunita, Watanabe and others. They realized
that a stochastic differential equation gives more than just the one-point
motions. It rather gives a stochastic flow, which describes joint behaviour
of two, n or infinitely many points under the stochastic differential equa-
tion. Only the stochastic flow allows the investigation of, e. g., invariant
manifolds, attractors, unstable stationary behaviour etc.



xxii Stochastic Dynamics: Building upon Two Cultures

The theory of dynamical systems, on the other hand, always was con-
cerned with the joint behaviour of many points. Even the formulation of
notions such as invariant manifold, attractor, (Kolmogorov–Sinai) entropy,
hyperbolicity etc. would not be possible without a flow of maps, describing
the joint behaviour of solutions of a difference or a differential equation.
However, randomness, modeling uncertainty about the system itself, does
not enter. Still, randomness may arise from inside of the system. A deter-
ministic dynamical system may be isomorphic to the prototype of stochas-
ticity, which is a sequence of independent identically distributed random
variables. This has been a very vivid, engaged and fashionable discussion
in science as well as in public over the last two decades1.
Often, however, systems under consideration have to take into account

random influences in order to be realistic. This is for several reasons. Math-
ematical models coming from applications are concerned with subsystems
of the real world. Often such subsystems cannot be considered to be suf-
ficiently isolated from the rest of the world, so that neglecting influences
causes the mathematical model to become unrealistic. In numerical inves-
tigations errors occur by rounding off due to finite states in computers.
Though these are, in principle, deterministic, practically they are out of
reach for calculations. One approach is to model these errors as small ran-
dom perturbations of the system. Large scale deterministic systems, as they
are used, for instance, to model climate evolution, can exhibit ‘noise like’
features in certain short time-scale subsystems. Modeling these subsystems
by noise, instead of numerically calculating this deterministic ‘noise like’
behaviour precisely, may be used to accelerate computation considerably.

The meeting of these two fields, stochastic analysis and dynamical sys-
tems, opened new perspectives. It permits the incorporation of (external or
internal) stochastic influences on deterministic systems, which may them-
selves exhibit stochastic features induced by deterministic mechanisms. The
systems considered under this point of view have been named random dy-
namical systems, abbreviated RDS.
The programme of RDS can be classified into the following three areas.
• Generalize the notions of deterministic dynamical systems, in partic-
ular: find ‘the right’ generalizations.

• Investigate the dependence of the behaviour of the system on the
influence of (small, but also big) noise, both qualitatively (continuity)
and quantitatively (e. g., decrease or increase of Lyapunov exponents
under the influence of noise is related to stabilizing or destabilizing
the system by noise).

• Exhibit ‘new behaviour’, i. e., find phenomena in the behaviour of
RDS which do not occur for deterministic systems.

Whereas the methods, problems and results of the two fields, stochastic

1Note that we avoided the term “chaos” – OK, almost
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analysis and dynamical systems, were quite distinct, there also have been
areas of overlap. In particular, distinct notions of invariance are used in
both fields, which are, on first view, quite different. For Markov semigroups
there is a notion of an invariant measure. For RDS also there is a notion of
an invariant measure. It turns out that the invariant measures of Markov
semigroups are precisely those invariant measures of the RDS which have a
certain measurability property: in fact, which are measurable with respect
to the past.
Both deterministic and stochastic systems bring a notion of bifurcation.

It turns out that these two notions really are different. The dynamical sys-
tems notion can be carried over to stochastic systems, denoted as dynamical
or D-bifurcation. There are systems which undergo a D-bifurcation, while
the invariant measure for the corresponding family of Markov semigroups
remains unchanged, independent of the parameter. So they stay as far away
from a P-bifurcation as one can possibly imagine. On the other hand, there
are systems which undergo a P-bifurcation, while the corresponding family
of invariant measures for the associated RDS remain stable for all values
of the parameter, whence no D-bifurcation occurs.
Recent numerical simulations suggest that two-dimensional determinis-

tic bifurcation scenarios can exhibit new phenomena when one takes the
influence of noise into consideration. In this context, different numerical
approaches produced substantially different results.
A numerical simulation of the trajectories of a big finite set of initial con-

ditions can be used to compute an approximation of the random attractor.
This gives an approximation of the attractor ‘from inside’ in the sense that,
after a sufficient number of iterations, the cluster of points will essentially
be a subset of the attractor. However, if the attractor has transient parts,
this method will not be able to exhibit more than a glimpse of these.
This picture changes when one uses an adaptation of a deterministic box

covering and subdivision algorithm. This approach allows an approximation
of the random attractor from the outside, also exhibiting transient regions
in the attractor. This has led to a correction of conjectures on stochastic
bifurcation scenarios.
Both deterministic and stochastic systems exhibit positive entropy, con-

jugacy with symbolic dynamics, mixing, and large deviations. Whereas of-
ten entropy, mixing, and large deviations of the random influences on the
system can neither be controlled, nor are of real interest, the system’s pro-
duction of entropy as well as its symbolic dynamics, mixing properties,
and large deviations are of great interest. Here one wants to be able to
split those two distinct sources of erratic behaviour and to separate the
environment’s influence from the system’s evolution.
The approach, newer developments of which are described in this vol-

ume, has its limitations. It does not cover general stochastic differential
equations, with semimartingales instead of a Wiener process as driving
processes, in case the driving semimartingales do not have stationary in-
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crements. It does not cover those time inhomogeneous systems, where the
time inhomogeneity cannot be modeled by random influences which are
stationary.
The essential feature of the random influences modeled in the approach

of random dynamical systems is stationarity. Time inhomogeneity, but no
time evolution, is allowed for the perturbations. One of the main reasons
is that many results in stochastic dynamics make use of ergodic theory. In
particular, the multiplicative ergodic theorem of Oseledets would not apply.
Lyapunov exponents and the associated Oseledets spaces are central tools
for the investigation of stochastic dynamical systems and their stability.
Main influences on the development of both stochastic analysis and dy-

namical systems came from applications. This also pertains to the theory
of stochastic dynamics. The development of stochastic bifurcation theory
would not have reached its current state without contributions from en-
gineering science. Also physics, in particular statistical mechanics, has in-
spired stochastic dynamics. Results obtained in this direction turned out
to be relevant for mathematical biology as well. Quite recently, stochas-
tic analysis entered the investigation of economical models. This mainly
concerns financial mathematics, but there also are extensions of stochastic
calculus designed to provide a description of share prices.

The first contributions to the present volume focus on the fast develop-
ing field of stochastic bifurcations. Central to that theory is a notion of
structural stability. Baxendale chooses an approach via stability along
trajectories based on a description via Lyapunov exponents. He considers
a family of stochastic differential equations on Rd with a common fixed
point, depending smoothly on a parameter, and investigates bifurcations
of invariant Markov measures from the Dirac measure in the fixed point in
terms of the associated leading Lyapunov exponents.

Crauel, Imkeller and Steinkamp classify dynamical bifurcation in
families of one-dimensional stochastic differential equations with a common
fixed point. Using the fact that invariant measures in this case are either
Markov with respect to the original system or Markov with respect to
the inverted system, all ergodic invariant measures can be characterized in
terms of the associated Markov semigroups of the original or the inverted
system, respectively.

Liang and Sri Namachchivaya have devoted their contribution to
the investigation of phenomenological bifurcations of stochastic nonlinear
oscillator equations using perturbation techniques for Hamiltonian systems.
They consider in particular the stochastic Duffing–van der Pol equation.
With the Brusselator under parametric white noise another stochas-

tic differential equation is the object of a further bifurcation analysis in
the present volume. Arnold, Bleckert and Schenk-Hoppé investigate
mainly numerically the effect of noise on Hopf bifurcations. They find a phe-
nomenological bifurcation, whereas evidence is provided that the dynamical
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bifurcation is destroyed. Their arguments are based on simulations of ran-
dom attractors, which involve pull-backs of a finite set, giving a family of
sets approaching the attractor from inside.
The first approximation of a random attractor from the outside can be

found in the contribution by Keller and Ochs who present an algorithm
based on a box covering and subdivision scheme. They use it to investigate
the stochastic Duffing–van der Pol oscillator. They see phenomena more
complex than were previously assumed by many authors. In particular they
gain evidence for a random strange attractor, which is a stochastic feature,
as it is not present in the absence of noise.
The dynamics on such a random strange attractor is very likely to be hy-

perbolic, in which case it can be described with the methods of Gundlach
and Kifer. These authors discuss hyperbolic sets for random dynami-
cal systems on compact spaces mainly in discrete time, where a shadow-
ing lemma and the existence Markov partitions can be exploited to derive
symbolic dynamics and characterizations of Sinai–Bowen–Ruelle measures
using transfer operators. Results and problems of this approach in the case
of continuous time are also discussed.
Two other papers rely on concepts and results from topological dynam-

ics for their analysis of stochastic dynamics. Johnson treats systems with
real noise (bounded, ergodic shift processes) and uses results from ergodic
theory to study the structure of random orthogonal polynomials. He then
presents an analytical study of a random bifurcation in a Duffing–van der
Pol oscillator which is based on exponential dichotomies and rotation num-
bers.

Colonius and Kliemann consider deterministic and stochastic per-
turbed systems with compact perturbation space. They associate the global
behaviour of such systems with the dynamics of an associated (topologi-
cal) perturbation flow and a related control system. This point of view
allows them to characterize the behaviour of Markov diffusion processes
via topological and control techniques, and to study features of parameter
dependent perturbed systems.
The top Lyapunov exponents of linear systems and their dependence on

stochastic perturbations are studied in the contribution of Wihstutz. The
available perturbation methods are surveyed in a systematic manner, yield-
ing asymptotic expansions in terms of large and small intensities of different
kinds of noise, a comparison of white and real noise, and a characterization
of situations where noise stabilizes the system.

Talay is concerned with the numerical approximation of the leading
Lyapunov exponent associated with a stochastic differential equation from
the Furstenberg–Khasminskii formula. This approximation is based on a
discretization of the stochastic differential equation using an Euler scheme.
Conditions are given to ensure the existence of the Lyapunov exponent of
the resulting process and its convergence to the exponent of the original
system, if the discretization step tends to zero.
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If more complicated dynamical objects like invariant manifolds or at-
tractors for (random) dynamical systems are determined numerically, it is
not a priori clear that the discretization procedure of the numerical scheme
will not have a dramatic effect on the outcome. This fundamental problem
for any visualisation approach is considered by Kloeden, Keller and
Schmalfuß.
On the level of stochastic differential equations interesting problems are

concerned with the extension of the stochastic calculus. In his contribution
Kunita investigates stochastic differential equations driven by Lévy pro-
cesses. Lévy processes being not continuous, the connection between the
control sets which are defined via the control problem associated with the
SDE on the one side and the support of the solutions of the SDE on the
other side needs new tools.
A further extension with relevance for the description of the evolution of

share prices is given by Zähle. She surveys applications of fractional cal-
culus to stochastic integration theory, and considers stochastic differential
equations with generalized quadratic variations.
The contribution of Cranston and Le Jan focuses on geometric aspects

of stochastic dynamics. The deformation of curves by the flow for an SDE
is investigated with the help of Lyapunov exponents in order to describe it
as a diffusion process.
The differentiable structure of the phase space plays an important role

when stochastic dynamics is to be introduced on infinite-dimensional prod-
uct manifolds. This topic is discussed in the contribution of Albeverio,
Daletskii and Kondratiev who present dynamics described by stochas-
tic differential equations and Markov processes on those product spaces.
The dynamics is motivated by problems in statistical mechanics and rests
on the notion of Gibbs measures.
Gibbs measures are also the starting point of Demetrius and Gund-

lach for their investigations of evolutionary population dynamics. They
use a statistical mechanics formalism to describe an equilibrium situation
for population dynamics and introduce a diffusion process for the non-
equilibrium situation of evolutionary changes.

Kotelenez briefly remembers different descriptions of models of chem-
ical reactions, ranging from global deterministic to local stochastic models,
and lists transitions between them. One of these transitions, namely from
particle systems to stochastic partial differential equations, is then extended
from the case of finite mass systems to the case of infinite mass systems.

To conclude this introduction, we would particularly like to thank all
referees. They invested an extraordinary amount of work. Without their of-
ten extremely careful, precise and constructive criticism this volume would
not have come into existence. We would also like to thank everybody who
helped to get this volume in its final form, in particular Eva Sieber, Jo-
hanna van Meeteren, and Hannes Keller from the Institut für Dy-
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namische Systeme in Bremen and Ina Lindemann from Springer-Verlag.
Finally we would like to thank our co-editors Wolfgang Kliemann and
Volker Wihstutz for their help and advice.
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Stability Along Trajectories at
a Stochastic Bifurcation Point
Peter H. Baxendale1

ABSTRACT We consider a particular class of multidimensional nonlinear
stochastic differential equations with 0 as a fixed point. The almost sure
stability or instability of 0 is determined by the Lyapunov exponent λ for
the associated linear system. If parameters in the stochastic differential
equation are varied in such a way that λ changes sign from negative to
positive then 0 changes from being (almost surely) stable to being (almost
surely) unstable and a new stationary probability measure µ appears. There
also appears a new Lyapunov exponent λ̃, say, corresponding to linearizing
the original stochastic differential equation along a trajectory with station-
ary distribution µ. The value of λ̃ determines stability or instability along
trajectories. We show that, under appropriate conditions, the ratio λ̃/λ
has a limiting value Γ at a bifurcation point, and we give a Khasminskii-
Carverhill type formula for Γ. We also provide examples to show that Γ
can take both negative and positive values.

1 Introduction

In this paper we shall consider stability and equilibrium properties of the
(Itô) stochastic differential equation in Rd dxt = V0(xt)dt+

r∑
α=1

Vα(xt)dWα
t

x0 = x

(1)

where V0, V1, . . . , Vr are smooth vector fields on Rd and {(W 1
t , . . . ,W

r
t ) :

t ≥ 0} is a standard Rr-valued Brownian motion on some probability space
(Ω,F ,P). As we change one or more of the coefficients in the vector fields
V0, V1, . . . , Vr then the stability and equilibrium behavior of solutions of (1)
may change. Broadly speaking, stochastic bifurcation theory is the study
of qualitative changes in such behavior as the coefficients are varied con-
tinuously. We shall not attempt here to give a general review of stochastic

1Research supported in part by Office of Naval Research contract N00014-96-1-0413.
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bifurcation theory; for that we refer interested readers to [1], [2] and [14],
and references therein.
We shall assume in this paper that

V0(0) = V1(0) = · · · = Vr(0) = 0 (2)

so that 0 is a fixed point for the stochastic differential equation (1), and the
non-trivial behavior of the diffusion {xt : t ≥ 0} takes place on Rd \ {0}.
[The only exception to this assumption appears in the discussion in Section
8.] This setting has been studied previously by the author in [5] and [6]. The
equation (1) may be linearised at 0 to yield the linear stochastic differential
equation

dut = A0utdt+
r∑

α=1

AαutdW
α
t (3)

where Aα = DVα(0) ∈ L(Rd) for 0 ≤ α ≤ r. The almost sure stability
behavior of the linearised process {ut : t ≥ 0} is controlled by the Lyapunov
exponent

λ = lim
t→∞

1
t
log ‖ut‖ with probability 1. (4)

Under suitable assumptions (see Section 2) the Lyapunov exponent λ is
well defined and controls not only the stability of the linearised process
{ut : t ≥ 0} but also the stability of the original process {xt : t ≥ 0}.
More precisely, if λ < 0 then xt → 0 almost surely for all x �= 0 while if
λ > 0 then {xt : t ≥ 0} is a positive recurrent diffusion on Rd \ {0} with
invariant probability measure µ. Moreover if the coefficients are varied in
such a way that λ↘ 0 then the corresponding measures µ converge weakly
to the point mass at 0 in such a way that the rescaled measures (1/λ)µ
converge in a suitable sense. We give details of these results in Section 2.
Now suppose that {xt : t ≥ 0} and {yt : t ≥ 0} are both strong solutions

of (1) with distinct initial conditions x0 = x �= 0 and y0 = y �= 0. If λ < 0
then xt → 0 almost surely and yt → 0 almost surely and it is trivial to
deduce that ‖yt − xt‖ → 0 almost surely. On the other hand if λ > 0
then both {xt : t ≥ 0} and {yt : t ≥ 0} are positive recurrent diffusions
on Rd \ {0} and it is a non trivial question to determine whether or not
‖yt − xt‖ → 0 almost surely. If ‖yt − xt‖ → 0 almost surely for all distinct
x, y ∈ Rd \{0} we shall say that the stochastic differential equation (1) has
stability along trajectories.
In this paper we shall study a slightly different but very closely related

concept, namely that of linearised stability along trajectories. Instead of
linearising (1) at 0 to obtain (3) we can linearise (1) along a trajectory
{xt : t ≥ 0} to obtain

dvt = DV0(xt)vtdt+
r∑

α=1

DVα(xt)vtdWα
t . (5)
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Here vt ∈ Rd should be regarded as a vector at the point xt. Intuitively,
if v0 = y − x and ‖y − x‖ is small then the processes {vt : t ≥ 0} and
{yt − xt : t ≥ 0} should evolve in a similar manner as long as ‖yt − xt‖
remains small.
Whenever λ > 0 then the invariant probability µ for {xt : t ≥ 0} on

R
d \{0} exists and we may consider the corresponding Lyapunov exponent

λ̃ = lim
t→∞

1
t
log ‖vt‖ (6)

where now vt satisfies (5) and (under suitable non-degeneracy conditions)
the limit exists for all v �= 0 and almost all (x, ω) with respect to the product
measure µ × P on (Rd \ {0}) × Ω. If λ̃ < 0 then ‖vt‖ → 0 almost surely,
and we have linearised stability along trajectories. On the other hand, if
λ̃ > 0 then ‖vt‖ → ∞ and we have linearised instability along trajectories.
This should have important implications for the study of random attractors
and random invariant measures (see for example Crauel and Flandoli [9])
associated with (1) in the case where it generates a stochastic flow.
Define θt = vt/‖vt‖, then {(xt, θt) : t ≥ 0} is a diffusion process on

(Rd \ {0}) × Sd−1. Recurrence properties for {xt : t ≥ 0} imply similar
properties for {(xt, θt) : t ≥ 0}. In Section 3 we shall consider the invariant
probability ν for the process {(xt, θt) : t ≥ 0} (defined when λ > 0) and
obtain a result on the limit (1/λ)ν when λ↘ 0. In Section 4 we shall obtain
the following integral formula for λ̃

λ̃ =
∫
(Rd\{0})×Sd−1

Q(x, θ)dν(x, θ) (7)

whereQ(x, θ) has an explicit formula in terms of the vector fields V0, V1, . . . ,
Vr, see equation (18). This generalises the formula of Khasminskii [10]
for a linear stochastic differential equation; it also generalises the formula
of Carverhill [8] for a stochastic flow of diffeomorphisms on a compact
manifold. Notice however that here the state space Rd \{0} is non-compact
and we do not assume the existence of a stochastic flow.
In Section 5 we obtain our main result (Theorem 5.1) that there exists

a finite constant Γ depending only on the system at the bifurcation point
λ = 0 such that

lim
λ↘0

λ̃

λ
= Γ. (8)

Moreover Γ is given by an integral formula

Γ = 1 +
∫
(Rd\{0})×Sd−1

R(x, θ)dν(x, θ) (9)

where now ν is a suitably normalised σ-finite measure which is invariant for
the null recurrent process {(xt, θt) : t ≥ 0} at the bifurcation point λ = 0.
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Clearly the sign of Γ is of great significance to our question of linearised
stability along trajectories. If Γ < 0 then for small positive λ we have λ̃ < 0.
Thus as parameters are varied in such a way that λ passes from negative
values through 0 to positive values then the fixed point 0 loses stability but
there is instead (linearised) stability along trajectories. This phenomenon
is sometimes referred to as exchange of stability. As we shall see in Section 6
it can happen in stochastic differential equations with rotational symmetry.
In particular it can occur in systems obtained as the result of stochastic
averaging. See for example [2, Sect. 6.1].
However if Γ > 0 then for small positive λ we have λ̃ > 0. In this case then

as the fixed point 0 becomes unstable we also have (linearised) instability
along trajectories. Thus there is a total loss of stability in this case. We
shall present in Section 7 an example where this happens.
Finally in Section 8 we observe that one way in which equation (1) can

arise is as the equation for the motion of a stochastic flow in Rd relative to
one of its trajectories. This was the case for the Γ = 1 example in Section
7. In this setting, we give an example of a stochastic flow in R2 where the
law of the one-point motion remains unchanged while the two-point motion
undergoes a loss of stability along trajectories.

2 Stability for {xt : t ≥ 0}
In this section we review results from [5] and [6] on stability and invariant
measures for the one-point motion {xt : t ≥ 0}.
Let S(x, r) = {y ∈ Rd : ||y − x|| = r}, B(x, r) = {y ∈ Rd : ||y − x|| < r},

and B′(x, r) = {y ∈ Rd : 0 < ||y − x|| < r}. We let L denote the generator
of {xt : t ≥ 0}. Define

V0(x) = V0(x)− 1
2

r∑
α=1

DVα(x)(Vα(x))

and

A0 = A0 − 1
2

r∑
α=1

(Aα)2;

then V0(xt) and A0ut are the drift terms in the Stratonovich versions of
(1) and (3). For T > 0 let KT = C([0, T ];Rr). For κ ∈ KT let {ξ(t, x;κ) :
0 ≤ t ≤ T} denote the solution of the control problem in Rd associated
with (1)

∂ξ

∂t
(t, x;κ) = V0(ξ(t, x;κ)) +

r∑
α=1

Vα(ξ(t, x;κ))κα(t)

with ξ(0, x;κ) = x. Similarly let {η(t, θ;κ) : 0 ≤ t ≤ T} denote the solution
of the control problem in Sd−1 associated with the projection of (3) onto
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Sd−1
∂η

∂t
(t, θ;κ) = Ã0(η(t, θ;κ)) +

r∑
α=1

Ãα(η(t, θ;κ))κα(t)

with η(0, θ;κ) = θ, where for any d × d matrix A we write Ãθ = Aθ −
〈Aθ, θ〉θ.
Let g be a fixed function in C(Rd) with g ≥ 1 and consider the following

assumptions

H1(g) The process {xt : t ≥ 0} is non-explosive and there exist a non-
negative function f ∈ C2(Rd) and a positive constant R such that

Lf(x) ≤ −g(x) for ||x|| ≥ R.

H2 For all r > 0 and x �= 0 there exists T <∞ such that

P(‖xT ‖ < r|x0 = x) > 0.

H3 (i) dim[Lie(A0, A1, . . . , Ar)(v)] = d for all v �= 0, and if d = 2 the
linear mappings A1, . . . , Ar are not all multiples of I.

(ii) {η(T, θ;κ) : T > 0, κ ∈ KT } is dense in Sd−1 for all θ ∈ Sd−1.
(iii) For all sufficiently small δ > 0 there exists r0 = r0(δ) ∈ (0, δ)

such that

{ξ(t, x;κ) : t > 0, κ ∈ Kt, ||ξ(s, x;κ)|| < δ for all s ≤ t}∩S(0, r0)
is dense in S(0, r0) for all x ∈ S(0, r0).

We note that H3 may be replaced by the stronger but simpler condition:

H3’ dim[Lie(A1, . . . , Ar)(v)] = d for all v �= 0.
Under condition H3(i)(ii) the Lyapunov exponent λ and also the moment

Lyapunov function

Λ(p) = lim
t→∞

1
t
logE‖ut‖p for all p ∈ R

are well defined.

Theorem 2.1. Suppose that the system (1) satisfies conditions H1(g), H2
and H3 for some fixed g ∈ C(Rd, [1,∞)).
(i) If λ < 0 then P(xt → 0 as t→∞) = 1 for all x �= 0.
(ii) If λ = 0 then the process {xt : t ≥ 0} on Rd \ {0} has an invariant

σ-finite measure µ which is unique up to a multiplicative constant.
Moreover ∫

Rd\B(0,ε)
g dµ <∞ for all ε > 0
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and there exists a ∈ (0,∞) such that

µ(Rd \B(0, ε))
| log ε| → a as ε→ 0. (10)

(iii) If λ > 0 then the process {xt : t ≥ 0} on Rd \ {0} has a unique
invariant probability measure µ, and

1
t

∫ t

0
φ(xs) ds→

∫
φdµ as t→∞ almost surely (11)

for all φ ∈ L1(µ) and all x �= 0. Moreover∫
g dµ <∞

and there exist γ > 0, δ > 0 and K <∞ such that Λ(−γ) = 0 and

1
K
rγ ≤ µ(B′(0, r)) ≤ Krγ (12)

for 0 < r < δ.

Proof. This appears as part of Theorem 2.8 in [6]. The result originally
appeared in [5] using the stronger hypothesis H3’ in place of H3. The version
of (2.9) in [6] is given for bounded measurable φ, and this implies the
uniqueness. The extension to µ-integrable φ follows as in the proof of [11,
Thm. IV.5.1].

Suppose now that the vector fields V0, V1, . . . , Vr depend on some parame-
ter z which can vary smoothly in some parameter space N . We shall assume
that N is an open subset of some Euclidean space; thus the parameter z
can be multi-dimensional. Henceforth we assume that each Vα, 0 ≤ α ≤ r,
is a smooth mapping Rd×N → R

d with the property that Vα(0, z) = 0 for
all z and α.
As a matter of notation we will write V z

α (·) for the vector field x �→
Vα(x, z) and attach the superscript z to objects such as Lz and λz which
depend on the parameter value.
We shall say that the conditions H1(g), H2 and H3 are satisfied uniformly

in a subset W ⊂ N if they are satisfied at each point w ∈ W and the
numbers R and r0(δ) are the same for all w ∈ W and the functions fw

satisfy sup{fw(x) : w∈W} <∞ for all x and sup{Lwfw(x) : w∈W, ‖x‖ ≤
R} <∞. Notice that H2, H3(i), H3(ii) and H3’ are all open conditions, so
that if they are satisfied at z then they are automatically satisfied in some
neighborhood of z.

Theorem 2.2. Let z ∈ N and g ∈ C(Rd, [1,∞)) be fixed with g(x) → ∞
as ‖x‖ → ∞. Suppose that H1(g), H2 and H3 are satisfied uniformly in
some neighborhood W of z in N , and that λz = 0.
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(i) The mapping w �→ λw is continuous on W .

(ii) Denote by µ̄ the unique σ-finite invariant measure for {xzt : t ≥ 0} on
R
d \ {0} satisfying

µ̄(Rd \B(0, ε))
| log ε| → 2

V
as ε→ 0

where V = (Λz)′′(0) > 0. As w → z through W+ ≡ {w ∈ W : λw >
0} the rescaled measures (1/λw)µw converge to µ̄ in the sense that

1
λw

∫
φ(x)dµw(x)→

∫
φ(x)dµ̄(x)

for all continuous φ : Rd \ {0} → R satisfying φ(x)/g(x) → 0 as
‖x‖ → ∞ and φ(x)/‖x‖p → 0 as x→ 0 for some p > 0.

Proof. This is contained in [6, Thm. 2.13].

3 Stability for {(xt, θt) : t ≥ 0}
Consider the induced process {(xt, θt) : t ≥ 0} with values in (Rd \ {0})×
Sd−1. It is given by the stochastic differential equation

d(xt, θt) = Ṽ0(xt, θt)dt+
r∑

α=1

Ṽα(xt, θt)dWα
t (13)

where
Ṽα(x, θ) = (Vα(x), DVα(x)θ − 〈DVα(x)θ, θ〉θ)

for 0 ≤ α ≤ r.
Clearly the recurrence and transience properties of {(xt, θt) : t ≥ 0}

are influenced by the behavior of the underlying process {xt : t ≥ 0}. In
particular if λ < 0 then xt → 0 almost surely and so {(xt, θt) : t ≥ 0} is a
transient process on (Rd \ {0}) × Sd−1. On the other hand if λ ≥ 0 then
{xt : t ≥ 0} is recurrent on Rd \ {0} with respect to the corresponding
invariant measure µ; we will extend these results to the process {(xt, θt) :
t ≥ 0}.
In order to do so we need to extend the assumption H3 so as to include

non-degeneracy properties of {(xt, θt) : t ≥ 0}. Define π : (Rd \ {0}) ×
Sd−1 → R

d \ {0} by π(x, θ) = x. The Stratonovich version of (13) has drift

Ṽ0 given by

Ṽ0(x, θ) = (V0(x), DV0(x)θ − 〈DV0(x)θ, θ〉θ).
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For T > 0 and κ ∈ KT let {ζ(t, x, θ;κ) : 0 ≤ t ≤ T} denote the solution of
the control problem in (Rd \ {0})× Sd−1 associated with (13)

∂ζ

∂t
(t, x, θ;κ) = Ṽ0(ζ(t, x, θ;κ)) +

r∑
α=1

Ṽα(ζ(t, x, θ;κ))κα(t)

with ζ(0, x, θ;κ) = (x, θ).
Consider the following assumption

H4 (i) There exists δ > 0 such that dim[Lie(Ṽ0, Ṽ1, . . . , Ṽr)(x, θ)] = 2d−1
whenever 0 < ‖x‖ < δ and θ ∈ Sd−1.

(ii) For all sufficiently small δ > 0 there exists r0 = r0(δ) ∈ (0, δ)
such that {ζ(t, x, θ;κ) : t > 0, κ ∈ Kt, ||π(ζ(s, x, θ;κ))|| <
δ for all s ≤ t}∩ (S(0, r0)×Sd−1) is dense in S(0, r0)×Sd−1 for
all (x, θ) ∈ S(0, r0)× Sd−1.

We note that H4 may be replaced by the stronger but simpler condition:

H4’ There exists δ > 0 such that dim[Lie(Ṽ1, . . . , Ṽr)(x, θ)] = 2d−1 when-
ever 0 < ‖x‖ < δ and θ ∈ Sd−1.

Remark 3.1. If all the vector fields V0, V1, . . . , Vr appearing in (1) are lin-

ear in some ball B(0, δ) then the vector fields Ṽ0, Ṽ1, . . . , Ṽr are all tangen-
tial to the d-dimensional submanifold {(x, x/‖x‖) : 0 < ‖x‖ < δ} and so H4
fails. If λ ≥ 0 the assumption H1 already implies that at least one of the vec-
tor fields V0, V1, . . . , Vr is non-linear somewhere in Rd (i.e. Vα(x) �= Aαx
for some α and x). The assumption H4 now insists that the non-linearity
appears in every neighborhood of 0.

Theorem 3.2. Suppose that the system (1) satisfies conditions H1(g), H2,
H3 and H4 for some fixed g ∈ C(Rd, [1,∞)).
(i) If λ = 0 then the process {(xt, θt) : t ≥ 0} on (Rd \ {0}) × Sd−1 has

an invariant σ-finite measure ν which is unique up to a multiplicative
constant. In particular the marginal µ = π∗(ν) is the unique (up to a
multiplicative constant) invariant measure for {xt : t ≥ 0}.

(ii) If λ > 0 then the process {(xt, θt) : t ≥ 0} on (Rd \ {0})× Sd−1 has a
unique invariant probability measure ν, and

1
t

∫ t

0
φ(xs, θs) ds→

∫
φdν as t→∞ almost surely (14)

for all φ ∈ L1(ν) and all x �= 0 and θ ∈ Sd−1. In particular the
marginal µ = π∗(ν) is the unique invariant probability measure for
{xt : t ≥ 0}.
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Proof. The proof is essentially the same as the proof of [6, Thm. 2.8].
The family of stopping times in [6, Sect. 6] now gives a Markov chain
{Zn = (xσn , θσn) : n ≥ 0} with values in S(0, r) × Sd−1. The assumption
H4 ensures that for sufficiently small r the process {Zn : n ≥ 0} satisfies the
assertions of [6, Lemma 6.2] with x replaced by (x, θ) and S(0, r) replaced
by S(0, r)×Sd−1. The remainder of the proof goes through unchanged.

Suppose now that the vector fields V0, V1, . . . , Vr depend smoothly on
the parameter z ∈ N .

Theorem 3.3. Let z ∈ N and g ∈ C(Rd, [1,∞)) be fixed with g(x) → ∞
as ‖x‖ → ∞. Suppose that H1(g), H2 and H3 are satisfied uniformly in
some neighborhood W of z in N , and that λz = 0. Suppose also that H4 is
satisfied at z and at each w ∈ W+ ≡ {w ∈ W : λw > 0}. Denote by ν̄ the
unique σ-finite invariant measure for {(xzt , θzt ) : t ≥ 0} on (Rd\{0})×Sd−1
such that π∗(ν̄) = µ̄ where µ̄ is the measure in Theorem 2.2. As w → z
through W+ the rescaled measures (1/λw)νw converge to ν̄ in the sense
that

1
λw

∫
φ(x, θ)dνw(x, θ)→

∫
φ(x, θ)dν̄(x, θ) (15)

for all continuous φ : (Rd\{0})×Sd−1 → R satisfying supθ |φ(x, θ)|/g(x)→
0 as ‖x‖ → ∞ and supθ |φ(x, θ)|/‖x‖p → 0 as x→ 0 for some p > 0.

Proof. The proof is essentially unchanged from the proof of [6, Thm. 2.13].
The method of [6, Lemma 7.1] shows that any sequence w(n) converging
to z through W+ contains a subsequence w(n(k)) such that the measures
(1/λw(n(k)))νw(n(k)) converge (in the sense of (15)) to some measure γ on
(Rd \{0})×Sd−1. Then γ is an invariant measure for {(xzt , θzt ) : t ≥ 0} and
by Theorem 2.2 we have π∗(γ) = µ̄. We deduce from Theorem 3.2 (i) that
γ = ν̄, and we are done.

The following corollary will be useful later.

Corollary 3.4. With the setting and assumptions of Theorem 3.3 suppose
φw, w ∈W+, and φ are functions from (Rd \ {0})× Sd−1 to R satisfying

(i) φ is continuous;

(ii) φw → φ uniformly on compact subsets of (Rd \ {0})× Sd−1 as w → z
through W+;

(iii) supθ,w |φw(x, θ)|/g(x)→ 0 as ‖x‖ → ∞;
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(iv) supθ,w |φw(x, θ)|/‖x‖p → 0 as x→ 0 for some p > 0.

Then

1
λw

∫
φw(x, θ)dνw(x, θ)→

∫
φ(x, θ)dν̄(x, θ) (16)

as w → z through W+.

Proof. This is an elementary consequence of Theorem 3.3. By (iii) and (iv)
there exists a continuous function g0(x) and a constant p > 0 satisfying
g0(x)/g(x) → 0 as ‖x‖ → ∞ and g0(x)/‖x‖p → 0 as ‖x‖ → 0 such that
|φw(x, θ)| ≤ g0(x) for all θ and w and all x outside some compact subset
of Rd \ {0}. By (i) and (ii) we may assume that |φw(x, θ)| ≤ g0(x) for all
x, θ, w and |φ(x, θ)| ≤ g0(x) for all x, θ. We have∣∣∣∣ 1λw

∫
φwdνw −

∫
φdν̄

∣∣∣∣ ≤ ∣∣∣∣ 1λw
∫

φdνw −
∫

φdν̄

∣∣∣∣+ 1
λw

∫
|φw − φ|dνw

The first term goes to 0 as w → z by Theorem 3.3. The second term can
be estimated by

1
λw

∫
|φw − φ|dνw ≤ 1

λw

∫
‖x‖≤r

2g0(x)dµw(x) +
1
λw

∫
‖x‖≥R

2g0(x)dµw(x)

+
1
λw

∫
r<‖x‖<R

|φw(x, θ)− φ(x, θ)|dνw(x, θ)

and the proof may be completed by letting w → z and then r → 0 and
R→∞. We omit the details.

4 Formula for λ̃

In this section we will assume that λ > 0, so that the fixed point 0 is almost
surely unstable and {xt : t ≥ 0} has an invariant probability measure µ
on Rd \ {0}. Recall that the Lyapunov exponent λ̃ in (6) determines the
almost sure rate of exponential growth (or decay) of ‖vt‖, where the process
{vt : t ≥ 0} is obtained by linearizing (1) along a trajectory. The following
result shows that λ̃ is well defined in (6) and that the formula (7) is correct.

Theorem 4.1. Suppose that the system (1) satisfies conditions H1(g), H2,
H3 and H4 for some fixed g ∈ C(Rd, [1,∞)) and λ > 0. Suppose also there
exists K such that

‖DV0(x)‖+
r∑

α=1

‖DVα(x)‖2 ≤ Kg(x) for all x ∈ Rd. (17)
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Then for all x �= 0 and v �= 0

λ̃ ≡ lim
t→∞

1
t
log ‖vt‖ =

∫
(Rd\{0})×Sd−1

Qdν almost surely

where

Q(x, θ)=〈DV0(x)θ, θ〉+12
r∑

α=1

{‖DVα(x)θ‖2−2〈DVα(x)θ, θ〉2} (18)

and ν is the (unique) invariant probability measure for {(xt, θt) : t ≥ 0} on
(Rd \ {0})× Sd−1.

Before we give the proof of Theorem 4.1 we have

Lemma 4.2. Assume H1(g). There exists c <∞ such that

Ex
[
f(xt) +

∫ t

0
g(xs) ds

]
≤ f(x) + ct

for all x and t.

Proof. Define c = sup{Lf(x)+g(x) : ‖x‖ ≤ R}. By H1(g) we have Lf(x)+
g(x) ≤ c for all x. The result now follows by a simple application of Dynkin’s
formula together with the fact that the process {xt : t ≥ 0} is non-explosive.

Proof of Theorem 4.1. A direct application of Itô’s formula to equation (5)
yields

log ‖vt‖ = log ‖v‖+
∫ t

0
Q(xs, θs) ds+

r∑
α=1

∫ t

0
〈DVα(xs)θs, θs〉dWα

s

= log ‖v‖+
∫ t

0
Q(xs, θs) ds+Mt

where {Mt : t ≥ 0} is a local martingale. Now the quadratic variation 〈M〉t
of Mt satisfies

E〈M〉t = E

(
r∑

α=1

∫ t

0
〈DVα(xs)θs, θs〉2 ds

)

≤ E

(
r∑

α=1

∫ t

0
‖DVα(xs)‖2 ds

)

≤ KE
(∫ t

0
g(xs) ds

)
≤ K(f(x) + ct) <∞
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by Lemma 4.2. Therefore {Mt : t ≥ 0} is an L2 martingale and (1/t)E〈M〉t
is bounded so that Mt/t→ 0 almost surely. Moreover

|Q(x, θ)| ≤ ‖DV0(x)‖+ 1
2

r∑
α=1

‖DVα(x)‖2 ≤ Kg(x)

so that Q ∈ L1(ν). Then (14) gives

1
t

∫ t

0
Q(xs, θs) ds→

∫
(Rd\{0})×Sd−1

Qdν almost surely

and the result follows immediately. ✷

5 Ratio of the two Lyapunov exponents

Consider now the bifurcation scenario in which the parameter z is varied in
such a way that λ crosses 0 from below. For λ < 0 the fixed point 0 is almost
surely stable and hence automatically we have stability along trajectories.
When λ > 0 then the new invariant probability measure µ appears, along
with its corresponding Lyapunov exponent λ̃. In this section we consider
what can be said about λ̃ near the bifurcation point, i.e. when λ is small
and positive.
In order to state the next theorem we establish some notation. Let L̃

denote the generator for the process {(xt, θt) : t ≥ 0}. The formula for L̃ can
be determined from the stochastic differential equation (13). Let L̄ denote
the generator for the process {ut/‖ut‖ : t ≥ 0} on Sd−1 obtained by first
linearizing (1) at x = 0 and then projecting onto the unit sphere Sd−1. The
formula for L̄ can be determined from the stochastic differential equation
(3); it is given in terms of the linear mappings Aα = DVα(0). Formally L̄
can be obtained from L̃ by removing the derivatives in x directions and
substituting x = 0 in the coefficients of the derivatives in θ directions.
Assume that H3 is satisfied. The formula of Khasminskii [10] for linear

stochastic differential equations gives

λ =
∫

Sd−1
Q(0, θ) dρ(θ) (19)

where Q(0, θ) can be computed as a special case of (18) and ρ is the unique
invariant probability on Sd−1 for the diffusion {ut/‖ut‖ : t ≥ 0} with
generator L̄. It follows that there is a smooth function ψ : Sd−1 → R such
that

L̄ψ(θ) = λ−Q(0, θ).

The function ψ is uniquely determined up to an additive constant. Since ψ
can be regarded as a function (x, θ)→ ψ(θ) defined on (Rd\{0})×Sd−1 we
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may consider L̃ψ : (Rd \{0})×Sd−1 → R. We note that typically the value
of L̃ψ(x, θ) will depend upon both x and θ since typically the coefficients
of L̃ depend upon both x and θ. We define

R(x, θ) = [Q(x, θ)−Q(0, θ)] +
[
L̃ψ(x, θ)− L̄ψ(θ)

]
. (20)

Theorem 5.1. Let z ∈ N and g ∈ C(Rd, [1,∞)) be fixed with g(x) → ∞
as ‖x‖ → ∞. Suppose that H1(g), H2 and H3 are satisfied uniformly in
some neighborhood W of z in N , and that λz = 0. Suppose also that H4 is
satisfied at z and at each w ∈W+ ≡ {w ∈W : λw > 0}. Assume that

sup{‖DV w
0 (x)‖+

∑r
α=1 ‖DV w

α (x)‖2 : w∈W+}
g(x)

→ 0 as ‖x‖ → ∞.
(21)

Then as w → z through W+

λ̃w

λw
→ Γ ≡ 1 +

∫
Rz(x, θ) dν̄(x, θ). (22)

Proof. The condition (21) implies that there is a positive function g0 such
that

‖DV w
0 (x)‖+

r∑
α=1

‖DV w
α (x)‖2 ≤ g0(x)

for all w ∈W+ and all x ∈ Rd, and g0(x)/g(x)→ 0 as ‖x‖ → ∞. It follows
that |Qw(x, θ)| ≤ g0(x) and so by Theorem 4.1 we have

λ̃w =
∫

Qw(x, θ) dνw(x, θ). (23)

By [6, Thm. 4.2] there exists a neighborhood W1 of z in N and for each
w ∈W1 a function ψw ∈ C∞(Sd−1) satisfying

L̄wψw(θ) = λw −Qw(0, θ) (24)

such that the mapping w → ψw is continuous as a mappingW1 → C2(Sd−1)
(with respect to the C2 topology on C2(Sd−1)). For ease of notation we
can and will assume W1 = W . Since νw is an invariant probability for the
diffusion on (Rd \ {0})× Sd−1 with generator L̃w we have∫

L̃wψw(x, θ) dνw(x, θ) = 0. (25)
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Putting (23), (24) and (25) together we get

λ̃w =
∫ {

Qw(x, θ) + [λw−L̄wψw(θ)−Qw(0, θ)] + L̃wψw(x, θ)
}
dνw(x, θ)

= λw +
∫

Rw(x, θ) dνw(x, θ)

and so
λ̃w

λw
= 1 +

1
λw

∫
Rw(x, θ) dνw(x, θ).

The result will now follow from Corollary 3.4 once we have shown that the
functions Rw(x, θ) and Rz(x, θ) satisfy the conditions (i) to (iv) therein.
We will consider the two terms [Qw(x, θ) − Qw(0, θ)] and [L̃wψw(x, θ) −
L̄wψw(θ)] in Rw(x, θ) separately.
Consider first the function φw(x, θ) = Qw(x, θ) − Qw(0, θ). Recall that

Qw(x, θ) is defined in (18). Conditions (i) and (ii) follow from the fact that
the mapping (x, θ, w)→ Qw(x, θ) is jointly continuous in all three variables.
Condition (iii) follows easily from the estimate |Qw(x, θ) − Qw(0, θ)| ≤
g0(x) + g0(0) and condition (iv) with 0 < p < 1 follows from the mean
value theorem:

|Qw(x, θ)−Qw(0, θ)|
‖x‖ ≤ sup{‖DxQ

w(sx, θ)‖ : 0 ≤ s ≤ 1} (26)

where Dx denotes the total derivative with respect to the x variable. From
(18) we see that DxQ

w(x, θ) has an explicit expression in terms of DV w
α (x)

and D2V w
α (x); it follows easily that the right side of (26) remains uniformly

bounded in θ and w as ‖x‖ → 0.
Now consider instead the function φw(x, θ) = L̃wψw(x, θ)− L̄wψw(θ). It

is convenient to write ψ̄w(v) = ψw(v/‖v‖) for v ∈ Rd \ {0}. Then

L̃wψw(x, θ)=Dψ̄w(θ)(DV w
0 (x)θ)+

1
2

r∑
α=1

D2ψ̄w(θ)(DV w
α (x)θ,DV

w
α (x)θ)

(27)

and

L̄wψw(θ) = Dψ̄w(θ)(Aw0 θ) +
1
2

r∑
α=1

D2ψ̄w(θ)(Awαθ,A
w
αθ)

= L̃wψw(0, θ).

Since the mapping w → ψw is continuous with respect to the C2 topology
it follows that the mappings (θ, w) → Dψ̄w(θ) ∈ L(Rd;R) and (θ, w) →
D2ψ̄w(θ) ∈ L(Rd,Rd;R) are continuous and hence locally bounded on
Sd−1×W . Without loss of generality we may assume that they are bounded
on W , so there exists a constant k such that

‖Dψ̄w(θ)‖ ≤ k and ‖D2ψ̄w(θ)‖ ≤ k for all (θ, w) ∈ Sd−1 ×W.
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Conditions (i) and (ii) now follow since the functionsDψ̄w(θ),D2ψ̄w(θ) and
DV w

α (x)θ appearing in (27) are all continuous in x, θ and w. Condition (iii)
follows from the estimate

|L̃wψw(x, θ)| ≤ k

{
‖DV w

0 (x)‖+
1
2

r∑
α=1

‖DV w
α (x)‖2

}
≤ kg0(x)

which is also valid when x = 0, and condition (iv) with 0 < p < 1 follows
from the mean value theorem:

|L̃wψw(x, θ)− L̄wψw(θ)|
‖x‖ =

|L̃wψw(x, θ)− L̃wψw(0, θ)|
‖x‖ (28)

≤ sup{‖Dx(L̃wψw)(sx, θ)‖ : 0 ≤ s ≤ 1}

where again Dx denotes the total derivative with respect to the x variable.
From (27) we see that Dx(L̃wψw)(x, θ) has an explicit expression in terms
of Dψ̄w(θ), D2ψ̄w(θ), DV w

α (x) and D
2V w

α (x); it follows easily that the final
term in (28) remains uniformly bounded in θ and w as ‖x‖ → 0.

Clearly the value of Γ, and in particular the sign of Γ, is important to
the question of (linearized) stability along trajectories near a bifurcation
point. In general it will be hard to evaluate Γ directly from the expression
in (22). In the next two sections we present examples or classes of examples
where certain symmetries in the original system allow us at least to find
the sign of Γ.

6 Rotational symmetry

Consider the system

dxt = F (‖xt‖)xtdt+G(‖xt‖)
r∑

α=1

EαxtdW
α
t (29)

where F and G are smooth functions [0,∞)→ R with F (0)=β and G(0)=
σ, and the d×dmatrices Eα are chosen so that the derived system {(xt, vt) :
t ≥ 0} is rotationally symmetric. More precisely we insist that for all R ∈
O(d) (the full d-dimensional rotation group) the process {(Rxt, Rvt) : t ≥
0} is a diffusion in Rd×Rd with the same generator as the process {(xt, vt) :
t ≥ 0}. This is equivalent to the condition

r∑
α=1

(REαx)⊗ (REαy) =
r∑

α=1

(EαRx)⊗ (EαRy) (30)
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for all R ∈ O(d) and x, y ∈ Rd. This in turn (see Yaglom [15]) is equivalent
to the condition

r∑
α=1

〈Eαx, u〉〈Eαy, v〉 = (A+B)〈x, y〉〈u, v〉

+(A−B)〈x, v〉〈y, u〉+ (C − 2A
d
)〈x, u〉〈y, v〉

for constants A ≥ 0, B ≥ 0 and C ≥ 0. In dimension d = 2 this can be
achieved using the matrices

√
A

[
0 1
1 0

] √
A

[
1 0
0 −1

] √
B

[
0 −1
1 0

] √
C

[
1 0
0 1

]
More generally it can be achieved by taking a suitably scaled mixture of
trace-free symmetric and skew-symmetric matrices together with the iden-
tity matrix. We shall assume here that the constants A, B and C are all
strictly positive.
Writing rt = ‖xt‖ and using Itô’s formula, we obtain

drt=
(
F (rt)+

(
D2+

D1
2

)
[G(rt)]2

)
rtdt+

√
D1G(rt)rtdBt (31)

where {Bt : t ≥ 0} is the standard one-dimensional Brownian motion given
by

dBt =
1√
D1

∑
α∈A

〈 xt
‖xt‖ , E

α xt
‖xt‖〉dW

α
t

and D1 = (2 − 2/d)A + C and 2D2 = (d − 3 + 2/d)A + (d − 1)B − C.
We can linearize the system at 0 by replacing F (r) and G(r) by β and
σ respectively. Then (31) becomes the equation for geometric Brownian
motion and we obtain immediately

Λ(p) =
(
β +D2σ

2) p+ D1
2
σ2p2

so that

λ = Λ′(0) = β +D2σ
2 and V = Λ′′(0) = D1σ

2.

In particular λ = 0 when β = −D2σ2. Now assume the functions F and G
satisfy

(i) there exist δ1 and δ2 such that

lim inf
r→∞ rG(r) ≥ δ1 > 0 and lim sup

r→∞
2F (r)

D1r[G(r)]2
≤ −δ2 < 0;

(ii) G(r) > 0 for all r ≥ 0;
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(iii) there exists δ3 such that G′(r) �= 0 for all 0 < r < δ3;

(iv)

lim sup
r→∞

|F ′(r)|+ |G′(r)|2
exp(δr)

<∞ for some δ < δ2.

Assumption (i) implies H1 with both f and g of the form const.×exp(δ‖x‖)
so long as δ < δ2. The assumption G(r) > 0 for all r > 0 implies H2 and the
assumption G(0) > 0 implies H3’ which in turn implies H3. Assumption
(iii) implies H4’ which in turn implies H4; in fact Remark 3.1 implies that
(iii) is necessary for H4. (The assumption that A > 0 is essential here; if
A = 0 then a direct calculation shows that if 〈x, θ〉 = 0 then 〈xt, θt〉 = 0 for
all t and so H4 fails.) Finally assumption (iv) implies (17) with a suitable
choice of g.
Moreover, when the functions F and G and the constants A, B and C

depend on a parameter z then the uniform version of H1 and the estimate
(21) will follow easily from uniform versions of the lim sup and lim inf as-
sertions in (i) and (iv). Thus Theorem 5.1 applies to this setting and we
shall compute Γ. We assume henceforth that λ = β +D2σ

2 = 0.
Taking V0(x) = F (‖x‖)x and Vα(x) = G(‖x‖)Eαx in (18) we obtain

Q(x, θ) = F (‖x‖) + 〈x, θ〉2F
′(‖x‖)
‖x‖ +D2[G(‖x‖)]2+ (32)

+ 〈x, θ〉2
(
2D2G(‖x‖)G′(‖x‖)

‖x‖ + [G′(‖x‖)]2
[
D3 −D4〈 x

‖x‖ , θ〉
2
])

.

where 2D3 = (d− 1− 2/d)A+(d− 3)B+C and D4 = (1− 2/d)A−B+C.
In particular Q(0, θ) = F (0) + D2[G(0)]2 = λ = 0 so that we can take
ψ(θ) ≡ 0 in (20) and then R(x, θ) = Q(x, θ) with Q given by (32).
From (31) we can compute the density of the σ-finite invariant measure

µ̄ in polar coordinates on Rd \ {0}. With respect to Lebesgue measure on
(0,∞) and the uniform probability measure on Sd−1, µ̄ has density

ρ(r) = constant× 1
r[G(r)]2

exp
(∫ r

0
H(s) ds

)
where

H(r) =
2

D1r

[
F (r)
[G(r)]2

− F (0)
[G(0)]2

]
=

2F (r)
D1r[G(r)]2

+
2D2
D1r

so that limr→0H(r) exists (and is finite) and lim supr→∞H(r) ≤ −δ2. Us-
ing the normalization given in Theorem 2.2(ii) with V = D1σ

2 = D1[G(0)]2

we get

ρ(r) =
2

D1r[G(r)]2
exp

(∫ r

0
H(s) ds

)
. (33)
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From our assumptions F (‖x‖) +D2[G(‖x‖)]2 is integrable with respect to
µ̄, and hence with respect to ν̄, and then∫ (

F (‖x‖) +D2[G(‖x‖)]2
)
dν̄(x, θ) =

∫ ∞

0

(
F (r) +D2[G(r)]2

)
ρ(r) dr

=
∫ ∞

0
H(r) exp

(∫ r

0
H(s) ds

)
dr

= −1.
Therefore

Γ =
∫
〈x, θ〉2

(
F ′(‖x‖)
‖x‖ +

2D2G(‖x‖)G′(‖x‖)
‖x‖ +

+[G′(‖x‖)]2
[
D3 −D4〈 x

‖x‖ , θ〉
2
])

dν̄(x, θ)

and it is easy to choose F and G so that the integrand is strictly negative
whenever 〈x, θ〉 �= 0. For example take F (r) = β − γr2 and then G(r)
sufficiently close (in the C1 sense) to the constant function σ. Then we
obtain Γ < 0 and so in this setting we have exchange of stability.

Remark 6.1. The computation above showing that Γ < 0 uses only the
fact that the stochastic differential equation (1) has the rotational symmetry
expressed in (29) and (30) at the critical parameter value z such that λz =
0. If additionally (1) is of the form (29) and (30) for a parameter value w
with λw > 0 then a similar computation involving an exact density for ρw

and a complete differential shows that

λ̃ =
∫
〈x, θ〉2

(
F ′(‖x‖)
‖x‖ +

2D2G(‖x‖)G′(‖x‖)
‖x‖ +

+[G′(‖x‖)]2
[
D3 −D4〈 x

‖x‖ , θ〉
2
])

dν(x, θ)

(where for ease of notation we have omitted the superscripts w) and again
it is easy to choose Fw and Gw ensuring that λ̃w < 0.

7 Translational symmetry

For any collection U1, U2, . . . Ur of smooth vector fields on Rd define the
covariance tensor

B(x, y) =
r∑

α=1

Uα(x)⊗ Uα(y) ∈ Rd ⊗ Rd (34)



Stability along Trajectories at a Stochastic Bifurcation Point 19

for x, y ∈ Rd. Suppose that B is translation invariant, i.e.

B(x+ z, y + z) = B(x, y) for all x, y, z ∈ Rd. (35)

It follows easily from (34) and (35) that

r∑
α=1

DUα(x)θ ⊗DUα(x)θ =
r∑

α=1

DUα(0)θ ⊗DUα(0)θ ∈ Rd ⊗ Rd
(36)

for all x ∈ Rd and θ ∈ Sd−1.
Now consider the special case of the stochastic differential equation (1)

with V0 a linear vector field and Vα(x) = Uα(x)− Uα(0) for α ≥ 1, that is

dxt = A0xt +
r∑

α=1

[Uα(xt)− Uα(0)] dWα
t (37)

where A0 ∈ L(Rd) and the Uα satisfy (35). Assuming for the moment
that an equation of the form (37) can be fitted in the bifurcation scenario
described in Theorem 5.1, we go ahead and compute the value of Γ. From
(18) we obtain

Q(x, θ) = 〈A0θ, θ〉+ 1
2

r∑
α=1

{‖DUα(x)θ‖2 − 2〈DUα(x)θ, θ〉2}
and then (36) implies that Q(x, θ) = Q(0, θ). Also, for any ψ ∈C2(Sd−1),
(27) gives

L̃ψ(x, θ) = Dψ̄(θ)(A0θ) +
1
2

r∑
α=1

D2ψ̄(θ)(DUα(x)θ,DUα(x)θ)

and (36) implies that L̃ψ(x, θ)= L̃ψ(0, θ)= L̄ψ(θ). It follows that R(x, θ) ≡
0 and hence Γ = 1.

We now present a 2-dimensional example to show that the phenomenon
described above can occur. We write x = (x1, x2) ∈ R2. For a ∈ (0, π/2)
define the vector fields

U1(x) = sinx1
(
cos a

∂

∂x1
+ sin a

∂

∂x2

)
U2(x) = cosx1

(
cos a

∂

∂x1
+ sin a

∂

∂x2

)
U3(x) = sinx2

(
− sin a ∂

∂x1
+ cos a

∂

∂x2

)
U4(x) = cosx2

(
− sin a ∂

∂x1
+ cos a

∂

∂x2

)
.

(38)
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The corresponding covariance tensor B(x, y) (in matrix notation) is given
by

B(x, y) = cos(x1 − y1)
[

cos2 a sin a cos a
sin a cos a sin2 a

]
+cos(x2 − y2)

[
sin2 a − sin a cos a

− sin a cos a cos2 a

]
so that (35) is satisfied. For b > 0 consider the stochastic differential equa-
tion

dxt = −bxtdt+
4∑

α=1

Vα(xt)dWα
t (39)

where Vα(x) = Uα(x)−Uα(0) for 1 ≤ α ≤ 4. This example is based on the
stochastic flow on the torus presented in [4]. In fact the Lyapunov exponent
λ(a, b) obtained by linearizing (39) at 0 is of the form λ(a, b) = −b +
λ1(a) where λ1(a) is given in [4, eqn (5.8)]. For 0 ≤ a ≤ π/2, λ1(a) varies
continuously from λ1(0) = −1/2 to λ1(π/2) = 4π2/Γ( 14 )

4 ∼ 0.228. Thus
for each b ∈ (0, 4π2/Γ( 14 )4) there exists a ∈ (0, π/2) such that λ(a, b) = 0.
Finally we note that H1(g) with g(x) = exp(c‖x‖) for any c follows from
the estimate

L(ec‖·‖)(x) ≤
(
−bc‖x‖+ 2c

‖x‖ + c2
)
ec‖x‖,

and that H2, H3’ and H4’ can be verified by direct calculation.

8 Homogeneous stochastic flows

Let ξt(x) denote the solution of (1) with initial position ξ0(x) = x0 = x.
The underlying reason why the stochastic differential equation (37) has
Γ = 1 is that for y �= x the process {ξt(y)−ξt(x) : t ≥ 0} is a diffusion with
the same distribution as {ξt(y − x) − ξt(0) ≡ ξt(y − x) : t ≥ 0}. Thus for
(37) the question of stability along trajectories is exactly the same as the
question of stability of the fixed point 0. In particular the corresponding
Lyapunov exponents λ̃ and λ agree whenever λ > 0.
In this section we study this situation from the viewpoint of stochastic

flows of diffeomorphisms. Consider the stochastic differential equation in
R
d given by

dxt = U0(xt)dt+
∑
α≥1

Uα(xt)dWα
t (40)
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where U0 is an affine vector field, i.e. U0(x) = a0 + A0x for some a0 ∈ Rd
and A0 ∈ L(Rd), and the vector fields U1, U2, . . . satisfy∑

α≥1
Uα(x)⊗ Uα(y) = B(x, y) ∈ Rd ⊗ Rd (41)

where

B(x+ u, y + u) = B(x, y) for all u, x, y ∈ Rd. (42)

We note that the collection U1, U2, . . . may be finite or countably infinite
so long as the series in (41) is convergent and the sum B(x, y) is jointly C2

with bounded second derivatives in each variable. (For details of stochastic
differential equations with infinite-dimensional noise see for example [3],
[7], or [12].) Then we get a stochastic flow of diffeomorphisms {ξt : t ≥ 0}
with values in Diff 1(Rd), characterized by the fact that for each x ∈ Rd
the one-point motion {ξt(x) : t ≥ 0} is the (unique) strong solution of (40)
started at ξ0(x) = x. (See e.g. [12, Thm. 4.6.5].)

Proposition 8.1. Fix u∈Rd and define a process {ξt : t ≥ 0} in Diff 1(Rd)
by

ξt(x) = ξt(x+ u)− ξt(u) for all t ≥ 0, x ∈ Rd. (43)

Then, in distribution, {ξt : t ≥ 0} is the stochastic flow of diffeomorphisms
generated by

dxt = A0xtdt+
∑
α≥1

Vα(xt)dWα
t (44)

where Vα(x) = Uα(x)− Uα(0) for all α ≥ 1.

Proof. We give two alternative methods of proof. The first method uses
the concepts of reproducing kernel Hilbert spaces and C(Rd,Rd) valued
Brownian motion. Write Zt(x) =

∑
α Uα(x)W

α
t , then {Zt : t ≥ 0} is the

Brownian motion in C(Rd,Rd) corresponding to the reproducing kernel
Hilbert space H ⊂ C(Rd,Rd) with kernel B(x, y). With this notation (40)
can be written

dxt = U0(xt)dt+ dZt(xt) (40′)

and similarly (44) can be rewritten

dxt = A0xtdt+ dZt(xt)− dZt(0) (44′)

(In the notation of [12] write F (x, t) = U0(x)t+Zt(x), then (40) is written
dxt = F (xt, dt) and (44) is written dxt = F (xt, dt) − F (0, dt).) For any
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v ∈ Rd define Tv : C(Rd,Rd) → C(Rd,Rd) by TvU(x) = U(x + v). Then
(42) implies that Tv is an isometry of H. Define the process {Zt : t ≥ 0} in
C(Rd,Rd) by

Zt(x) =
∫ t

0
Tξs(u)(dZs) =

∑
α≥1

∫ t

0
Uα(x+ ξs(u))dW

α
s . (45)

The equation (45) may be summarized as dZt(x) = dZt(x + ξt(u)). The
isometry property of Tv for each v implies that {Zt : t ≥ 0} is a Brownian
motion in C(Rd,Rd) (with respect to the filtration Ft = σ{Wα

s : s ≤
t, α ≥ 1}) with the same law as {Zt : t ≥ 0}. This is an easy adaptation
of the Kunita-Watanabe proof [13] of the Lévy characterization of (finite-
dimensional) Brownian motion. Now from (43) and (40’) and (45) we obtain

dξt(x) = dξt(x+ u)− dξt(u)
=

[
U0(ξt(x+ u))− U0(ξt(u))

]
dt+ dZt(ξt(x+ u))− dZt(ξt(u))

= A0ξt(x)dt+ dZt(ξt(x))− dZt(0).

It follows that {ξt : t ≥ 0} is the stochastic flow corresponding to

dxt = A0xtdt+ dZt(xt)− dZt(0). (46)

Since the Brownian motions {Zt : t ≥ 0} and {Zt : t ≥ 0} have the same
distribution, it follows that the stochastic flows generated by (44’) and (46)
have the same distribution, and the first method is complete.
The second method is more directly computational. It suffices to show

that the k-point motions of {ξt : t ≥ 0} have the correct distributions.
From (40) we can compute the generator Ãk+1, say, of the k + 1 point
motion {(ξt(u), ξt(x1 + u) − ξt(u), . . . , ξt(xk + u) − ξt(u)) : t ≥ 0}. From
(44) we can compute the generator Ak, say of the k point motion of the
stochastic flow generated by (44). It can be shown, using the condition
(42), that if F (y0, y1, . . . , yk) = f(y1, . . . , yk) then Ãk+1F (y0, y1, . . . , yk) =
Akf(y1, . . . , yk), and the result follows. We omit details of these calcula-
tions.

Corollary 8.2. Let {ξt : t ≥ 0} and {ξt : t ≥ 0} denote the stochastic
flows of diffeomorphisms generated by (40) and (44) respectively.

(i) For fixed x, y ∈ Rd the following have the same distribution

(i)(a) {ξt(y)− ξt(x) : t ≥ 0}
(i)(b) {ξt(y − x) : t ≥ 0}
(i)(c) {ξt(y)− ξt(x) : t ≥ 0}

(ii) For fixed x, v ∈ Rd the following have the same distribution
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(ii)(a) {Dξt(x)(v) : t ≥ 0}
(ii)(b) {Dξt(0)(v) : t ≥ 0}
(ii)(c) {Dξt(x)(v) : t ≥ 0}

Proof. In both parts the equivalence of the (a) and (c) processes is obtained
by taking u = 0 in (43). The equivalence of the (i)(b) and (i)(c) processes
is obtained by replacing x and u in (43) by y − x and x respectively. The
equivalence of the (ii)(b) and (ii)(c) processes is obtained by differentiating
(43) with respect to x and then replacing x and u by 0 and x respectively.

Corollary 8.2 shows that the questions of stability along trajectories for
(44), stability at 0 for (44), and stability along trajectories for (40) are
essentially the same question, and that there is a single Lyapunov exponent
which gives the almost sure exponential growth rate for the corresponding
linearized processes. Moreover the result in Proposition 8.1 can be applied
to the comparison of such objects as random attractors and statistical
equilibrium measures for the equations (40) and (44).
It should be noted however that the results of Proposition 8.1y and Corol-

lary 8.2 do not say anything about the relationship between stability for
the one-point motion and stability along trajectories for the equation (40).
To emphasize this fact we return to the example studied in the previous
section.

Consider the stochastic differential equation

dxt = −bxtdt+
4∑

α=1

Uα(xt) (47)

where the vector fields Uα are given in (38). For each x ∈ Rd the one-point
motion {ξt(x) : t ≥ 0} has generator

L = −b
2∑
i=1

xi
∂

∂xi
+
1
2

2∑
i=1

(
∂

∂xi

)2
so that the one-point motion is an Ornstein-Uhlenbeck process whose in-
variant probability measure is the multivariate normal with mean 0 and
variance (1/2b)I. In particular the distribution of the one-point motion
does not depend on the parameter a. From the results above the Lya-
punov exponent corresponding to linearizing along the trajectories of (47)
is λ(a, b) = −b + λ1(a) as in the previous section. Now suppose that b is
fixed in the range 0 < b < 4π2/Γ( 14 )

4 and that a is increased from 0 to
π/2. The Lyapunov exponent will change at some point from negative to
positive. At this point the system will lose the property of stability along
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trajectories. This point is a stochastic bifurcation point for the two-point
motion {(ξt(x), ξt(y) : t ≥ 0}, and hence for the stochastic flow {ξt : t ≥ 0},
even though the law of the one-point motion has not changed.
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understanding of stochastic Hopf bifurcation. Internat. J. Bifur. Chaos
Appl. Sci. Engrg 6:1947–1975, 1996.

[3] P.H. Baxendale. Brownian motions in the diffeomorphism group I.
Compositio Math. 53:19–50, 1984.

[4] P.H. Baxendale. Asymptotic behaviour of stochastic flows of dif-
feomorphisms. In Stochastic processes and their applications. Proc.
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Bifurcations of
One–Dimensional Stochastic
Differential Equations
Hans Crauel, Peter Imkeller, and Marcus
Steinkamp

ABSTRACT We consider families of random dynamical systems induced
by parametrized one–dimensional stochastic differential equations. We give
necessary and sufficient conditions on the invariant measures of the associ-
ated Markov semigroups which ensure a stochastic bifurcation. This leads
to sufficient conditions on drift and diffusion coefficients for a stochastic
pitchfork and transcritical bifurcation of the family of random dynamical
systems.

1 Introduction

Stochastic bifurcation theory studies qualitative changes in the asymp-
totic behaviour of parametrized families of random dynamical systems.
It has been the subject of several papers in the last decade. Bifurcation
in a stochastic setting may be approached by different methods. The phe-
nomenological approach studies qualitative changes of the densities of in-
variant measures of the Markov semigroup generated by random dynamical
systems induced by stochastic differential equations. However, in general
there are invariant measures which are not associated with invariant mea-
sures of the Markov semigroup. Furthermore, qualitative changes of invari-
ant measures of the Markov semigroup are not related to sign changes of
Lyapunov exponents. Baxendale [5] gives an example in which the invari-
ant density does not depend on the bifurcation parameter, while the top
Lyapunov exponent changes sign. Crauel and Flandoli [8] exhibit an ex-
ample, where the density changes from a one peak to a two peak function
at a parameter value, while the random invariant measure remains stable.
Therefore the phenomenological approach appears too narrow a concept. In
our dynamical concept a bifurcation is understood as a qualitative change
in the pattern of existing invariant measures of the system. For example,
in the one dimensional situation a pitchfork bifurcation happens at a pa-
rameter value α0 if for α < α0 a fixed point x0 of the motion is stable and
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µ = δx0 is the only invariant measure, which becomes unstable at α = α0
and two new stable invariant measures supported by ]−∞, x0[ respectively
]x0,∞[ appear. A transcritical bifurcation happens at a parameter value α0
if for α < α0 a fixed point x0 of the motion is stable, and besides µ = δx0 an
unstable invariant measure ν supported by ]−∞, x0[ are the only invariant
measures, which change stability at α = α0 and for α > α0 the invariant
measure ν is supported by ]x0,∞[.
Mainly case studies of the bifurcation behaviour of families of one dimen-

sional random dynamical systems have been performed by several authors.
Arnold and Boxler [2] considered pitchfork and transcritical bifurcation for
the systems induced by the explicitly solvable stochastic differential equa-
tions

dxt =
(
αxt − x3t

)
dt+ σxt ◦ dWt (1)

and

dxt =
(
αxt − x2t

)
dt+ σxt ◦ dWt (2)

where σ > 0. They obtained a stochastic bifurcation scenario similar to
the deterministic one. Arnold and Schmalfuß [3] add a nonlinear smooth
perturbation to the drift term in (1) (see Example 2). Then they use a
type of random fixed point theorem based on the negativity of Lyapunov
exponents to state growth conditions on the perturbation under which the
bifurcation pattern is preserved. In [14], Xu considers (1) and (2) with
real noise and shows that under certain conditions this leads to bifurca-
tion patterns differing from the deterministic ones. Crauel and Flandoli [8]
prove that purely additive white noise completely destroys the determinis-
tic (pitchfork) bifurcation scenario from our dynamical point of view.

In this paper we consider a general system of parametrized one dimen-
sional stochastic differential equations

dxt = bα(xt) dt+ σα(xt) ◦ dWt ,

with zero as a fixed point and smoothness conditions for bα and σα, α ∈ R.
We give necessary and sufficient conditions on bα and σα under which the
invariant measures of the associated Markov semigroups induce bifurca-
tions of the random dynamical system. Thereby we only consider pitchfork
and transcritical bifurcations at α = 0, remarking that, depending on the
constellation of the bifurcating invariant measures, other notions of bifur-
cation are conceivable (see Theorem 3.4, 3.5 and Example 5).

The paper is organized as follows. In Section 2 we introduce invariant
measures of random dynamical systems and invariant measures of the as-
sociated Markov semigroups. The well known pullback procedure (see e.g.
Crauel [6]) leads to a one to one correspondence between these objects. In
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Section 3 we present necessary and sufficient conditions on the invariant
measures of the Markov semigroups for a stochastic bifurcation at α = 0.
In Section 4 we obtain sufficient criteria on the spatial growth of drift and
diffusion to ensure a pitchfork and a transcritical bifurcation at α = 0.

Notations and preliminaries

For a topological space X, Cb(X) denotes the sets of bounded continu-
ous real valued functions. If X is an open subset of a Euclidean space
and k ∈ N, δ > 0, Ck(X) (Ck,δ(X)) are the symbols used for the vec-
tor spaces of all k times continuously differentiable real valued functions
(whose k–th derivative is locally δ–Hölder continuous). Borel sets on X will
be denoted by B(X). One of our main objects of study will be random prob-
ability measures, i. e. probability measures on the product (Ω×X,F ⊗B),
whose Ω–marginals equal P, where (Ω,F ,P) is a probability space and
(X,B) a measurable space. This set will be denoted byM1

P
=M1

P
(Ω×X).

It is well known that if (X,B) is standard, then µ ∈ M1
P
has a P-a.s.

uniquely determined disintegration by a probability kernel ω �→ µω, so
that µ(dω, dx) = µω(dx)P(dω) holds. A disintegration by a random Dirac
measure with support given by a random variable a will sometimes be
written δa. In particular δx0 denotes δx0 × P for x0 ∈ X.

Let (Ω,F ,P) be a probability space and ϑ := (ϑt)t∈R, ϑt : Ω→ Ω, t ∈ R
a family of P–preserving maps, such that (ω, t) �→ ϑtω is F ⊗ B(R),F
measurable and ϑ satisfies the flow property

ϑ0 = idΩ , ϑt+s = ϑs ◦ ϑt , for all s, t ∈ R . (3)

(Ω,F ,P, ϑ) is called a two sided–dynamical system.

Let X be a d–dimensional C∞–manifold and (Ω,F ,P, ϑ) a two–sided dy-
namical system. For k ∈ N, a local (continuous time) Ck random dynamical
system (RDS) over (Ω,F ,P, ϑ) on X is a measurable mapping

ϕ : D → X , (t, ω, x) �→ ϕ(t, ω)x ,

defined on a measurable set D ⊂ R×Ω×X, with the following properties.
For ω ∈ Ω

(i) the set D(ω) := {(t, x) ∈ R×X : (t, ω, x) ∈ D} ⊂ R×X is non–void
and open, and ϕ(ω) : D(ω)→ X is k times differentiable with respect
to x, and the derivatives are continuous with respect to (t, x),

(ii) for each x ∈ X the set D(ω, x) := {t ∈ R : (t, ω, x) ∈ D} ⊂ R is an
open interval containing 0,
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(iii) ϕ(ω) satisfies the local cocycle property :

ϕ(0, ω) = idX and for all x ∈ X, s ∈ D(ω, x) and t ∈ D(ϑsω, ϕ(s, ω)x)
we have

ϕ(t+ s, ω)x = ϕ(t, ϑsω) ◦ ϕ(s, ω)x . (4)

A local Ck random dynamical system is said to be global, if D = R×Ω×X.
Without loss of generality, we may and do assume that ϕ is a perfect

(local) cocycle, i. e. (4) holds identically. This is a consequence of the per-
fection theorem of Arnold and Scheutzow [4], Arnold [1, 1.3.5].

2 Invariant measures of one-dimensional systems

In the following we denote by (Ω,F ,P, ϑ) the canonical two–sided dynami-
cal system of the one–dimensional Wiener process. Here Ω is the set of real
valued continuous functions on R pinched to 0 at 0, F the σ–algebra of
Borel sets with respect to the compact open topology and P the measure
for which the coordinate processW = (Wt)t∈R yields two independent one–
dimensional Brownian motions hooked up back to back at 0. For t ∈ R,
ϑt : Ω → Ω, ω �→ (

s �→ ω(t + s) − ω(t)
)
, yields the group of P–preserving

shifts satisfying the flow property (3) and which are P–ergodic for t �= 0.
We consider the following one–dimensional Stratonovich stochastic dif-

ferential equation (SDE)

dxt = b(xt) dt+ σ(xt) ◦ dWt (5)

=
(
b(xt) + 1

2σσ
′(xt)

)
dt+ σ(xt) dWt , (6)

with b ∈ C1,δ(R), σ ∈ C2,δ(R) for some δ > 0. (6) is the equivalent Itô
representation of (5). According to Arnold [1, 2.3.36] there exists a unique
(up to indistinguishability) local C1 random dynamical system (RDS) ϕ
over ϑ on R, such that (ϕ(t, ·)x)t∈R is the unique maximal strong solution
of (5) with initial value x ∈ R. It is represented by

ϕ(t, ·)x = x+
∫ t

0
b
(
ϕ(s, ·)x) ds+ ∫ t

0
σ
(
ϕ(s, ·)x) ◦ dWs (7)

for all t ∈]τ−(·, x), τ+(·, x)[= D(·, x), where τ+(ω, x) and τ−(ω, x), ω ∈ Ω,
are the forward and backward explosion times of the orbit ϕ(·, ω)x starting
at time t = 0 in position x. An RDS ϕ is called forward complete (backward
complete) on I, if P{τ+(·, x) =∞} = 1 (P{τ−(·, x) =∞} = 1) for all x ∈ I.
In the one–dimensional case this is equivalent to P{τ+(·, x) =∞ for all x ∈
I} = 1. Note that ϕ is global iff it is forward and backward complete.
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We assume that

b(0) = 0 = σ(0) , (8)

so that 0 is a fixed point of the diffeomorphisms ϕ(t, ·) for all t ∈ D(·, ·).
The backward (local) cocycle over θ := ϑ−1 corresponding to (7) is given

by
ψ(t, ω)x := ϕ(−t, ω)x

for all (t, ω, x) ∈ D. It is generated by the stochastic differential equation

dyt = −b(yt) dt+ σ(yt) ◦ dW−t , (9)

as an elementary calculation shows.
We now assume the following ellipticity condition
(E) σ(x) �= 0 for all x �= 0.

As a consequence of our fixed point assumption (8) we can decompose
R into invariant sets I+ := R+ \ {0}, I− := R− \ {0} and {0}. Because of
(E) ϕ and ψ are regular diffusions on each of the three sets, i. e. they live
on the sets up to their explosion times τ± and every point can be reached
with positive probability from any other point in finite time. The sepa-
rate dynamics on I = I+, I− are generated by the stochastic differential
equation dxt = ±b∣∣

I
(xt) dt+σ

∣∣
I
(xt) ◦dWt, with the restrictions b

∣∣
I
, σ

∣∣
I
of

b, σ on the respective intervals. Thus ϕ and ψ induced by (5) respectively
(9) restricted to I± coincide with the random dynamical systems induced
by the above equation. This and the order preserving property of ϕ and
ψ imply that the explosion of ϕ and ψ only happen to ±∞. Since many
arguments are symmetrical with respect to I+ and I−, we often omit the
superscripts + and − and simply write I. The restrictions of ϕ and ψ to I
are again denoted by ϕ and ψ.

If ϕ is a global RDS, a measure µ ∈M1
P
is called ϕ–invariant, if

Θtµ = µ for all t ∈ R ,
where Θ = (Θt)t∈R is the induced skew-product flow defined on Ω× R by

Θt(ω, x) = (ϑtω, ϕ(t, ω)x), t ∈ R .
If ϕ is a local RDS, then let E ⊂ Ω × R be such that E(ω) = {x ∈ R :
D(ω, x) = R} is the set of never exploding initial values, which is known to
be Θ–invariant. Restricting ϕ to E gives a global bundle RDS (see Arnold
[1, 1.9.1]) for which we define the ϕ–invariant measures as above. For every
ϕ–invariant µ we have µ(E) = 1. In this sense ϕ–invariant measures are
supported by E. We remark that the existence of a ϕ–invariant measure
implies E �= ∅ P-a.s. In this case we tacitly assume that ϕ is restricted to
E.
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In terms of the disintegration of µ, ϕ–invariance may be expressed by
the well known relation

ϕ(t, ω)µω = µϑtω P-a.s., t ∈ R . (10)

The structure of ϕ–invariant measures in dimension one is very simple,
as the following lemma of Arnold [1, 1.8.4.(iv)] shows.

Lemma 2.1. Let ϕ be a local C0 RDS with two–sided (continuous) time
on R and µ an ergodic ϕ–invariant measure. Then there exists a real valued
random variable a : Ω→ R such that µ = δa.

Remark 2.2. (i) For an ergodic ϕ–invariant measure µ = δa equation
(10) is equivalent to

ϕ(t, ·)a = a ◦ ϑt P-a.s., t ∈ R .
(ii) Ergodic ϕ– and ψ–invariant measures coincide, since for t ∈ R we

have ψ(t, ·)a = ϕ(−t, ·)a = a ◦ ϑ−t = a ◦ ϑ−1t = a ◦ θt P-a.s.

(iii) Because of the fixed point assumption at zero the Dirac measure δ0 is
ϕ–invariant.

There is a close connection between ϕ–invariant measures and invariant
measures of the Markov semigroups, denoted by (Pt) = (Pt)t≥0 and (P̄t) =
(P̄t)t≥0 associated with the forward cocycle ϕ respectively the backward
cocycle ψ. (Pt), (P̄t) are defined on the sets C0(I) of continuous real valued
functions vanishing at infinity. Their infinitesimal generators L, L̄ are given
for f ∈ C2(I) with compact support by

Lf = 1
2σ
2f ′′ +

(
b+ 1

2σσ
′
)
f ′ and L̄f = 1

2σ
2f ′′ +

(
−b+ 1

2σσ
′
)
f ′ .

A σ–finite measure ν on (I,B(I)) is called invariant with respect to (Pt),
if ν satisfies L∗ν = 0, where L∗ denotes the formal adjoint operator of L,
i. e.

∫
f dL∗ν =

∫
Lf dν. A similar statement holds for (P̄t) and L̄.

Let c ∈ I and m(dx) = ρ(x) dx on (I,B(I)) with

ρ(x) =
2

|σ(x)| exp
(
2
∫ x

c

b(y)
σ2(y)

dy
)
. (11)

Here we use the convention
∫ x
c
· = − ∫ c

x
· for x < c, valid for Lebesgue

integrals. The σ–finite measure m on (I,B(I)) is called speed measure of ϕ.
The speed measure of ψ is given by m(dx) = ρ(x)dx with

ρ(x) =
2

|σ(x)| exp
(
2
∫ x

c

−b(y)
σ2(y)

dy
)
. (12)

The speed measure depends on the real number c ∈ I. But the finiteness
of m does not depend on c (see Karatzas and Shreve [11, p. 329]).
The following is well known.
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Lemma 2.3. The speed measure m of ϕ on (I,B(I)) is invariant with
respect to (Pt), i. e. m satisfies

L∗m(f) = 0

for all f ∈ C2(I) with compact support. A similar statement holds for m
with respect to (P̄t) and L̄.

A result going back to Ledrappier [12] (see also Le Jan [13] and Crauel
[6]) gives a bijection between the invariant probability measures of the
semigroup and the ϕ–invariant measures. Let

F+= σ
(
ϕ(t, ·)x : t ≥ 0, x ∈ R) and F−= σ

(
ψ(t, ·)x : t ≥ 0, x ∈ R) .

If ϕ is forward complete, then the maps

ν �→ lim
t→∞ϕ(t, ϑ−t·)ν = µ· and µ �→ E(µ·) = ν (13)

are bijections between the invariant probability measures of the semigroup
(Pt) and the F−-measurable ϕ-invariant measures. A similar statement
holds, if ϕ is backward complete, for the invariant probability measures of
(P̄t) and the F+–measurable ϕ–invariant measures.
Note, forward completeness of ϕ on I in (13) is only needed in the left

equality, the pullback relation.
Since we work under (E) there is at most one invariant measure ν of

the semigroup on (I,B(I)) (see e.g. Horsthemke and Lefever [10, p. 112]).
Thus if ν is normalizable, the corresponding ϕ–invariant measure is ergodic,
hence by Lemma 2.1 it is a one point measure.

We next show that ergodic F−– and F+–measurable ϕ–invariant mea-
sures cannot coexist. We need the following technical result.
Lemma 2.4. Let a, b ∈ R∪{±∞}, a < b and f, g ∈ C(]a, b[) with f, g > 0.
If

∫ b
a
g(x) dx =∞ and

∫ b
a
f(x)g(x) dx <∞, then

∫ b
a
f(x)−1g(x) dx =∞.

Proof. Let µ(dx) = g(x)dx on ]a, b[ and Aα = {x ∈]a, b[ : f(x) > α} for
α > 0. Then for the µ–measure of Aα we have the estimate µ(Aα) ≤
1
α

∫ b
a
f(x)g(x) dx <∞. Now ∫ b

a
f(x)−1g(x) dx =

∫ b
a
11Aα(x)f(x)

−1g(x) dx+∫ b
a
11Acα(x)f(x)

−1g(x) dx ≥ 1
α

∫ b
a
11Acα(x)µ(dx) =∞, since µ(Acα) =∞.

Lemma 2.5. Let ϕ be the RDS induced by equation (5) and assume (E). If
there exists an F+– or F−–measurable ϕ–invariant measure µ on (I,B(I)),
then it is unique.

Proof. First note that our hypotheses of smoothness of σ and σ(0) = 0
imply ∫

I

1
|σ(x)| dx ≥ ∣∣∫ c

0

1
|σ(x)| dx

∣∣ = ∞ for all c ∈ I . (14)
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Suppose µ is ϕ–invariant and µ· is F−–measurable. By (E) and (13)
there exists no other F−–measurable ϕ–invariant measure on (I,B(I)).
Suppose there exists an F+-measurable ϕ-invariant measure on (I,B(I)).

The corresponding finite invariant measure of the semigroup (P̄t) is the
speed measure m of the backward equation. Hence we have∫

I

1
|σ(x)| exp

(
2
∫ x

c

−b(y)
σ2(y)

dy
)
dx <∞, c ∈ I.

By assumption and Lemma 2.4 with g = 1
|σ| and f(·) = exp(

∫ ·
c
2b(y)
σ2(y) dy) we

have
∫
I

1
|σ(x)| exp

(
2
∫ x
c

b(y)
σ2(y) dy

)
dx =∞ for c ∈ I. Thus the speed measure

m is not normalizable. Since we assume (E) there is no finite invariant
measure with respect to (Pt). This contradicts the assumption that the
ϕ–invariant m µ· is F−–measurable.
A similar argument is possible for F+–measurable ϕ–invariant measures.

Lemma 2.6. Let ϕ be the RDS induced by equation (5) and assume (E).

(i) If the speed measure m is finite on (I,B(I)), then either ϕ is forward
complete, or ϕ explodes in finite positive time P-a.s. for every x ∈ I,
i. e. P{τ+(·, x) <∞} = 1 for all x ∈ I.

In the second case the set of never exploding initial values E is P-a.s.
empty, i. e. E(·) = ∅ P-a.s., hence there exists no ϕ–invariant m on
(I,B(I)).
Analogous statements hold, if we replace m by m, τ+ by τ− and
forward complete by backward complete.

(ii) Suppose the speed measure m is finite on (I,B(I)). ϕ is forward com-
plete on I if and only if m([I \ ] − c, c[) = ∞ for one (hence for all)
c ∈ I.

A similar statement holds for backward completeness of ϕ on I.

(iii) The existence of an F−- or F+-measurable ϕ-invariant m on (I,B(I))
implies forward respectively backward completeness of ϕ on I.

Proof. Fix c ∈ I. Let l denote Lebesgue measure and let h(·) = 2 ∫ ·
c

b
σ2 dl.

We only consider the case I = I+. The case I = I− is similar.
(i) We will use Feller’s test for explosion, which states in the present

case P{τ+(·, x) =∞} = 1 for every x ∈ I+ if and only if

K(·) :=
∫ ·
c

1
|σ(x)|e

−h(x) (∫ x

c

1
|σ|e

h dl
)
dx

satisfies |K(∞)| =∞ = |K(0)|.
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(14) yields
∫ c
0

1
|σ| dl =∞. By Lemma 2.4 it follows from the assumption

m(I+) =
∫∞
0

1
|σ|e

h dl < ∞ that the scale function s(·) := ∫ ·
c
1
|σ|e

−h dl
satisfies |s(0)| =∞. This implies |K(0)| =∞.
Now if |s(∞)| = ∞, then |K(∞)| = ∞. So Feller’s test for explosion

gives forward completeness for ϕ.
If on the other hand |s(∞)| < ∞, then K is bounded on I+, hence

|K(∞)|<∞. Since |s(0)| = ∞ and |K(∞)| < ∞, it follows from Hacken-
broch and Thalmaier [9, p. 343, 6.50 (iii) (3)] that P{τ+(·, x) <∞} = 1 for
all x ∈ I+.

(ii) Since m([c,∞[) = ∫∞
c

1
|σ|e

−h dl = s(∞), the proof of (i) implies
the assertion.

(iii) Let µ be an F−–measurable ϕ–invariant measure on (I,B(I)). By
(13) the speed measure m, with m = m(I)Eµ·, is finite on (I,B(I)). By (i),
ϕ is either forward complete or explodes P-a.s. in finite time. But the last
is a contradiction to the existence of ϕ–invariant measures, since E = ∅ by
(i).
Similar for the other case.

We next consider the Lyapunov exponents of the C1 RDS ϕ induced by
(5) with respect to ϕ–invariant measures, which give in the present case
information about the exponential growth rate of the flow near random
fixed points.
Let Φ(t, ·, x) = ∂

∂xϕ(t, ·)x for (t, x) ∈ R×E(·), the linearization of ϕ(t, ·)
at x ∈ E(·) for t ∈ R. In case ϕ is represented by (7), Φ is induced by the
following linear equation

dΦ(t, ·, x) = b′
(
ϕ(t, ·)x)Φ(t, ·, x) dt+ σ′

(
ϕ(t, ·)x)Φ(t, ·, x) ◦ dWt

with solution

Φ(t, ·, x)v = v exp
(∫ t

0
b′
(
ϕ(s, ·)x) ds+ ∫ t

0
σ′
(
ϕ(s, ·)x) ◦ dWs

)
for t ∈ R and (x, v) ∈ E(·)× R.
For an RDS ϕ and µ ∈M1

P
let

β±(ϕ, µ) :=
∫
Ω×I

sup
0≤t≤1

log+ |Φ(t, ω, x)±1| dµ(ω, x) .

Let µ be a ϕ–invariant measure such that β±(ϕ, µ) <∞. The Lyapunov
exponent of ϕ with respect to µ is defined by

λϕ(µ) := lim
t→∞

1
t
log |Φ(t, ω, x)| , (15)
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which exists for all (ω, x) ∈ Ẽ ⊂ E, by the Multiplicative Ergodic Theorem
of Oseledets (MET) (see Arnold [1, Theorem 4.2.6 (B)], where Ẽ is Θ–
invariant with µ(Ẽ) = 1. λϕ(µ) is independent of x and ω if µ is ergodic.
Below we restrict ergodic measures µ to a sub–σ–algebra of F ⊗ B with
respect to which (15) is measurable. Note that this does not affect the
validity of (15). The Lyapunov exponents of ϕ and ψ with respect to µ are
related by

λψ(µ) = lim
t→∞

1
t
log |Φ(−t, ω, x)| = lim

t→∞
1
t
log |(Φ(t, ω, x))−1|

= − lim
t→∞

1
t
log |Φ(t, ω, x)| = −λϕ(µ) , (16)

for (ω, x) ∈ Ẽ. The second equality sign is justified by the MET.

A ϕ–invariant measure µ is called stable respectively unstable, if λϕ(µ) <
0 respectively λϕ(µ) > 0.
Lemma 2.7. Let ϕ be the RDS induced by (5) and suppose (E) is fulfilled.

(i) The Lyapunov exponent of the ϕ–invariant measure δ0 satisfies
λϕ(δ0) = b′(0).

(ii) An F−–measurable ϕ–invariant measure µ on (I,B(I)) is stable. An
F+–measurable ϕ–invariant measure ν on (I,B(I)) is unstable. We
have

λϕ(µ) = −2
∫
I

( b(x)
σ(x)

)2
ρ(x) dx < 0

and

λϕ(ν) = 2
∫
I

( b(x)
σ(x)

)2
ρ(x) dx > 0 .

Proof. (i) We have

λϕ(δ0) = lim
t→∞

1
t

(∫ t

0
b′
(
ϕ(s, ·)0) ds+ ∫ t

0
σ′
(
ϕ(s, ·)0) ◦ dWs

)
= b′(0) + σ′(0) lim

t→∞
Wt

t
= b′(0) .

For the first part of (ii) see Arnold [1, Theorem 9.2.4]. The second part
follows similarly.

For the following structure theorem of ergodic invariant measures we have
to restrict to ϕ–invariant measures satisfying an integrability condition.
Denote by Bδ(x) the open interval around x with radius δ. For an RDS ϕ,
µ ∈M1

P
, t ∈ R and δ > 0 define

γδt (ϕ, µ) :=
∫
Ω×I

sup
z∈Bδ(x)

log+ |Φ(−t, ω, z)| dµ(ω, x) ,
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where Φ denotes the linearization of ϕ. The one–sided time restrictions of
µ are defined by

µ+ := E(µ·|F+) and µ− := E(µ·|F−) .
For an RDS ϕ let

I(ϕ) = {
µ ∈M1

P
: for all t > 0 there exists δ > 0 such that

γδ±t(ϕ, µ
±) <∞ and β±(ϕ, µ) <∞}

.

The following Theorem is crucial for our treatment of bifurcations.

Theorem 2.8. Let ϕ be a C1 RDS with two–sided (continuous) time on
R. Then every ergodic ϕ–invariant measure in I(ϕ) is either F+– or F−–
measurable. If an ergodic ϕ–invariant measure in I(ϕ) is both F+– and
F−–measurable, it is a deterministic Dirac measure.

Proof. This proof is based on results by Crauel [7, p. 16 ff]. Let µ be an
ergodic ϕ–invariant measure. Let hµ

+

t (ω, x) the Radon-Nikodym density
of the absolutely continuous part of ϕ(t, ω)−1µ+ϑtω with respect to µ

+
ω for

(ω, x) ∈ Ω× R µ-a.s., t ≥ 0. Let

αµ+(t) = −
∫
E

log hµ
+

t dµ+ ,

be the relative entropy associated with µ+, t ≥ 0. Then we have αµ+(t) =
tαµ+(1). Put αµ+ = αµ+(1).
We now prove that µ = µ+ if and only if αµ+(t) = 0 for all t ≥ 0.
Let first µ = µ+. Then by ϕ–invariance we easily see that hµ

+

t = 1 µ+-a.s.
for t ≥ 0.
To prove the converse, assume αµ+(t) = 0 for all t ≥ 0. Then the in-

equality log(x) ≤ x− 1, valid for x > 0, with equality iff x = 1, shows that
we must have hµ

+

t = 1 µ+-a.s., hence ϕ(t, ·)−1µ+ϑt· = µ+· P-a.s., t ≥ 0. By
shifting on Ω with ϑ−t and using the cocycle property of ϕ this is imme-
diately seen to yield µ+· = ϕ(t, ϑ−t·)µ+ϑ−t· P-a.s. Since ϕ(t, ϑ−t·)µ+ϑ−t· −→
µ·, t→∞ P-a.s. (see Crauel [7, p. 16]), this finally yields µ = µ+.
Similarly, using ψ instead of ϕ, we obtain µ = µ− if and only if αµ−(t) = 0

for all t ≤ 0, where αµ−(t), t ≤ 0, is analogous to αµ+(t), t ≥ 0.
Since β±(ϕ, µ) < ∞, the Lyapunov exponents of ϕ and ψ with respect

to µ exists. If in addition µ ∈ I(ϕ) we are allowed to use Theorem 5.1 of
Crauel [7, p. 22] to get

αµ+ ≤ −min{0, λϕ(µ+)} = −min{0, λψ(µ)}

and
αµ− ≤ min{0, λϕ(µ−)} = min{0,−λϕ(µ)} .
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Now if λϕ(µ) ≥ 0 then αµ+ = 0. So the first part of the proof implies
µ+ = µ, hence µ· is F+– measurable. If on the other hand λϕ(µ) ≤ 0,
then αµ− = 0. So µ− = µ, hence µ· is F−– measurable. If λϕ(µ) = 0, then
αµ+ = αµ− = 0, thus µ− = µ+ = µ. Since F+ and F− are independent, µ
is deterministic, i. e. µ = δx0 for some x0 ∈ E(·), which has to be a fixed
point of the cocycle ϕ.

Remark 2.9. The first statement of Theorem 2.8 remains true for a gen-
eral RDS on a one dimensional Riemannian Cr manifold, r ≥ 3, and
random invariant measures satisfying the integrability condition of the mul-
tiplicative ergodic theorem and the integrability condition of Theorem 5.1
in Crauel [7].

The following integrability condition on (b, σ), is needed for determining
the set of ϕ–(ψ–)invariant measures.

(IC) If m(I) < ∞, m(I \ ] − c, c[) = ∞ for one c ∈ I or if m(I) <
∞, m(I \ ]− c, c[) =∞ for one c ∈ I, then the ϕ–invariant measure µ given
by (13) is in I(ϕ).
Corollary 2.10. Let ϕ be the RDS induced by (5) and suppose (E) and
(IC) are fulfilled. Then every ergodic ϕ–invariant measure µ on (I,B(I))
satisfies µ ∈ I(ϕ) if and only if µ is F+– or F−–measurable.

Proof. The first implication follows from Theorem 2.8. Now let µ be an er-
godic F−–measurable ϕ–invariant measure on (I,B(I)). Then ϕ is forward
complete on I by Lemma 2.6(iii) and Lemma 2.6(ii) impliesm(I\]−c, c[) =
∞, c ∈ I. We have m(I) < ∞ by pullback relation (13). Condition (IC)
implies µ ∈ I(ϕ). A similar argument holds for an F+–measurable ϕ–
invariant measure.

We can now summarize the results of our considerations in this section.
Recall that due to Lemma 2.4 m(I), m(I) <∞ is not simultaneously pos-
sible.
Theorem 2.11. Let ϕ be the RDS induced by (5) and suppose (E) and
(IC) are fulfilled, I ∈ {

R
+ \ {0},R− \ {0}}. Then we have:

(i) If m(I) = ∞ = m(I), then there is no ergodic ϕ–invariant measure
in I(ϕ) on (I,B(I)).

(ii) If m(I) <∞, m(I \ ]− c, c[) =∞ for some (hence for all) c ∈ I, then
there exists a stable F−–measurable ϕ–invariant ergodic measure µ
on (I,B(I)), which is unique in I(ϕ) and given by µ = δa− with an
F−–measurable random variable a−.

(iii) If m(I) <∞, m(I \ ]− c, c[) =∞ for some (hence for all) c ∈ I, then
there exists an unstable F+–measurable ϕ–invariant ergodic measure
µ on (I,B(I)), which is unique in I(ϕ) and given by µ = δa+ with an
F+–measurable random variable a+.
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Proof. (i) Lemma 2.3 and (13) imply that there exists no F+– or F−–
measurable ϕ–invariant measure on (I,B(I)). Hence by Corollary 2.10 I(ϕ)
contains no ergodic ϕ–invariant measure.

(ii) Because of Lemma 2.3 and condition (E) the normalized speed mea-
sure m(I)−1m is the unique invariant probability measure of the semigroup
(Pt). Lemma 2.6(ii) and equation (13) yield the existence of an ergodic F−–
measurable ϕ–invariant measure µ on (I,B(I)). Lemma 2.2 finally gives the
existence of a random variable a− with values in I such that µ = δa− . Hence
a− is F−–measurable. Condition (IC) and Corollary 2.10 imply µ ∈ I(ϕ).
Uniqueness in I(ϕ) now follows from Lemma 2.5. Due to Lemma 2.7, µ is
stable.
Similarly we obtain (iii).

3 Bifurcation

We now study a parametrized family of SDE. For α ∈ R consider

dxt = bα(xt) dt+ σα(xt) ◦ dWt , (17)

where bα ∈ C1,δ(R), σα ∈ C2,δ(R) for some δ > 0 and bα(0) = 0 = σα(0) for
all α ∈ R. Throughout this section we assume that σα satisfies the ellipticity
condition (E) and (bα, σα) satisfies the integrability condition (IC) for all
α ∈ R.
Definition 3.1. A family of RDS (ϕα)α∈R on R undergoes a stochastic
pitchfork bifurcation at α = 0, if

(i) for α ≤ 0, δ0 is the only invariant measure of ϕα, which is stable for
α < 0 and the Lyapunov exponent of ϕ0 with respect to δ0 vanishes,

(ii) for α > 0 the system possesses besides δ0, which is unstable, exactly
two more ergodic invariant measures µ1α, µ

2
α in I(ϕα), described by

µiα = δaiα , i = 1, 2, with random variables a1α > 0, a2α < 0 P-a.s. and
µiα, i = 1, 2, are stable.

(iii) We have aiα −→ 0 in probability as α ↓ 0, i = 1, 2.
Definition 3.2. A family of RDS (ϕα)α∈R on R undergoes a stochastic
transcritical bifurcation at α = 0, if

(i) for α < 0, ϕα has exactly two ergodic invariant measures in I(ϕα): δ0,
which is stable, and µα = δaα with a random variable aα < 0 P-a.s.,
which is unstable, and aα −→ 0 in probability as α ↑ 0,

(ii) for α = 0, δ0 is the only invariant measure and the Lyapunov expo-
nent of ϕ0 with respect to δ0 vanishes,
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(iii) for α > 0, ϕα has exactly two ergodic invariant measures in I(ϕα):
δ0, which is unstable, and µα = δaα with aα > 0 P-a.s., which is
stable, and aα −→ 0 in probability as α ↓ 0.

First we state a consequence of Theorem 2.8 for stochastic bifurcation.

Corollary 3.3. Let (ϕα)α∈R be a family of two–sided continuous time RDS
on R and (µα)α∈R be a family of ergodic ϕα–invariant measures, such that
µα ∈ I(ϕα) for all α ∈ R. If α0 ∈ R is a zero of α �→ λϕ(µα), then µα0 is
a deterministic Dirac measure.

Proof. If the Lyapunov exponent of ϕα0 with respect to µα0 vanishes, the
proof of Theorem 2.8 gives µα0 = (µα0)

+ = (µα0)
−. Hence µα0 is F+– and

F−–measurable. Now Theorem 2.8 gives the assertion.

Theorem 2.11 yields the following characterization of pitchfork and tran-
scritical bifurcations.

Theorem 3.4. Let (ϕα)α∈R be the family of RDS induced by (17) and
suppose (E) and (IC) are fulfilled for all α ∈ R. (ϕα)α∈R undergoes a
stochastic pitchfork bifurcation at α = 0, if and only if

(i) sign(b′α(0)) = sign(α) for all α ∈ R,

(ii) mα(I) =∞ = mα(I) for I = I+, I− for α ≤ 0,

(iii) mα(I) <∞, mα(I \ ]− c, c[) =∞, c ∈ I for I = I+, I− for α > 0,

(iv) να := mα

mα(I)
−→ δ0 weakly as α ↓ 0, for I = I+, I−,

where mα, mα are the speed measures of ϕα respectively ψα for α ∈ R and
the constant c ∈ I in (iii) is independent of α.

Proof. Since bα(0) = 0 = σα(0) for all α ∈ R, 0 is a fixed point of ϕα(t, ω)
for all (α, t, ω) ∈ R × R × Ω, hence the measure δ0 is ϕα–invariant for all
α ∈ R. The Lyapunov exponent λϕ(δ0) of δ0 shows the required behaviour
for all α ∈ R iff (i) is true, due to Lemma 2.7.
In addition Theorem 2.11 implies that there is no ergodic ϕα–invariant

measure on I± in I(ϕα) for α ≤ 0, and there are two ergodic F−-measurable
ϕα–invariant measures in I(ϕα), one on I+ and one on I−, for α > 0, with
the desired stability properties iff (ii), (iii) are fulfilled .
Finally, if µα = δaα is related to the invariant probability measure να =
mα

mα(I)
of the semigroup (Pt) via pullback relation (13), then we have να −→

δ0 weakly iff aα −→ 0 in probability as α ↓ 0. This follows since P{aα ≥
ε} = να([ε,∞[) for all ε > 0. A similar statement holds on I−. This implies
the remaining equivalence.

For a transcritical bifurcation we have the following theorem.
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Theorem 3.5. Let (ϕα)α∈R be the family of RDS induced by (17) and
suppose (E) and (IC) are fulfilled for all α ∈ R. (ϕα)α∈R undergoes a
stochastic transcritical bifurcation at α = 0, if and only if

(i) sign(b′α(0)) = sign(α) for all α ∈ R,

(ii) mα(I+) = ∞ = mα(I+) and mα(I−) < ∞, mα(] −∞, c]) = ∞, c ∈
I− for α < 0,

(iii) m0(I±) =∞ = m0(I±),

(iv) mα(I+) < ∞, mα([c,∞[) = ∞, c ∈ I+ and mα(I−) = ∞ = mα(I−)
for α > 0,

(v) (a) να := mα

mα(I−)
−→ δ0 weakly as α ↑ 0 and

(b) να := mα

mα(I+) −→ δ0 weakly as α ↓ 0,
where mα, mα are the speed measures of ϕα respectively ψα for α ∈ R and
the constant c ∈ I in (ii) and (iii) is independent of α.

The proof is similar to the proof of Theorem 3.4.

Remark 3.6. There are more bifurcation scenarios obtainable, which de-
pend only on the possible constellations of finiteness of the speed measures
on the sets I±. We will present one particular case in Example 5.

4 Sufficient criteria for the finiteness of the speed
measure

In the preceding section bifurcation was characterized by finiteness and
continuity properties of the speed measures. In this section we shall go
one step further. We give sufficient growth conditions on the diffusion and
the drift coefficients under which the theorems of the preceding section
apply and yield bifurcation. We shall finally show that our theory covers
the examples known to date.
Throughout this section we shall assume the ellipticity condition (E).

We restrict ourselves by assuming σ to be strictly increasing near ±∞, i. e.
there exists K > 0, such that σ′(x) > 0 for all |x| ≥ K. In the cases where σ
is constant near ±∞ the following conditions can be changed in an obvious
way (see Remark 4.1).

Condition 1. Conditions for the finiteness of the speed measure
(A1) There exists δ > 1 and K > 0, such that for all x ≥ K we have

bσ′ − σ2σ′′

(σ′)2
◦ σ−1(x) ≤ −δ x

2 log x
.

(A2) There exists δ > 1 and ε > 0, such that for all 0 < x ≤ ε we
have
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bσ′ − σ2σ′′

(σ′)2
◦ σ−1(x) ≥ −δ x

2 log 1x
.

(A3) and (A4) are analogous conditions on I− instead of I+, (A3) corre-
sponds to (A2).

Conditions for infiniteness of the speed measure
(B1) There exists K > 0, such that for all x ≥ K we have

bσ′ − σ2σ′′

(σ′)2
◦ σ−1(x) ≥ x

2 log x
.

(B2) There exists ε > 0, such that for all 0 < x ≤ ε we have

bσ′ − σ2σ′′

(σ′)2
◦ σ−1(x) ≤ x

2 log 1x
.

(B3) and (B4) are analogous conditions on I− instead of I+, (B3) corre-
sponds to (B2).

Remark 4.1. (i) In case σ(x) = σx, x ∈ R, σ > 0 the growth condition
stated above become more transparent. For example the inequality in
(A1) reduces to

b(x) ≤ − δ
σ2

2
x

log x
.

(ii) If σ is constant near infinity, then conditions (A1) and (B1) can
replaced by:

(A1’) There exists ε > 0 and K > 0, such that for all x ≥ K we
have b(x) ≤ −ε.
(B1’) There exists K > 0, such that for all x ≥ K we have

b(x) ≥ 0.
Similar statements hold for the other conditions.

Proposition 4.2. The density ρ of the speed measure m of ϕ is

(i) integrable at infinity, if the pair (b, σ) satisfies (A1),

(ii) integrable at zero on I+, if the pair (b, σ) satisfies (A2),

(iii) not integrable at infinity, if the pair (b, σ) satisfies (B1),

(iv) not integrable at zero on I+, if the pair (b, σ) satisfies (B2).

Similar statements holds for ρ on I−, if we replace (A1) by (A4), (A2) by
(A3), (B1) by (B4) and (B2) by (B3), and for the density ρ of the speed
measure m of ψ, if we replace (b, σ) by (−b, σ).
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Proof. In the following statements c1, c2, . . . are positive constants and
c ∈ I+. Then

2
∫ x

c

b

σ2
(y) dy ≤ c1 + 2

∫ σ(x)

K

b

σ′
◦ σ−1(z) 1

z2
dz

≤ c1 +
∫ σ(x)

K

− δ

z log z
dz +

∫ σ(x)

K

σ′′

(σ′)2
◦ σ−1(z) dz

≤ c2 +
∫ σ(x)∨e
e

− δ

z log z
dz + log σ′(x)

= c2 − δ log log
(
σ(x)∨e)+ log σ′(x)

Therefore ∫ ∞

K

ρ(x) dx ≤ c3

∫ ∞

K

σ′(x)
σ(x)

(
log

(
σ(x)∨e))−δ dx .

Now if σ is bounded, the expression on the right hand side may be estimated
by log σ(∞)σ(K) which is finite, where σ(∞) = limx→∞ σ(x), is well defined since
σ is increasing near infinity. If σ is not bounded, then we may estimate
further by

c4

∫ ∞

K

((
log σ(x)

)1−δ)′
dx <∞ .

A similar argument applies to the finiteness near 0 on I+, and to the other
cases.

Corollary 4.3. (i) If (b, σ) satisfies (A1) and (A2), then m(I+) <∞.
(ii) If (b, σ) satisfies (B1) or (B2), then m(I+) =∞.
Similar statements hold for m on I− and for m, if we replace (b, σ) by

(−b, σ).
In the following theorems we present the resulting sufficient conditions

on drift and diffusion which lead to stochastic bifurcation of the family of
RDS induced by (17).

Theorem 4.4. Let (ϕα)α∈R be the family of RDS induced by equation (17).
Suppose (E) and (IC) are fulfilled for all α ∈ R and the map α �→ ρα(x) is
upper semi continuous at α = 0 for all x ∈ R \ {0}, where ρα(x) is given
by (11) with b, σ replaced by bα and σα.

Furthermore assume that for all r > 0 there exists α′ > 0 such that
sup0≤α≤α′ mα(I\] − r, r[) < ∞, where mα denote the speed measure with
density ρα. Then (ϕα)α∈R undergoes a stochastic pitchfork bifurcation at
α = 0, if

(i) sign(b′α(0)) = sign(α) for all α ∈ R,

(ii) ((bα, σα))α∈R satisfies
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(a) ((B1) or (B2)) and ((B3) or (B4)) for α < 0,

(b) (A1),(B2),(B3) and (A4) for α = 0,

(c) (A1),(A2),(A3) and (A4) for α > 0,

and there exists δ > 1 such that δ(α) ≥ δ for all α ≥ 0, where δ(α) is
the constant appearing in (A1),. . . ,(A4) for (bα, σα) in (b) and (c),

(iii) (−bα, σα) satisfies ((B1) or (B2)) and ((B3) or (B4)) for all α ≤ 0,
and (B1) and (B4) for α > 0.

Proof. The existence of ϕα–invariant measures with the required stability
follows from Proposition 4.2, Corollary 4.3 and Theorem 3.4. We only have
to show that the normalized speed measures converge weakly to the Dirac
measure at zero. This is equivalent to aα → 0 in probability as α ↓ 0,
where µα = δaα is the ϕα–invariant measure on I. We only consider the
case I = I+.
By Fatou’s Lemma and since α �→ ρα(x) is upper semi continuous at

α = 0 for all x ∈ I+, we have

lim sup
α↓0

mα(I+) ≥ lim inf
α↓0

mα(I+) ≥
∫
I+
lim inf
α↓0

ρα(x) dx ≥

≥
∫
I+

ρ0(x) dx =∞,

by assumption (ii)(b). Hence limα↓0mα(I+) = ∞. Then for every ε > 0
and 0 ≤ α ≤ α′ we have

P({aα ≥ ε}) =
mα([ε,∞[)
mα(I+)

= mα(I+)−1
∫ ∞

ε

ρα(x) dx

≤ mα(I+)−1 sup
0≤α≤α′

∫ ∞

ε

ρα(x) dx
α↓0−−−→ 0 ,

since sup0≤α≤α′
∫∞
ε
ρα(x) dx<∞. Thus aα → 0 in probability as α ↓ 0.

Theorem 4.5. Let (ϕα)α∈R be the family of RDS induced by equation
(17). Suppose (E) and (IC) are fulfilled for all α ∈ R and the maps α �→
ρα(x), α �→ ρ(x) are upper semi continuous at α = 0 for all x ∈ I+ respec-
tively I−, where ρα(x), ρα(x) are given by (11) and (12) with b, σ replaced
by bα and σα.

Furthermore assume that for all r > 0 there exists α′ > 0 such that
sup0≤α≤α′ mα(I+\]0, r[) <∞ and sup−α′≤α≤0mα(I−\]−r, 0[) <∞, where
mα, mα denote the speed measure with density ρα respectively ρα. Then
(ϕα)α∈R undergoes a stochastic transcritical bifurcation at α = 0, if

(i) sign(b′α(0)) = sign(α) for all α ∈ R,

(ii) ((bα, σα))α∈R satisfies
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(a) ((B1) or (B2)) and (B4) for α < 0,

(b) ((A1) and (B2)) and ((B3) or (B4)) for α = 0,

(c) ((A1) and (A2)) and ((B3) or (B4)) for α > 0.

and the constants δ(α) appearing in the conditions (A1), (A2) for
(bα, σα) in (b) and (c) are bounded below by δ > 1,

(iii) ((−bα, σα))α∈R satisfies

(a) ((B1) or (B2)) and ((A3) and (A4)) for α < 0,

(b) ((B1) or (B2)) and ((B3) and (A4)) for α = 0,

(c) (B1) and ((B3) or (B4)) for α > 0.

and the constants δ(α) appearing in the conditions (A3), (A4) for
(bα, σα) in (a) and (b) are bounded below by δ > 1.

The proof, similar to that of Theorem 4.4, is omitted.

Example 1. (Arnold and Boxler [2]) Consider the explicitly solvable SDE

dxt =
(
αxt− x3t

)
dt+ σxt ◦ dWt and dxt =

(
αxt− x2t

)
dt+ σxt ◦ dWt .

Arnold and Boxler showed that the RDS induced by the first equation under-
goes a stochastic pitchfork and the second a stochastic transcritical bifurca-
tion. By monotone convergence we see that sup0≤α≤1mα(I\]− r, r[) <∞.
The conditions of Theorem 4.5 and 4.4 are now easily seen to be fulfilled.

Example 2. (Arnold and Schmalfuß [3]) Consider the stochastic differen-
tial equations

dxt =
(
αxt − x3t + g(xt)

)
dt+ σxt ◦ dWt , (18)

with α ∈ R, σ > 0 and g ∈ C1(R) satisfying

g(0) = 0 ,
g(x)
x

> 0, x �= 0 , |g′(x)| < 2x2, x �= 0 .

Then ((bα, σα))α∈R with bα(x) = αx−x3+ g(x) and σα(x) = σx satisfy the
assumptions of Theorem 4.4. Thus the family of RDS induced by equation
(18) undergoes a stochastic pitchfork bifurcation at α = 0.

Example 3. Now we consider the following equation for n ∈ N, n ≥ 2

dxt =
(
A(α)xt +

n∑
i=2

ai(α)xit
)
dt+ σxt ◦ dWt , (19)

with α �→ A(α), ai(α) continuous, i = 2, . . . , n and σ > 0. The family of
RDS induced by (19) undergoes a stochastic pitchfork bifurcation at α = 0,
if
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(i) n is odd and

(ii) sign(A(α)) = sign(α) , sign(an(α)) = −1 for all α ∈ R.

Example 4. Consider for n,m ∈ N

dxt =
( n∑
i=1

ai x
i
t

)
dt+ σx2m+1t ◦ dWt ,

with σ > 0. Condition (A1) is satisfied, if n < 4m+1 or if n = 4m+1 and
an < mσ2 or if n > 4m+1 and an < 0. Condition (A2) is satisfied, if with
i0 = min{i : ai �= 0, i = 1, . . . , n} we have i0 < 4m+ 1 or if i0 = 4m+ 1
and ai0 > mσ2. Similar statements hold for the other conditions.

Example 5. In this example we present another type of bifurcation sce-
nario different from the two studied so far.

(i) Consider equation (17) with

bα(x) =
{ −αx− x2 if α ≤ 0
−αx+ x2 if α > 0 and σα(x) = σx ,

for x, α ∈ R and σ > 0. Choose c = ±1 on I±. So for the densities of the
speed measures on I± we have

ρ±α (x) =

{
k±σ |x|−

2
σ2 α−1 e−

2
σ2 x if α ≤ 0

k±σ |x|−
2
σ2 α−1 e

2
σ2 x if α > 0

and

ρ±α (x) =

{
k±σ |x|

2
σ2 α−1 e

2
σ2 x if α ≤ 0

k±σ |x|
2
σ2 α−1 e−

2
σ2 x if α > 0 ,

where k±σ is a constant, depending on σ and the sign of c. Hence mα(I+) <
∞, mα([2,∞)) = ∞, mα(I−) = ∞ = mα(I−) for α < 0 and m0(I±) =
∞ = m0(I±) and mα(I+) < ∞, mα([2,∞)) = ∞, mα(I−) = ∞ =
mα(I−). The family of RDS (ϕα)α∈R undergoes in this case a kind of
stochastic transcritical bifurcation (see Theorem 3.5).

(ii) Consider (17) with bα(x) = αx−x2 for α ≤ 0 and bα(x) = αx−x3
for α > 0 and σα(x) = σx for all α ∈ R and σ > 0. The induced family of
RDS (ϕα)α∈R undergoes in this case a mixture of a stochastic transcritical
and pitchfork bifurcation (see Theorems 3.4 and 3.5).
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P-Bifurcations in the Noisy
Duffing-van der Pol Equation
Yan Liang and N. Sri Namachchivaya

ABSTRACT In this paper, we examine the stochastic version of the
Duffing-van der Pol equation. As in [2], [8], [19], [16], we introduce both
multiplicative and additive stochastic excitations to the original Duffing-
van der Pol equation, i.e.

ẍ = (α+ σ1ξ1)x+ βẋ+ ax3 + bx2ẋ+ σ2ξ2,

where, α and β are the bifurcation parameters, ξ1 and ξ2 are white noise
processes with intensities σ1 and σ2, respectively. The existence of the ex-
trema of the probability density function is presented for the stochastic
system. The method used in this paper is essentially the same as that which
was used in [19]. We first reduce the above system to a weakly perturbed
conservative system by introducing an appropriate scaling. The correspond-
ing unperturbed system is then studied. Subsequently, by transforming the
variables and performing stochastic averaging, we obtain a one-dimensional
Itô equation for the Hamiltonian H. The probability density function is
found by solving the Fokker-Planck equation. The extrema of the proba-
bility density function are then calculated in order to study the so-called
P-Bifurcation. The bifurcation diagrams for the stochastic version of the
Duffing-van der Pol oscillator with a=−1.0, b=−1.0 over the whole (α, β)-
plane are given. The related mean exit time problem is also studied.

1 Introduction

In many situations it is necessary to describe natural phenomena as dy-
namic systems subjected to stochastic excitations due to the effects of a
large number of unknown factors. Examples of such excitations are forces
generated by jet and rocket engines in modern high-powered aircraft, space-
craft and missile structures, as well as excitations due to earthquakes, ocean
waves and wind gusts. The stability and the nonlinear response of such
stochastic systems have been of increasing interest, and various researchers
have contributed in meaningful ways to the understanding of these prob-
lems. The effect of stochastic perturbations upon a dynamic system ex-
hibiting co-dimension one bifurcations has been studied by Baras et al.
[3], Graham [7], Lefever and Turner [15], and Sri Namachchivaya [17]. The
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additive noise case was considered by Baras et al. [3], while the effect of
multiplicative noise was studied by Graham [7].
The effect of stochastic perturbations on a dynamic system exhibit-

ing co-dimension two bifurcations has been studied by Graham [8], Sri
Namachchivaya [19], Schenk–Hoppé [16], Sri Namachchivaya and Talwar
[21] and Arnold et al. [2]. Although the Lyapunov exponents and bifurca-
tion points in the parameter space were obtained in Sri Namachchivaya and
Talwar [21] for all three co-dimension two problems (two purely imaginary
pairs of eigenvalues, a simple zero and a pair of pure imaginary eigenval-
ues, double zeros which are nondiagonalizable), the stochastic bifurcation
analysis was done for only one of these problems, namely the double zeros
case. The deterministic version of this problem has the following form with
parameters α and β:

ẍ = αx+ βẋ+ ax3 + bx2ẋ (1)

In this paper, we examine the stochastic version of the above nonlinear
equation. As in Graham [8], Sri Namachchivaya [19], Schenk–Hoppé [16],
and Arnold et al. [2], we introduce both multiplicative and additive stochas-
tic excitations in our case, i.e.

ẍ = (α+ σ1ξ1)x+ βẋ+ ax3 + bx2ẋ+ σ2ξ2 (2)

where, α and β are the bifurcation parameters, ξ1 and ξ2 are white noise
processes with intensities σ1 and σ2, respectively. This equation is the
stochastic version of the Duffing-van der Pol equation. This is an impor-
tant equation for many reasons: it represents the generic normal form of
the double zero co-dimension two bifurcation if one allows both α and β
to be bifurcation parameters, and there are many physical problems whose
dynamics are described by the above equation for some parameter values.
This equation consists of both linear and nonlinear restoring and dissi-
pative terms which allow one to model various mechanical and structural
dynamics problems. In this model, a sustained oscillation arises from a bal-
ance between energy generation at low amplitude and energy dissipation at
large amplitude. It has been shown that mechanical systems, such as air-
craft at high angles of attack, exhibit such co-dimension two instabilities.
It has also been shown by Dowell [5] and Holmes and Rand [10] that this
equation represents the motion of a thin panel under supersonic airflow.
This equation also describes the dynamics of a single-mode laser with a
saturable absorber as pointed out by Velarde and Antoranz [24]. Further-
more, according to Knobloch and Proctor [14], this equation is supposed
to describe the evolution of the amplitudes of the dominant velocity mode
in an overstable convection when the frequency of oscillation is small.
System (2) can be further reduced by introducing some appropriate scal-

ing of state space and unfolding parameters based on the nature of the
investigation. Sri Namachchivaya [17, 18] studied the bifurcation behavior
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near the trivial solution of system (2) with a=−1.0, b=−1.0 as β varies
close to βc=0. In [17], system (2) was reduced to a weakly nonlinear system
by an appropriate rescaling. The resulting stochastic Hopf bifurcation was
studied using the well known stochastic averaging techniques. In subsequent
studies [18, 19], the bifurcation behavior away from the trivial solution was
studied for the case a=−1, b=−1 and α>0, β>0. In [19], system (2) was
reduced to a weakly perturbed nonlinear Hamiltonian system. Then by ap-
plying a different version of stochastic averaging technique to this reduced
system, Sri Namachchivaya [19] obtained a one-dimensional Itô equation
for the Hamiltonian of the system. The stochastic stability was based on
the boundary behavior of the one dimensional diffusion while the bifurca-
tion analysis was based on the extrema of the probability density function
which is obtained by solving the Fokker-Planck equation. Specific results
for the case α=−1.0, β=0.9 were given. Graham [8] gave the methods for
construction of the macroscopic potentials for nonequilibrium systems and
demonstrated their usefulness in studying the bifurcations in some cases
including the system (2) with a > 0, b < 0. Also in [8], system (2) was
reduced to a weakly perturbed nonlinear conservative system. Recently,
Schenk–Hoppé [16] numerically studied the so called Dynamical and Phe-
nomenological bifurcation of the noisy Duffing-van der Pol oscillator with
a=−1.0, b=−1.0.
The stochastic bifurcations based on the qualitative change of stationary

measures can be observed by studying the solutions of the Fokker-Planck
equation which correspond to the one-point motion. Two types of qualita-
tive changes are observed, namely, a transition from one-peak density to a
two-peak density (analogous to deterministic pitchfork bifurcation) and a
transition from one-peak density to a crater-like density (analogous to the
deterministic Hopf bifurcation). The stochastic bifurcations characterized
by the change of the stability of invariant measures and the appearance of
new invariant measures are, at present, generated only numerically through
the forward and backward solutions of the stochastic differential equations.
In the paper by Arnold et al. [2], both the numerical method and some
approximate methods (stochastic averaging, asymptotic expansion) were
used to study the stochastic bifurcation behavior of the noisy Duffing-Van
der Pol oscillator with a=−1.0, b=−1.0.
In this paper we extend the work by Sri Namachchivaya [19, 20] and

Arnold et al. [2] to obtain analytical results for the stochastic behavior away
from the trivial solution (global) in order to provide some insight into the
numerical simulations of Schenk–Hoppé [16]. The method used in this paper
is essentially the same as that which was used in Sri Namachchivaya [19].
However this investigation presents the results for all values of the unfolding
parameters α and β. By applying stochastic averaging, we obtained a one-
dimensional Itô equation for the Hamiltonian. The probability densities
and their extrema are then obtained in order to study the so-called P-
bifurcation for the Duffing-van der Pol oscillator. Without loss of generality
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we have taken a=−1.0, b=−1.0 and the qualitative behavior is examined
over the whole (α, β)-plane by making use of the system Hamiltonian.
In this paper, we first reduce system (2) to a weakly perturbed Hamil-

tonian system by introducing an appropriate rescaling. The corresponding
unperturbed, as well as the perturbed, deterministic system is then studied.
Second, by transforming the variables and performing stochastic averaging,
we obtain a one-dimensional Itô equation. The probability density function
is found by solving the Fokker-Planck equation. The extrema of the prob-
ability density function are then calculated. The extrema of the density
function are related to the closed orbits of the deterministic systems and
for different regions of the parameter (α, β) space, the probability density
functions may have minima, maxima, or both. Some discussions and the
P-bifurcation diagrams on the whole (α, β)-plane are presented. In the last
section the associated first passage time problem is studied.

2 Statement of the Problem

Equation (2) can be put into two first order equations:

u̇ = v

v̇ = αu− u3 + (β − u2)v + uσ1ξ1 + σ2ξ2. (3)

In order to examine the stochastic behavior away from the trivial solution,
we need to write equation (3) as a weakly perturbed Hamiltonian system.
This system should contain strong nonlinear terms in order for us to gain
some insight into the global structure of the bifurcation behavior of the
system. Here we use the following rescalings (see [9] for more details):

α=ε2ᾱ, β=ε2β̄, u=εū, v=ε2v̄, σ1=ε2σ̄1, σ2=ε3σ̄2, t̄=εt.

Then for simplicity, by omitting the bars from the scaled variables we have

u̇ = v

v̇ = αu− u3 + ε(β − u2)v + ε
1
2 (uσ1ξ1 + σ2ξ2). (4)

The corresponding set of unperturbed deterministic equations

u̇ = v, v̇ = αu− u3 (5)

has a Hamiltonian H which can be written as:

H(u, v) =
v2

2
− α

u2

2
+
u4

4
.

(6)
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(a) α < 0, H > 0

(b) α > 0
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FIGURE 3.1. Phase Portraits for the Unperturbed Deterministic System

For the case α < 0, this system has one fixed point at (0,0) with eigenvalues
λ = ±i

√−α. For the case α > 0, this system has three fixed points at
(0,0), (

√
α,0), (−√α,0) with eigenvalues λ(0,0) = ±√α, λ(±√α,0) = ±i

√
2α

respectively. For different values of the parameter α and different energy
levels H, we have different pictures of the phase portraits as in Fig. 3.1 a
and Fig. 3.1 b. Thus, in the case α < 0, H can only take positive values, we
have the stable periodic orbits which encircle the stable fixed point (0,0)
(the oscillations). In case α > 0, forH < 0, we have unstable periodic orbits
which encircle one fixed point(the oscillations), while for H > 0, we have
stable periodic orbits which encircle all three fixed points (the rotations),
and H = 0 corresponds to a homoclinic orbit connected at (0,0).

3 Deterministic Global Analysis

In order to provide an insight into the global behavior of the deterministic
problem, we consider the perturbed deterministic system:

u̇ = v, v̇ = αu− u3 + ε(β − u2)v (7)

We formulate Melnikov-type integrals that will be used to study the exis-
tence of closed orbits. The presentation here is based on that of Carr [4].

Administrator
ferret
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FIGURE 3.2. Determining global periodic orbits for α < 0, H > 0

The basic idea is that for small perturbations of a Hamiltonian system, we
can determine the existence of closed orbits based on solutions of the un-
perturbed Hamiltonian system, which in many situations can be explicitly
determined. We present this here in order to provide some subtle connec-
tion between Melnikov-type integrals and the stochastic averaging that is
presented in the subsequent section.
For the perturbed vector field (7), the rate of change of the scalar function

H(u, v) along orbits is dH/dt = Huu̇+Hv v̇, thus

dH

dt
(u, v)=(−αu+u3)v+v[αu− u3+ε(β−u2)v]=ε(β−u2)v2. (8)

In the subsequent analysis H(u, v) is used to detect the coincidence of
forward and backward orbits of the perturbed vector fields. We shall only
consider one case, viz. α< 0, H =h> 0, for our discussion. The orbits for
this case are shown in Fig. 3.2. Let v = ±v0 denote the two intersections of
the level curve Γ0 = {(u, v) : H(u, v) = h} with the v-axis, given explicitly
by

v0 = v+(0, α, h) =

√
2h+ αu2 − u4

2
.

Since there is a distinct orbit for each value of h > 0, we have a continuum
of such orbits, and each point along the positive v-axis corresponds to a
level curve with a distinct value of h.
Now consider the orbits of the perturbed vector fields starting on the

v-axis at ±v0. We denote by Γ+ the portion of the orbit that starts at the
point (0,+v0) and evolves forward in time until it meets the u-axis at the
point (u+, 0), at time t = t+. Similarly we denote by Γ− the portion of the
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orbit that starts at (0,−v0) and evolves backward in time until it meets
the u-axis at (u−, 0), at time t = t−. Let H±(ε;β, h, α) be the value of the
Hamiltonian evaluated at the points of intersection of the perturbed orbits
Γ+ and Γ− with the u-axis, i.e.,

H+(ε;β, h, α) = H(u+, 0), H−(ε;β, h, α) = H(u−, 0).

Then the perturbed vector field has a periodic orbit passing through (u =
0, v = ±v0) if and only if

H+(ε;β, h, α)−H−(ε;β, h, α) = 0, (9)

where we have used the Hamiltonian function of the unperturbed (ε = 0)
system to determine the coincidence of perturbed forward and backward
orbits of the vector field given by (7) starting at (0,+v0) and (0,−v0),
respectively. If these orbits intersect at any point, then they must coincide,
due to the uniqueness of trajectories.
In order to determine H+(ε;β, h, α) we shall consider the integral of

dH/dt given in (8) over the portion Γ+ of the orbit of (7) with v > 0
starting at u = 0, v = +v0 and finishing at u = u+, v = 0, i.e.,

H+(ε;β, h, α) = h+
∫
Γ+

dH

dt
dt.

Similarly, by integrating backward in time along Γ−we obtainH−(ε;β, h, α).
Since the vector field depends smoothly on the parameter ε, using the
reflection symmetry of Γ0 about the u-axis we can show that

H±(ε;β, h, α) = h±
∫ t0

0

dH

dt
(u(t), v(t)) dt+O(ε2), (10)

where (u(t), v(t)) is the trajectory along Γ0 for the unperturbed (ε = 0)
Hamiltonian system starting at (0,+v0) when t = 0, and t = t0 is the time
the trajectory first crosses the positive u-axis, at the point (u+(h, α), 0).
Then

H+(ε;β, h, α)−H−(ε;β, h, α) = 2
∫ t0

0

dH

dt
(u(t), v(t)) dt+O(ε2).

(11)

Now reparameterizing the integrand by u, using du/dt = u̇ given by the
first equation in (7) with v = v+(u, h, α), one obtains

H+(ε;β, h, α) − H−(ε;β, h, α) = 2εB(β, h, α) +O(ε2)
= 2ε[βB1(h, α)−B2(h, α)] +O(ε2), (12)

where

B1(u0, α) =
∫ t0

0
v2(t)dt, B2(u0, α) =

∫ t0

0
u2(t)v2(t)dt.
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Using the implicit function theorem, we find solutions of (9) for small ε
near the zeros of B(β, h, α). And there exists a unique continuously differ-
entiable function β∗(ε, u0, α) such that B(u0, α, β∗(ε, u0, α)) = 0 for suf-
ficiently small ε. Thus there exist closed orbits in this case. The various
closed orbits at the different regions on the parameter plane are given by
equation (12) and are presented in Carr [4] and provide an easy comparison
with the following stochastic analysis.
Now that we know closed orbits exist for the perturbed deterministic

system, we are interested in determining the fate of these closed orbits
when both the dissipative and the stochastic perturbations are added to
the Hamiltonian system described by equation (5).

4 Stochastic Analysis

First, we rewrite equation (4) in the Itô form, which in this case, has the
same form as the Stratonovich equation

du = vdt

dv = [αu− u3 + ε(β − u2)v]dt+ ε
1
2 (uσ1dw1 + σ2dw2) (13)

For a system with fast and slow variables, we can apply stochastic averaging
results of Khasminskii [13] to obtain an approximate one dimensional Itô
equation for the slow variable. The solution of this approximate equation
converges weakly to the solution of the original equation. As shown in
[19] the random motions consists of fast rotations or oscillations along the
unperturbed trajectories of the deterministic system and slow motion across
the non-random trajectories. Intuitively this is the reason why the averaging
principle works in this situation, as initially alluded by Stratonovich and
Romanovski [23] and Stratonovich [22]. The random motion across these
unperturbed trajectories is approximated by an Itô equation obtained by
averaging with respect to the invariant measure concentrated on the closed
trajectories.
In order to make use of the stochastic averaging results we first transform

equation (13) from the variables (u, v) to the variables (u,H), where the
variables u and H represent the fast and slow motions. Since H can take
the same value for different trajectories it is only a local coordinate. The
equations in (u,H) are given by

du =
√
Q(u,H)dt (14)

dH = ε[Q(u,H)G(u) + F (u)]dt+ ε
1
2
√
Q(u,H)(uσ1dw1 + σ2dw2)
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where, G(u), Q(u,H), and F (u) are defined as

Q(u,H) = v2 = 2(H + α
u2

2
− u4

4
);

G(u,H) = β − u2; F (u) =
1
2
(σ12u2 + σ2

2).

Here, G(u) represents the dissipative terms, Q(u,H) is related to the ve-
locity and F (u) is related to the noise intensities.
Since equation (14) is in standard form, we now apply the stochastic

averaging procedure to this system. In doing so we can change the time
integral to the path integral with respect to the fast variable u(t) while
averaging over one period of the fast motion of u(t). This process effectively
removes the fast variable u(t) and yields the following one-dimensional Itô
equation

dH = Ā(H)dt+ σ̄
HH
(H)dw, (15)

where

Ā(H) =
1

T (H)

∫ T (H)

0
[Q(u,H)G(u) + F (u)]dt=

2
T (H)

[B(H) + C(H)],

B(H) =
∫ u0

+

u0−
G(u)

√
Q(u,H)du = βB1(H)−B2(H),

C(H) =
∫ u0

+

u0−

F (u)√
Q(u,H)

du,

σ̄2
HH
(H) =

1
T (H)

∫ T (H)

0
[2Q(u,H)F (u)]dt =

1
T (H)

σ2
HH
(H),

T (H) =
∫ T

0
dt = 2

∫ u0
+

u0−

du√
Q(u,H)

,

σ2
HH
(H) =

∫ T (H)

0
2Q(u,H)F (u)dt

= 2σ21

∫ u0
+

u0−
u2

√
Q(u,H)du+ 2σ22

∫ u0
+

u0−

√
Q(u,H)du

= 2σ21B2(H) + 2σ
2
2B1(H),

B1(H) =
∫ u0

+

u0−

√
Q(u,H)du,

B2(H) =
∫ u0

+

u0−
u2

√
Q(u,H)du.

Equation (15) describes the slow process bounded by closed orbits. How-
ever, the H process can move from one region of closed trajectories such
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as oscillations to another region of closed trajectories such as rotations. In
this paper, due to technical difficulties we have not presented the results
pertaining to the ends of the segments where there is a homoclinic orbit
connecting a saddle point. Thus most of our discussions will be on the
stochastic motion across the fast trajectories provided it lies within the ho-
moclinic orbit or outside the homoclinic orbit. We have also not considered
the problem which examines the fate of the process if it leaves the region
where it started, i.e, the trajectories which leave the region within the
homoclinic orbits, or those which leave the region outside the homoclinic
orbit.
Based on Fig. 3.1 a and Fig. 3.1 b, for different values of α and H, we

have different path integrals (oscillation or rotation) and thus different drift
Ā(H) and diffusion coefficients σ̄2

HH
(H). They are evaluated as follows:

1. α > 0, H > 0: In this case, the integrals are calculated along the
paths which correspond to the “rotations” in Fig. 3.1 b.

m2 =
1
2
(1 +

α√
α2 + 4H

),

T (H) = 4(
2m2 − 1

α
)

1
2F (m),

C(H) = (
α

2m2 − 1)
1
2 {2σ21E(m)

+[−2σ21(1−m2) +
σ22
α
(2m2 − 1)]F (m)},

B1(H) =
4
3
(

α

2m2 − 1)
3
2 [(2m2 − 1)E(m) + (1−m2)F (m)],

B2(H) =
8
15
(

α

2m2−1)
5
2 [2(m4 −m2 + 1)E(m)

+(−2 +m2)(1−m2)F (m)].

Here F (m), E(m) are complete elliptic integrals of the first and the
second kinds with the modulus m. T (H) is the period of the peri-
odic orbit. u0± are the points where the periodic orbit intersects the
u−axis, i.e. the points where v = 0.

2. α > 0, H < 0: In this case, the integrals are calculated along the
paths which correspond to the “oscillations” in Fig. 3.1 b.

m2 =
2
√
α2 + 4H

α+
√
α2 + 4H

,

T (H) = 2(
2−m2

α
)

1
2F (m),

C(H) = (
α

2−m2 )
1
2 [σ21E(m) +

σ22
2α
(2−m2)F (m)],
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α > α0

FIGURE 3.3. Qualitative change of probability densities

B1(H) =
2
3
(

α

2−m2 )
3
2 [(2−m2)E(m)− 2(1−m2)F (m)],

B2(H) =
4
15
(

α

2−m2 )
5
2 {[6(m2 − 1) + 2(2−m2)2]E(m)

+(2−m2)(m2 − 1)F (m)}.
3. α<0, H>0: In this case, the integrals are calculated along the closed
orbits in Fig. 3.1 a. The results of the integrals here have the same
forms as those in case (1) where α>0, H>0.

5 The Phenomenological Approach

Here we are interested in the qualitative changes of probability densities pα
which are invariant with respect to the transition probability of Eq. (14).
In other words, they are solutions to the Fokker-Planck equation (FPE)

L/αpα = 0, Lα = Ā(H)
∂

∂H
+
1
2
σ̄2
HH
(H)

∂2

∂H2 (16)

The stationary behavior of the Fokker-Planck equation arising from a non-
linear system may, for example, exhibit transitions from one-peak to two-
peak or crater-like densities. These have been observed experimentally, nu-
merically and analytically (see, e.g., Horsthemke and Lefever [11], Sri Na-
machchivaya [19], Ebeling [6]) and the number and locations of the extrema
of the stationary densities have been carefully studied.
This concept can be formalized with ideas of Zeeman [26] and [25] accord-

ing to which two probability densities (p, q) are called equivalent, p ∼ q, if
there are two diffeomorphisms (α, β) such that p = α◦q◦β. Then the family
pα of Fig. 3.3 is structurally unstable at α = α0 since, in each neighbor-
hood of α0, there are non-equivalent densities. Hence, α = α0 can rightly
be called a “P-bifurcation point”, and we shall call a phenomenon like this
a “P-bifurcation”. It is well known that for the stochastic system described
by equation (4), the extrema of the probability density function are the
continuation of the limit cycles of the corresponding deterministic system.
In particular, the most probable points (the maxima) are the continuation
of the stable limit cycles of the deterministic system. Thus in this paper
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we determine the probability functions and the extrema in order to study
the P-Bifurcation, which, loosely speaking, denotes the phenomenological
changes in the probability density function (for a rigorous definition of the
P-Bifurcation see [1]).
For equation (15), the corresponding Fokker-Planck equation is

∂W

∂t
= − ∂

∂H
[Ā(H)W ] +

1
2

∂2

∂H2 [σ̄
2
HH
(H)W ]. (17)

The stationary solution for the above equation is

Wst =
c

σ̄2
HH
(H)

exp{2
∫ H

H0

Ā(H)
σ̄2
HH
(H)

dH}

= c exp{
∫ H

H0

[
4B(H)
σ2
HH
(H)

+
1

T (H)
dT (H)
dH

]dH}

where, c is a constant and can be obtained through normalization of the
probability density function Wst. In obtaining the above equation we have
used the fact

dσ2
HH
(H)

dH
= 4C(H).

The extrema of the probability density function Wst can be obtained by
letting dWst

dH = 0, which yields

β =
B2(H)
B1(H)

− 1
4

1
T (H)

σ2
HH
(H)

B1(H)
dT (H)
dH

. (18)

Now by making use of the expressions for the drift and diffusion terms for
the three cases mentioned previously we can study the P-Bifurcations of
equation (18). From now on, we will only consider the parametric noise
case, i.e. σ2 = 0. However, the formulas obtained above are valid for both
parametric and external noises.

Results and discussion
In the stochastic case, the P-bifurcations depend on both noise intensity
and parameter values of α. Depending on the multiplicative noise level and
values of α, the probability density functions can have no peak, one peak
or multiple peaks. We shall discuss the various scenarios below.
α < 0, H > 0:

The extrema of Wst (as given by (18)) is plotted in Fig. 3.4. It is clear
from Fig. 3.4 that the structure of the curve along which Wst has extrema
will differ for different values of α. For different noise intensity σ1, there is
a critical value of the parameter α such that for |α|< |αc| the probability
density function has three extrema otherwise it has only one. At α = αc
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FIGURE 3.4. σ1 = 0.1 σ2 = 0
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FIGURE 3.5. α < 0, σ1 �= 0, σ2 = 0

we have a cusp. This can be seen more clearly from the variation of the
density function in the (α, β)-plane as shown in Fig. 3.5.
In Fig. 3.5 we show a transition from a delta measure to a single peak
density function while crossing the line β=0. For α>αc we have transition
from single peak to double peak while crossing the curve C2. The value of
αc in Fig. 3.5 is determined from the values of ∂β

∂α and
∂β
∂H , i.e., we solve

the following equations

∂β

∂α
= 0;

∂β

∂H
= 0

for the critical value αc. By solving the above equations we obtain the
critical value as αc=−0.110271σ1. For σ1=0.1, we have αc=−0.0110271.
α > 0, σ1 = 0.1:
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FIGURE 3.6. σ1 = 0.1, α = 1.0

As in the previous case, the number of peaks of the probability density
function will be different for different values of α. The different cases are
shown in Fig. 3.6 and Fig. 3.7. It is worth pointing out that in the region
where H < 0 the extrema of the probability density function are based on
the averaged equations which are obtained by averaging over the “oscilla-
tions” of the deterministic case. This implies that the extrema for H < 0
are the continuations of the limit cycles within the homoclinic orbit (small
orbits). Similarly in the region where H > 0 the extrema of the probability
density function are the continuations of the limit cycles outside the ho-
moclinic orbit (large orbits). Fig. 3.6 is for the case σ = 0.1, α = 1.0. In
Fig. 3.6, C−3 indicates the curve on which the probability density function
has a minimum for H < 0 . This corresponds to the existence of the un-
stable limit cycle. C+3 denotes the curve on which the probability density
function has a maximum for H > 0 which corresponds to the existence
of the stable limit cycle. The line L1 denotes the maximum value of β in
order for the probability density function to have a minimum for all H < 0
and line L2 represents the minimum value of β in order for the probability
density function to have extrema for all H > 0.
In region (III) (above the line L1), any line β = constant > 0.9963

intersects the curve C+3 twice at two different values of H > 0 and the
line has no intersection with the curve C−3 . Thus the probability density
function in region (III) has no extrema for the H < 0 segment and has two
extrema for the segment H > 0. Furthermore, for the part H > 0 we can
see that the extrema at the larger value of H is a maximum, the one at the
smaller value of H is a minimum because the integral of the probability
density function must converge. In region (IV), any line 0.7603 < β =
constant < 0.9963 intersects the curve C+3 twice at two different values of
H > 0 and intersects the curve C−3 once at some value of H < 0. Thus the
probability density function in region (IV) has a total of three extrema;
one in the segment H < 0 and the other two in the segment H > 0. In
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FIGURE 3.7. σ1 = 0.1, α = 0.17

the same way we know that within region (V) the probability function has
only one extrema and it lies in the segment H < 0.
Fig. 3.7 is for the case σ = 0.1, α = 0.17. Here the lines C+3 , C

−
3 , L1, L2

have the same meaning as those in Fig. 3.6. The difference between Fig. 3.7
and Fig. 3.6 is that in Fig. 3.7 the line L2 is above the line L1 while in
Fig. 3.6 the line L2 is below the line L1. Discussions remain the same as
those for the case σ = 0.1, α = 1.0 in Fig. 3.6. The same analysis could be
repeated for different values of α > 0 in order to obtain similar probability
density functions for various regions in the (α, β)-plane.
The variations in the probability density function in the whole (α, β)-

plane are shown in Fig. 3.8. The curve Cmax
4 represents an upper bound

below which the probability density function has a minimum for someH<0
while the curve Cmin

4 represents the lower bound above which the prob-
ability density function has a maximum for some H > 0. The description
of the probability density functions in region (IV) are the same as those
in region (IV) of Fig. 3.6. In addition, region (VII) in Fig. 3.8 is the same
region (VII) in Fig. 3.5.
At this stage we can make some comparisons with existing numerical

results. It can be seen from [16] that the maxima of the probability density
function form a crater in a 3-D representation. The locations of these craters
coincide with those of the maxima in the (α, β)-plane.
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FIGURE 3.8. The Pictures of the pdf in the (α, β)-plane, σ1 = 0.1
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6 Mean First Passage Time

Suppose that at time t = 0, the state of the system corresponds to some
point defined byH0 within D which is the domain of attraction with bound-
ary Γ. Here D is defined by the deterministic part or by the extrema of
the probability density functions as discussed in the previous section. We
are interested in the time Tc it takes for a trajectory at H0 to reach the
boundary Γ for the first time, i.e.,

Tc = min{t : H(t)εΓ | H(0) = H0}, H0εD. (19)

Define the probability that a trajectory has not reached the boundary Γ
during time interval [0, τ ] as

P (τ,H0) = Pr{τ < T (H0)}, (20)

and it is governed by the the Kolmogorov’s backward equation

∂P (τ,H0)
∂τ

= Ā(H0)
∂P (τ,H0)

∂H0
+
1
2
σ̄2
HH
(H0)

∂2P (τ,H0)
∂2H0

= L[P (τ,H0)]
with the initial and boundary conditions

P (0, H0) = 1, H0εD; P (τ,Hc) = 0, H0εΓ.

The distribution function of the first passage time is Pr[τ = T ] = 1 −
P (τ,H0) and the corresponding Pontriagin equation for the nth moment is
given by

L[Mn(H0)] = −nMn−1(H0), Mn(Hc) = 0.

The mean first passage time can be written as the solution of

L[P (τ,H0)] = Ā(H0)
∂M1(H0)
∂H0

+
1
2
σ̄2
HH
(H0)

∂2M1(H0)
∂2H0

= −1

with boundary condition M1(Hc) = 0. In addition to the boundary con-
dition M1(Hc) = 0, a boundedness condition at the initial point is also
required if the initial point is at some boundary. In our case, D takes the
form (Hl, Hc] or [Hc, Hr), where Hc corresponds to the least probabil-
ity point, i.e., Wst(H) has minimum at Hc. Hl and Hr are the left and
right boundaries respectively. Then the boundedness condition means at
H0 = Hl,M1(Hl) < ∞ or H0 = Hr,M1(Hr) < ∞. This condition implies
that the left or right boundary is not an absorbing boundary. This condi-
tion may be violated if the noise term σ2

HH
(H0) vanishes at H0 = Hl or

H0 = Hr, and cannot be used to obtain the solution of the above equation.
It is, therefore, important to understand the behavior of the diffusion pro-
cess H(t) near the boundaries H0 = Hl and H0 = Hr according to various
Feller classifications.
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In order to classify the boundary behavior, consider the following quan-
tities Σ and N . Here Σ roughly measures the time to reach the left or right
boundary starting from an interior point Hε(Hl, Hc] or Hε[Hc, Hr) while
N measures the time to reach an interior point H starting from the bound-
ary Hl or Hr. The formula and discussions below are for the left boundary
only; for the formula and discussions about the right boundary see [12].
For the left boundary Hl:

Σ(Hl) =
∫ H

Hl

{
∫ H

z

{m(y)dy}s(z)}dz,

N(Hl) =
∫ H

Hl

{
∫ H

z

{s(y)dy}m(z)}dz, (21)

where

s(y) = Exp{−
∫ y

Hl

2Ā(H)
σ̄2
HH
(H)

dH} = 1
σ2
HH
(y)

exp{−4
∫ y B(H)

σ
HH

2(H)
dH}

m(y) =
1

σ̄2
HH
(y)s(y)

= T (y)exp{4
∫ y

Hl

B(H)
σ
HH

2(H)
dH}, (22)

where H is an interior point, i.e. Hε(Hl, Hc].
The Feller classification of the boundaries Hl, in terms of Σ and N , is as

follows:

1. The boundary is regular, if Σ(Hl) <∞ and N(Hl) <∞. The process
can both enter and leave from the boundary. In other words, the
process starting from an interior point can reach the boundary with
some positive probability in finite time. Similarly, the process starting
from the boundary can reach an interior point with some positive
probability in finite time.

2. The boundary is an exit, if Σ(Hl) <∞ and N(Hl) =∞. The process
starting from an interior point can reach the boundary with some
positive probability in finite time. But starting from the boundary, it
is impossible to reach any interior point.

3. The boundary is an entrance, if Σ(Hl) = ∞ and N(Hl) < ∞. An
entrance boundary cannot be reached from an interior point. The
process starting from an entrance boundary moves at once to the
interior never to return to the boundary.

4. The boundary is natural, if Σ(Hl) =∞ and N(Hl) =∞. The process
starting from an interior point cannot reach the boundary in finite
time and the process can not reach any interior point starting from
the boundary.
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The above classification defines whether an end of a segment in the H
coordinate is accessible from inside and the inside is accessible from the end
of the segment. The end points of the segments of H in this paper are de-
fined by fixed points of elliptic type or saddle type. This condition provides
the information as to whether a trajectory will reach the homoclinic orbit.
If the homoclinic orbit is accessible then the analysis needed to study the
fate of the trajectory requires certain “gluing” condition. This is a subject
of some work in progress by the authors. For our calculation of the mean
first passage time, we need N(Hl) <∞, i.e. we require the boundary be a
regular or an entrance boundary. Finally, the mean first time to reach Hc

starting from an interior point H0ε(Hl, Hc] is given by

M1(H0) =
∫ Hc

H0

{
∫ Hc

z

{s(y)dy}m(z)}dz (23)

provided Hc is accessible.
Now we summarize the steps for the calculation:

1. For a given system with a pair of parameters (α, β) use equation (18)
to find the Hc which corresponds to the extrema point of Wst(H).

2. Determine boundary of the domain of attraction, i.e., find the least
probable point. This can be obtained based on our previous discus-
sions, and depends on the region of the parameter plane.

3. Determine the accessibility of the boundary based on speed and scale
measures. If the boundary is a regular or an entrance, i.e. N < ∞,
then we can use the formula given above to calculate the mean first
passage time.

As an example, consider a system with parameters (α, β) = (0.2, 0.1).
For these parameter values, the region (V) is of interest and it is clear from
the probability density function that there is only one least probable point
Hc. By solving equation (18) we find Hc = −0.00186 for σ1 = 0.1. For the
left boundary Hl = −α2/4 = −0.01, we can calculate N(Hl) <∞. Making
use of the formula we find the mean first passage time as shown in Fig. 3.9.

7 Conclusions

In this paper we extend the work by Sri Namachchivaya [19] and Arnold
et al. [2] to obtain analytical results for the behavior, of the stochastic
version of the Duffing-van der Pol equation, away from the trivial solution
(global) in order to provide some insight into the numerical simulations of
Schenk–Hoppé [16]. The stochastic behavior away from the trivial solution
of the noisy Duffing-van der Pol equation was examined by considering
it as a weakly perturbed Hamiltonian system. By transforming the vari-
ables and performing stochastic averaging, we obtain a one-dimensional Itô
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FIGURE 3.9. Mean exit time for α = 0.2, β = 0.1, σ1 = 0.1

equation. The probability density function is found by solving the Fokker-
Planck equation. The extrema of the probability density function are then
calculated and comparisons with existing numerical results [16] were made.
The complete probabilistic description of these equations, based on this
type of analysis (weakly Hamiltonian), needs more information close to the
homoclinic orbits and is being investigated by the authors.
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The Stochastic Brusselator:
Parametric Noise Destroys
Hopf Bifurcation
Ludwig Arnold, Gabriele Bleckert, and Klaus
Reiner Schenk–Hoppé

ABSTRACT We perform mainly a numerical study of the bifurcation
behavior of the Brusselator under parametric white noise. It was shown
before that parametric noise turns the deterministic Hopf bifurcation into
a scenario in which the stationary density (unique solution of the Fokker-
Planck equation) undergoes a delayed transition from a single-peaked, bell-
shaped to a crater-type form. We will make this more precise by showing
that the stationary density gets a “dent” at the deterministic bifurcation
point and develops a local minimum at a later parameter value.
In contrast (but not in contradiction) to these findings we will show that,
from the view point of random dynamical systems, the deterministic Hopf
bifurcation is being “destroyed” by parametric noise in the following sense:
For all values of the bifurcation parameter, the system has a unique in-
variant measure which is, moreover, exponentially stable in the sense that
its top Lyapunov exponent is negative. The invariant measure is a ran-
dom Dirac measure, and its support is the global random attractor of the
system.

1 Introduction

After the discovery of oscillatory chemical reactions by Belousov and Zha-
botinskii, the Brussels school (see Nicolis and Prigogine [21, Chap. 7]) pro-
posed a chemical reaction scheme which undergoes a Hopf bifurcation and is
“simplest possible.” In the case of a well-stirred tank reactor it is described
by the following phenomenological (or macroscopic) ordinary differential
equation (ODE):

ẋt = α− (β + 1)xt + x2tyt, (1)
ẏt = βxt − x2tyt.

Here xt and yt are the concentrations of reactands at time t, and α > 0 and
β > 0 are parameters (of which β is the bifurcation parameter) describing
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the (constant) supply of “reservoir” chemicals. The system (1) has a unique
fixed point at (α, β/α) which is stable for 0 < β ≤ α2 + 1 and unstable for
β > α2 + 1. At β = α2 + 1 the fixed point undergoes a Hopf bifurcation.
This model became known as the Brusselator, and has since been one

of the paradigms of nonequilibrium dynamics, to which numerous studies
were devoted. In particular, if one takes the discrete particle structure of
the physico-chemical processes involved into account, but lumps most of the
microscopic information to “internal fluctuations,” one arrives at a meso-
scopic model in terms of a Markov jump process (Xt, Yt) with state space
Z+×Z+ whose transition probabilities are described by the so-called mas-
ter equation (or Kolmogorov’s second equation). One can derive a Langevin
approximation of the Markov jump process by a continuous Markov diffu-
sion process with state space R+ × R+ in a consistent manner, i. e. such
that both models have similar qualitative behavior and “converge” to the
macroscopic model (1) if the number of particles tends to infinity, see e. g.
Malek Mansour et al. [19] or Arnold [2], and Baras [6] for a recent survey.
Here we will investigate the effect of “external fluctuations” (environ-

mental noise), i. e. of random fluctuations of the parameters α and β, on
the qualitative behavior, in particular on the Hopf scenario of the Brussela-
tor (1). This is in the spirit of “noise-induced transitions” (Horsthemke and
Lefever [12]). Previous studies were made by Lefever and Turner [16, 17],
Fronzoni, Mannella, McClintock and Moss [11], Altares and Nicolis [1] us-
ing asymptotic methods, and by Ehrhardt [10] for bounded noise using
control theory, among many others. A good survey is given by Moss and
McClintock [20, Vol. 3].
A previous numerical study by Krebs [14] shows that the results for the

case where both α and β are perturbed by white noise are qualitatively very
similar to the case where only β is perturbed by white noise. We hence, for
the sake of reducing the complexity of our situation, will restrict ourselves
to the (mainly numerical) study of the Stratonovich stochastic differential
equation (SDE)

dxt = (α− (β + 1)xt + x2tyt) dt− σxt ◦ dWt,
(2)

dyt = (βxt − x2tyt) dt+ σxt ◦ dWt.

The novelty of our study is that it is performed in the context of the
theory of random dynamical systems (see Arnold [3] for a survey, and the
forthcoming monograph [4] for a comprehensive presentation, to which we
refer for all details).
After briefly reviewing some well-known facts about the deterministic

Brusselator (Sect. 2), we will in Sect. 3 analyze the solution of the SDE
(2) as a random dynamical system (called the stochastic Brusselator), in
particular its explosion behavior. In Sect. 4 we present and interpret our
numerical findings about its invariant measure, its Lyapunov exponents and
rotation number and explain the principles of stochastic bifurcation theory.
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We show that the stochastic Brusselator undergoes a bifurcation on the
phenomenological level, whereas there is no bifurcation on the dynamical
level.

2 The Deterministic Brusselator

The deterministic Brusselator has been the subject of numerous studies,
in particular by Lefever and Nicolis [15], Nicolis and Prigogine [21], Tyson
[25], Ponzo and Wax [22] and Ye [26]. We collect some facts in the following
theorem. Throughout this paper, “smooth” means C∞, R+ := {x ∈ R :
x ≥ 0} and R++ := {x ∈ R : x > 0}.
Theorem 2.1. Consider the Brusselator

ẋt = α− (β + 1)xt + x2tyt,
(3)

ẏt = βxt − x2tyt,

with α, β > 0. Then:
(i) The ODE (3) generates a local smooth dynamical system (ϕ(t))t∈R

which is global (i. e. non-explosive) forwards in time, but explodes for cer-
tain initial values backwards in time.

(ii) The positive orthant R++ × R++ of R2 is absorbing and forward
invariant.

(iii) The dynamical system ϕ possesses the unique fixed point (α, β/α).
For all 0 < β ≤ α2+1, this fixed point is globally asymptotically stable and
is the global attractor of ϕ in R2. The fixed point is unstable for β > α2+1.

(iv) For the bifurcation parameter β > 0, the dynamical system ϕ exhibits
a Hopf bifurcation at β = α2 + 1, i. e. it possesses an asymptotically stable
limit cycle for β > α2 + 1 which bifurcates out of the fixed point (α, β/α)
at β = α2+1. This limit cycle is the global attractor of ϕ in the punctured
plane R2 \ {(α, β/α)}.

(v) ϕ undergoes no other local or global bifurcation.

It is easily checked that the eigenvalues of the Jacobian of the right-hand
side of (3) at the fixed point (α, β/α) are

λ1,2 =
1
2

(
β − (α2 + 1)±

√
(β − (α2 + 1))2 − 4α2

)
.

Fig. 4.1 depicts the limit cycle of ϕ for different values of β.

3 The Stochastic Brusselator

We now study the stochastic Brusselator, i. e. the Brusselator under per-
turbation of the parameter β by Gaussian white noise, described by the
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FIGURE 4.1. Steady states and limit cycles of the Brusselator for parameter
values α = 1 and β = 2.5, 3.0 and 3.5

Stratonovich SDE

dxt = (α− (β + 1)xt + x2tyt) dt− σxt ◦ dWt,
(4)

dyt = (βxt − x2tyt) dt+ σxt ◦ dWt,

in R2, where α and β are positive constants, W is a standard Brownian
motion, and σ ∈ R is an intensity parameter. The Itô version of (4) is

dxt = (α− (β + 1)xt + x2tyt +
σ2

2
xt) dt− σxtdWt,

(5)
dyt = (βxt − x2tyt −

σ2

2
xt) dt+ σxtdWt.

We will consider (4) as an SDE on the whole two-sided time axis, i. e. solve
it for initial values (x0, y0) = (x, y) ∈ R2 forwards as well as backwards in
time, where the definition of the Stratonovich backward integral is formally
identical with the one for the familiar forward integral. The backward Itô
version has the negative of the forward correction term in both equations.
We will investigate the solution ϕ(t, ·, (x, y)) of (4) as a random dynam-

ical system, i. e. study the random mapping (x, y) �→ ϕ(t, ·, (x, y)) for each
fixed t ∈ R.
To this end, we model white noiseWt with two-sided time R as a dynami-

cal system as follows: Let Ω be the space of continuous functions ω : R→ R

which satisfy ω(0) = 0, let (Ω,F,P) be the canonical Wiener space and
θtω(·) := ω(t + ·) − ω(t). Then (Ω,F,P, (θt)t∈R) is an ergodic metric dy-
namical system “driving” the SDE (4), and Wt(ω) = ω(t).
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We call a measurable function ϕ : R×Ω×Rd → R
d, (t, ω, x) �→ ϕ(t, ω, x),

for which (t, x) �→ ϕ(t, ω, x) is continuous for all ω and x �→ ϕ(t, ω)x :=
ϕ(t, ω, x) is smooth for all t ∈ R and all ω ∈ Ω a (smooth) random dynam-
ical system (RDS) (or cocycle) over θ if it satisfies ϕ(0, ω) = idRd and the
cocycle property

ϕ(t+ s, ω) = ϕ(t, θsω) ◦ ϕ(s, ω) for all s, t ∈ R and ω ∈ Ω.
It follows that ϕ(t, ω) is a smooth diffeomorphism on Rd with ϕ(t, ω)−1 =
ϕ(−t, θtω). We speak of a local RDS if ϕ(t, ω) : Dt(ω) → Rt(ω) is only a
local diffeomorphism with domain Dt(ω) and range Rt(ω) and the cocycle
property holds whenever both sides make sense.
The life span of an orbit t �→ ϕ(t, ω)x of a local RDS is a random open

interval (τ−(ω, x), τ+(ω, x)) ⊂ R containing zero, where τ− and τ+ are the
backward and forward explosion times, respectively.

Theorem 3.1. (i) The Stratonovich SDE (4) uniquely generates a local
smooth RDS ϕ in R2 over the dynamical system θ modeling white noise,
i. e. there exists a local RDS ϕ such that for each (x, y) ∈ R2, (xt, yt) =
ϕ(t, ·)(x, y) is the P-a. s. unique maximal solution of (4) with initial value
(x, y).

(ii) The SDE is strictly forward complete, i. e. the local diffeomorphism
ϕ(t, ω) : Dt(ω) → Rt(ω) has domain Dt(ω) = R2 for any t > 0. Equiva-
lently,

P{ω : τ+(ω, (x, y)) =∞ for all (x, y) ∈ R2} = 1.
(iii) The SDE is not backward complete, i. e. there are initial values (x, y)

whose backward explosion time τ−(·, (x, y)) is finite with positive probabil-
ity, i. e.

P{ω : τ−(ω, (x, y)) > −∞} > 0 for some (x, y) ∈ R2.
Proof. (i) This follows from a general existence, uniqueness and regularity
theorem (see [4, Theorem 2.3.36]).
(ii) Since the white noise in (4) is scalar, the SDE has a samplewise in-

terpretation (see Sussmann [24, Theorem 8 and Sect. 7]). We prove its
strict forward completeness by transforming it into an equivalent non-
autonomous ODE via the transformation

ξt = eσWtxt, ηt = yt + xt,

using the Itô lemma, see Schenk–Hoppé [23]. The result is

ξ̇t = αeσWt − (β + 1)ξt + e−σWtξt
2ηt − e−2σWtξt

3, (6)
η̇t = α− e−σWtξt. (7)

We will prove that for each fixed continuous function W ∈ Ω and for each
initial value (ξ0, η0) ∈ R2, the solution (ξt, ηt) of (6), (7) does not explode.
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Note that G+ := R++ × R is forward invariant for both the original and
the transformed system.
Inspecting (7) we see that if ξt does not explode, then ηt does not explode,

as the right-hand side of (7) is then a continuous function of time on all
of R+. Conversely, if ηt does not explode, then (6) tells us that ξt cannot
explode due to the cubic term which points inwards.
Suppose limt→τ |ηt| = ∞ for some τ < ∞. By (7), ηt ≤ η0 + αt, so

that necessarily limt→τ ηt = −∞. Using this information in (6), choosing
ξ0 ≥ 0 and using the invariance of G+ we see that ξt cannot explode
which is a contradiction to what we found above. If ξ0 < 0, (7) yields
ηt ≥ η0 +

∫ t
0 e

−σWs(−ξs)ds, so ηt is strictly increasing as long as ξt < 0 –
but cannot tend to +∞. If ξt0 ≥ 0 for some t0, the reasoning for the first
case applies, and explosion is impossible.
(iii) We will apply the following proposition which we feel is also of

independent interest.

Proposition 3.2. Consider the non-autonomous ODE ẋt = f(xt, t) on
R
d and assume that f is continuous and locally Lipschitz with respect to x,

so that for each initial value x ∈ Rd there is a unique maximal solution xxt ,
t ∈ [0, τ(x)). Let G ⊂ Rd be an unbounded region, and let V : G → R+ be
a continuously differentiable function. Define V / := supx∈G V (x).

Suppose that

(i) for each x ∈ G, xxt ∈ G for all t ∈ [0, τ(x) ∧ V /), where u ∧ v :=
min(u, v); and

(ii) sup{LV (x, t) | x ∈ G, t ∈ [0, V /) } ≤ −K for some K > 1, where
LV (x, t) := 〈DV (x), f(x, t)〉.

Then τ(x) ≤ V (x)/K <∞ for all x ∈ G with V (x) > 0.

Proof. Fix an initial value x ∈ G with V (x) > 0 and let τn(x) := inf{t ≥
0 | ‖xxt ‖ ≥ n}. By definition, τn(x) ↑ τ(x) as n ↑ ∞. By conditions (i) and
(ii)

V (xxτn(x)∧V (x))− V (x) =
∫ τn(x)∧V (x)

0
LV (xxs , s) ds ≤ −K (τn(x) ∧ V (x)).

The fact that V is nonnegative on G gives −V (x) ≤ −K(τn(x) ∧ V (x))
for all n. Hence −V (x) ≤ −K (τ(x) ∧ V (x)). Since K > 1 and V (x) > 0,
V (x) ≥ K τ(x).

Returning to the proof of part (iii) of Theorem 3.1, we first note that the
backward solution of the stochastic Brusselator is governed by the equation

dxt = −(α− (β + 1)xt + x2tyt) dt+ σxt ◦ dWt,
(8)

dyt = −(βxt − x2tyt) dt− σxt ◦ dWt.
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Using, as in step (ii), the samplewise argument and applying the trans-
formation ξt = e−σWtxt, ηt = yt + xt to (8) yields the equivalent non-
autonomous ODE (writing again x and y in place of ξ and η)

ẋt = −αe−σWt + (β + 1)xt − eσWtxt
2yt + e2σWtxt

3,
(9)

ẏt = −α+ eσWtxt.

We will now show that this ODE explodes for certain initial values and for
all W from a set of positive probability.
Assume σ > 0, fix 0 < ε < 1 and define

G(c) := {(x, y) | x ≥ c, y ≤ (x− c)1−ε},
V (x, y) := x−1,

A(c1, c2) := {W | sup
t∈[0,c2]

|σWt| ≤ c1},

with positive constants c, c1 and c2 chosen such that conditions (i) and (ii)
of Proposition 3.2 are true for G(c) and V and for all W ∈ A(c1, c2). Note
that V / = 1/c and P(A(c1, c2)) > 0 for any choice of c1, c2 > 0.
Fix some c1 > 0, choose any c2 > 1/c1 and take W ∈ A(c1, c2). We

verify (i) by showing that the vector field f(x, y, t) in (9) points into G(c)
for all points on the boundary of G(c), at least up to time t = c2 for all
sufficiently large c > 0.
Consider first the boundary {(x, y) | x = c, y ≤ 0} of G(c), on which we

have
ẋ ≥ −αec1 + (β + 1)x+ e−2c1x3,

whence ẋ > 0 for all x ≥ c if c is large enough.
Consider now the second piece {(x, y) | x ≥ c, y = (x − c)1−ε} of the

boundary. First note that for all points on this boundary

ẋ ≥ −αec1 + (β + 1)x− ec1x3−ε + e−2c1x3

and thus ẋ > 0 for all sufficiently large c. The vector field f clearly points
inwards along the curve y = (x− c)1−ε if

ẏ

ẋ
<

1− ε

(x− c)ε
.

Since
ẏ

ẋ
≤ −α+ ec1x

−αec1 + (β + 1)x− ec1x3−ε + e−2c1x3

it suffices to show that

(−α+ ec1x)
(x− c)ε

1− ε
< −αec1 + (β + 1)x− ec1x3−ε + e−2c1x3,

which is satisfied for all x ≥ c for large c.
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We now verify (ii) for K = 2. We have

LV (x, y, t) = − ẋ

x2
=

αe−σWt

x2
− (β + 1)

x
+ eσWty − e2σWtx,

hence
LV (x, y, t) ≤ αec1

x2
+ ec1(x− c)1−ε − e−2c1x ≤ −2

for all (x, y) ∈ G(c) and all t ≤ c2 if c is sufficiently large.
Hence, choosing a c ≥ c1 > 0 such that all previous conditions hold

true and observing that V / = 1/c < c2, we have completed the proof of
Theorem 3.1.

4 Bifurcation and Long-Term Behavior

4.1 Additive versus multiplicative noise
If x0(t) is a solution of an ODE, and if this equation is somehow “disturbed
by noise,” we call the noise multiplicative with respect to x0(t) if x0(t) also
solves the disturbed equation. Otherwise the noise is called additive with
respect to this solution. It is just called additive if it is additive with respect
to any solution of the undisturbed equation (see [4, Chap. 9]).
According to this definition, the white noise disturbing β is additive.

In particular, both the deterministic steady state (α, β/α) and the limit
cycle are not solutions of the perturbed equation (4). This constitutes a
major complication of the analysis of the noisy Brusselator, as we have
no explicitly given reference solution in the neighborhood of which we can
linearize the system and do asymptotic analysis. Hence all the rigorous
methods of stochastic bifurcation theory presently available to the authors
are not applicable here, forcing us to resort to numerical analysis.
The numerical work was done by the second and third author and is

documented in [7].
We start our numerical study by presenting some typical trajectories of

(4) in Fig. 4.2. This figure indicates that the system runs around the rim
of the “crater” with rather non-uniform speed.

4.2 Invariant measures
Invariant measures are of fundamental importance for an RDS as they
encapsulate its long-term and ergodic behavior. Hence to find and describe
its invariant measures is one of the primary tasks.
Let ϕ be a local RDS with state space Rd. A random probability measure

ω �→ µω on (Rd,Bd) is said to be invariant under ϕ if for all t ∈ R
ϕ(t, ω)µω = µθtω P-a. s.

Let
E(ω) := {x ∈ Rd : τ−(ω, x) = −∞, τ+(ω, x) =∞}
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FIGURE 4.2. Trajectories of the stochastic Brusselator for α = 1, σ = 0.5 and
β = 3.5, (a) in the (x, y) phase plane, (b) showing the component xt as a function
of time t, (c) showing the component yt as a function of time t

be the random set of never exploding initial values. Then clearly µω(E(ω))=
1 P-a. s.
There is an older and more restrictive concept of “invariant measure”

for SDE: A probability measure ρ on (Rd,Bd) is called stationary if it is
invariant under the Markov semigroup P (t, x,B) = P{ω : ϕ(t, ω)x ∈ B}
generated by the SDE for time R+, i. e. if

ρ(·) =
∫
Rd

P (t, x, ·)ρ(dx) for all t > 0.

This is equivalent to L∗ρ = 0 (Fokker-Planck equation), where L is the
generator of P (t, x,B).
There is a one-to-one correspondence between stationary measures ρ and

those invariant measures µω which are measurable with respect to the past
F0−∞ of the Wiener process (so-called Markov measures), the correspon-
dence being given by

ρ �→ µω := lim
t→∞ϕ(t, θ−tω)ρ, µω �→ ρ := Eµ·. (10)

The generator L can be read-off from an Itô SDE dx = b(x)dt + σ(x)dW
as

L =
d∑
i=1

bi(x)
∂

∂xi
+
1
2

d∑
k,l=1

(σ(x)σ(x)∗)kl
∂2

∂xk∂xl
,

hence for the stochastic Brusselator, using (5),
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L=
(
α−(β+1)x+x2y+σ

2

2
x
) ∂
∂x
+
(
βx−x2y−σ

2

2
x
) ∂
∂y
+
σ2x2

2

(
∂2

∂x2
−2 ∂2

∂x∂y
+

∂2

∂y2

)
.

The formal adjoint L∗ of L applied to p = p(x, y) is

L∗p = − ∂

∂x

(
(α− (β + 1)x+ x2y +

σ2

2
x)p

)
− ∂

∂y

(
(βx− x2y − σ2

2
x)p

)
+
σ2

2

( ∂2

∂x2
(x2p)− 2 ∂2

∂x∂y
(x2p) +

∂2

∂y2
(x2p)

)
.

The generator L of the stochastic Brusselator is not elliptic, since the dif-
fusion matrix

σ(x)σ(x)∗ = σ2x2
(

1 −1
−1 1

)
has rank 1 or 0. However, L is hypoelliptic (i. e. solutions u of Lu = f are
smooth wherever f is smooth).

Theorem 4.1. Consider the stochastic Brusselator and write (4) as dx =
f(x)dt+ g(x) ◦ dW . Then:

(i) We have dimLA(f, g)(x, y) = 2 for all (x, y) ∈ R2, where LA(f, g)
denotes the Lie algebra generated by the vector fields f and g. Thus L =
f + 1

2g
2 and L∗ are hypoelliptic, and hence any solution of L∗p = 0 is

smooth.
(ii) The control system ẋ = f(x) + u g(x) corresponding to (4) has the

unique invariant control set G+ = R+ × R. Hence all points on R2 \ G+
are transient, and there is at most one stationary probability ρ(dx, dy) =
p(x, y)dxdy which necessarily satisfies suppρ = G+ and L∗p = 0.

(iii) (Conjecture) The stochastic Brusselator has exactly one stationary
probability.

Proof. (i) The Lie bracket [f, g] can be easily calculated to be

[f, g](x, y) =
( −α+ x2y − x3

α− x− x2y + x3

)
.

We leave it as an exercise to check that at each (x, y) ∈ R2 at least two of
the three vectors f(x, y), g(x, y), [f, g](x, y) are linearly independent. Full
rank of the Lie algebra is known to ensure hypoellipticity of L and L∗.
(ii) A set C is invariant under the control system ẋ = f(x) + u g(x) if

O+(x) ⊂ C for any forward orbit O+(x) with x ∈ C, where M denotes the
closure of a set M . The set C = G+ is indeed invariant since f(0, y) > 0
and g(0, y) = 0. An inspection of the vector fields shows that no other set
can be invariant, since on its boundary g has to be tangent and f has to
point inwards.
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C = G+ is also a control set, i. e. we have O+(x) ⊃ C for all x ∈ C. This
follows from a theorem of Ehrhardt [10, Theorem 1] and the fact that the
deterministic Brusselator has a global attractor (Theorem 2.1).
It was proved by Kliemann [13] that the invariant control sets are the

possible supports of the stationary measures of the corresponding SDE, and
that each invariant control set can support at most one stationary measure.
This proves the uniqueness of the stationary measure.
(iii) We do not have a mathematically rigorous proof for the existence of a

stationary measure, but rather only clear numerical evidence (see Fig. 4.3).

Using the stationary measure ρ (existence assumed) as the distribution
of the initial values (x0, y0) and calculating the stochastic differential for
xt + yt yields E xt = α, and (5) then gives E x2tyt = αβ − σ2

2 α for all
t ∈ R+.

4.3 What is stochastic bifurcation?
Stochastic bifurcation theory studies “qualitative changes” in parametrized
families of random dynamical systems. There are now two well-established
approaches to formalize this intuitive concept (for details see [4, Chap. 9]):
(i) Phenomenological approach: One searches for changes of the shape of

the density of the stationary measure (P-bifurcation),
(ii) Dynamical approach: One searches for parameter values at which a

branch of new invariant measures bifurcates out of a family of reference
measures. This can be detected through changes of the sign of Lyapunov
exponents (D-bifurcation).

4.4 P-bifurcation
We now assume the (numerically established) existence of a stationary
measure ρ of the stochastic Brusselator (4) for all values of α, β > 0 and
σ �= 0.
Lefever and Turner [16] used approximation methods for the solution of

L∗p = 0 and obtained the result that “noise shifts the Hopf bifurcation
towards higher values of the parameter by an amount proportional to the
[square of the] intensity of the noise” (p. 146). For the above authors, Hopf
bifurcation in the presence of noise was interpreted as the change of p from
a bell-shaped to a crater-like form.
In Fig. 4.3 we present the stationary density p(x, y) of (4) for parameter

values α = 1, σ = 0.5 and several values of β. This figure supports our
claim that there is a P-bifurcation which, however, develops as follows:
(i) Below the deterministic bifurcation value β = 2.0, the stationary

density is bell-shaped.
(ii) At the value β = 2.0, the density develops a “dent,” but has no local

minimum.
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FIGURE 4.3. The stationary density of the stochastic Brusselator for α = 1,
σ = 0.5 and for β = 1.5, β = 2.6, β = 3.0 and β = 3.5

(iii) Only for a much bigger β value the bottom of the “dent” becomes
a local (but positive) minimum and the density becomes crater-like.
In order to make the above phenomena visible we had to use the loga-

rithmic scale p �→ (log(1+ p))4 on the vertical axis of Fig. 4.3, as there are
seven orders of magnitude difference in the height of the “crater rim.”

4.5 Lyapunov exponents
Given the local smooth RDS ϕ generated by (4) with an invariant measure
µ, then the multiplicative ergodic theorem provides us with a set of two
Lyapunov exponents λ2 ≤ λ1 (which are constants if µ is ergodic) which
are the exponential growth rates of the solutions of the linearization (vari-
ational equation) corresponding to (4),
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dvt =
( −(β+1)+2xtyt x2t

β−2xtyt −x2t

)
vt dt+ σ

( −1 0
1 0

)
vt ◦ dWt.

(11)

This is a linear SDE in R2 which is coupled to (4).
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FIGURE 4.4. The Lyapunov exponents and the rotation number of the stochastic
Brusselator corresponding to the stationary measure ρ for α = 1 and σ = 0.5 as
functions of β. Lyapunov exponents (a) and rotation number (b) for −6 ≤ β ≤ 6.
Lyapunov exponents (c) and rotation number (d) for 1.5 ≤ β ≤ 3.5

Fig. 4.4 shows the Lyapunov exponents of ϕ for the invariant measure µ
which corresponds to ρ via (10) for α = 1, σ = 0.5 as functions of β. While
the biggest Lyapunov exponent λ1 can be calculated as the exponential
growth rate

λ1 = lim
t→∞

1
t
log ‖vt‖

of the solution vt of (11) for any deterministic initial value v0 �= 0, where the
stationary solution (xt, yt) of (4) is plugged into (11), the second exponent
λ2 can be more easily obtained from the “trace formula” λ1 + λ2 = −(β +
1) + E (2x0y0 − x20).
Fig. 4.4 tells us in particular that the Lyapunov exponents of ρ are dis-

tinct and always negative. Hence there can be no D-bifurcation from this
family of invariant measures, since at the corresponding parameter value
one of the Lyapunov exponents would have to vanish (see [4, Theorem
9.2.3]).
Fig. 4.4 also presents the rotation number γ of the stationary measure ρ

as a function of β, where
γ := lim

t→∞
1
t
arctan

v2t
v1t
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and vt = (v1t , v
2
t ) is the solution of (11) for some initial value v0 �= 0. The

rotation number is a stochastic analogue of the deterministic imaginary part
of eigenvalues and is known to exist for our case (Arnold and Imkeller [5]).

4.6 Additive noise destroys pitchfork bifurcation
Leng, Sri Namachchivaya and Talwar [18] have studied the effect of additive
noise on various bifurcation scenarios in dimension 1 and 2. They found
that the deterministic scenarios survive as P-bifurcations, while the top
Lyapunov exponent of the stationary measure remains negative.
As a motivation we first study the simpler scalar SDE

dxt = (βxt − x3t ) dt+ σ ◦ dWt, β ∈ R, σ �= 0, (12)

which describes the pitchfork scenario under additive white noise and for
which rigorous results are available, see [4, Chap. 9] and Crauel and Flandoli
[9].
The RDS generated by (12) has a unique invariant measure which is a

random Dirac measure µω = δξ(ω) and corresponds to the unique stationary
measure with density p(x) = Nβ,σ exp

(
(βx2 − x4/2)/σ2

)
.

For fixed σ �= 0, the density p is unimodal for β < 0 and bimodal for
β > 0, hence the family undergoes a P-bifurcation at β = 0 (see Fig. 4.5).
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FIGURE 4.5. Density of the stationary measure of (12) for σ = 0.5 and for
β = −2.0 (left), β = 0.0 (center) and β = 2.0 (right)

The Lyapunov exponent of p is given by

λ = −2
∫
R

(
(βx− x3)/σ

)2
p(x) dx,

hence is strictly negative for all parameter values (see Fig. 4.6), and A(ω) :=
{ξ(ω)} is the global random attractor of the RDS. One can thus say that
“additive noise destroys a pitchfork bifurcation” – which is the title of
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Figure 4.6: Lyapunov exponent of the
stationary measure of (12) for σ = 0.5
as a function of β, −2.0 ≤ β ≤ 2.0

In our attempt to numerically verify
that ξ(ω) is the only initial value which
does not explode backwards in time
(implying in particular the unique-
ness of the invariant measure), we dis-
covered the following phenomenon of
extremely long-lived transient states
for β > 0: While initial values out-
side an interval [C1, C2] explode almost
immediately, the initial values inside
[C1, C2] quickly cluster numerically to
one point, move stationarily for an ex-
tremely long time, and then the whole
package of trajectories explodes simul-
taneously, see Figs. 4.7 and 4.8.

Crauel and Flandoli’s paper [9].
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Figure 4.7: Solution of (12) backwards in time for different initial values, β = 2.0
and σ = 0.5
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Figure 4.8: Backward explosion time τ−(ω, x) of (12) for different initial values
x, β = 2.0 and σ = 0.5

The intuitive explanation of this phenomenon is as follows: The time-
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FIGURE 4.9. Steady states of (13) as functions of u for β = 4. Bold lines indicate
stable steady states, while dotted lines indicate unstable ones

reversed equation for white noise “frozen” at a value u ∈ R is

ẋ = −βx+ x3 + u. (13)

The steady states of this equation for fixed β > 0, drawn over u, form
an S-shaped curve with a stable middle part (see Fig. 4.9) causing the
clustering of the trajectories for the smaller initial values. Only if the noise
level u exceeds a threshold ū (which can take extremely long) the clustered
trajectories will explode. These phenomena were also studied by Colonius
and Kliemann [8] for bounded noise.

4.7 No D-Bifurcation for the stochastic Brusselator
We now give clear numerical evidence for the following

Assertion: The RDS ϕ generated by (4) has for all parameter values
α, β > 0 and σ �= 0 a unique invariant measure µ which corresponds to the
unique stationary measure ρ discussed above. Moreover, µω is a random
Dirac measure, µω = δ(ξ(ω),η(ω)). It is exponentially stable in the sense that
its top Lyapunov exponent λ1 is negative. Further, A(ω) := {(ξ(ω), η(ω)}
is the global random attractor of ϕ in R2.

That the top exponent of ρ is negative was verified in Subsect. 4.5
(Fig. 4.4). The fact that µω is a random Dirac measure which is a random
attractor is verified as follows, using the idea of (10) and the definition of a
random attractor: We show that ϕ(t, θ−tω)(x, y), which is the value at time
0 of the orbit of ϕ starting at time −t with initial values (x, y) (pullback),
satisfies

(ξ(ω), η(ω)) = lim
t→∞ϕ(t, θ−tω)(x, y)

for a rather large and fine grid of initial values (x, y).
The next four figures show this pullback process for different values of

β. The result is the same for all cases: The grid shrinks to a random point
as t→∞.
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FIGURE 4.10. Pullback of the stochastic Brusselator for α = 1.0, σ = 0.5 and
β = 1.5 for t = 0, 1, 2, 4, 6, 12
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FIGURE 4.11. Pullback of the stochastic Brusselator for α = 1.0, σ = 0.5 and
β = 2.0 for t = 1, 2, 4, 6, 10, 14
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FIGURE 4.12. Pullback of the stochastic Brusselator for α = 1.0, σ = 0.5 and
β = 3.0 for t = 1, 2, 4, 10, 20, 30
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FIGURE 4.13. Pullback of the stochastic Brusselator for α = 1.0, σ = 0.5 and
β = 3.5 for t = 1, 4, 10, 20, 30, 40
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We finally demonstrate numerically that (ξ(ω), η(ω)) is the only point
which does not explode backwards in time (forward explosion is excluded
since ϕ is strictly forward complete by Theorem 11), implying in particu-
lar the uniqueness of the invariant measure. For this we run the SDE (4)
backwards in time for a large and fine grid of initial values (x, y) and make
sure that all solutions explode (in practice: leave a very big circle) in finite
time, see Fig. 4.14.
Our numerical experiments suggest that Theorem 5(iii) can be sharpened

to the following statement: For any non-random initial value the backward
explosion time is finite P-a. s.
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Figure 4.14: Backward explosion times of the stochastic Brusselator for α =
1.0 and σ = 0.5. (a) β = 3.0, initial values in the white area explode before
time −5 (see (b)), (b) β = 3.0 (enlargement of part of (a)), (c) β = 4.0,
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Phenomenon of long-lived transient states
We encounter again extremely long-lived transient states for parameter
values β > α2 + 1: While some trajectories explode almost immediately, a
group of trajectories (the white area in Fig. 4.14) quickly clusters to one
point, moves stationarily for a very long time, and then explodes. We be-
lieve that the explanation of this phenomenon is similar to the one given in
Subsect. 4.6 for the one-dimensional case: For β > α2+1, the time-reversed
equation with small “frozen” noise has an unstable limit cycle around a sta-
ble steady state, to which all orbits with initial values inside the limit cycle
settle. Only if large noise lets the steady state get in touch with an unstable
limit cycle or steady state, explosion can take place.

Summarizing our findings, we can say that the Hopf bifurcation scenario
of the deterministic Brusselator (2.1) is “destroyed” by parametric noise –
which we have chosen to be the title of this paper.
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Numerical Approximation of
Random Attractors
Hannes Keller and Gunter Ochs

ABSTRACT In this article an algorithm for the numerical approximation
of random attractors based on the subdivision algorithm of Dellnitz and
Hohmann is presented. It is applied to the stochastic Duffing–van der Pol
oscillator, for which we also prove a theoretical result on the existence of
stable/unstable manifolds and attractors. This system serves as a main
example for a stochastically perturbed Hopf bifurcation. The results of our
computations suggest that the structure of the random Duffing–van der
Pol attractor and the dynamics on it are more complicated than assumed
previously.

1 Introduction

Attractors play an important role in the theory of dynamical systems. A
global attractor for an autonomous dynamical system given by a flow or the
iterates of a map is a compact invariant set which attracts all trajectories
as time tends to infinity. That is, if a system possesses a global attractor
A, then important information on its long term behavior is captured by A.
In particular, A supports all invariant measures.
In recent years the concept of attractors was carried over to the theory

of random dynamical systems [3, 8, 9, 12, 26], which serve as a model for
dynamics influenced or perturbed by probabilistic noise. Here a (random)
attractor is a stationary set valued random variable, on which again the
“essential” dynamics takes place and all invariant measures are supported.
The attractor is defined “pathwise”, i.e. there is a compact set A(ω) defined
for (almost) every realization of the stochastic process which models the
noise.
There are a number of theoretical results on the existence of random at-

tractors, but in many cases only little is known about the structure of the
attractor and of the dynamics on it. More information could be obtained
by numerical calculations. However, already in the case of deterministic dy-
namical systems the simulation of single trajectories does not always yield
satisfactory insights into the structure of attractors. In the random case
the situation is even worse, because the accumulation points of a forward
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orbit are typically not contained in one “version” A(ω) of the attractor, i.e.
there is no canonical relation between omega limit sets and the (pathwise)
attractor.
A possibility to overcome these problems is to calculate the attractor as a

set. In the deterministic case this was done by Dellnitz and Hohmann [11],
who developed a numerical algorithm which constructs a sequence of box
coverings of the attractor converging with respect to the Hausdorff dis-
tance. In this paper we demonstrate how their techniques are applicable to
random dynamical systems. The main difference to the deterministic case is
that we have to apply a different (randomly chosen) mapping at each time
step. With this modification the “subdivision algorithm” of Dellnitz and
Hohmann produces approximations of pathwise defined random attractors.
We apply the algorithm to the stochastically perturbed Duffing–van der

Pol equation. This equation generates a continuous time random dynami-
cal system on R2 which possesses a global (random) attractor. We consider
a parameter range where the unperturbed system undergoes a Hopf bifur-
cation. It was observed before (by different numerical techniques [4, 17],
there are also some theoretical results in this direction [16, 26]), that the
Hopf bifurcation under the influence of noise “splits” into two consecutive
bifurcation steps. At the first bifurcation point the origin (which is a fixed
point for all parameter values) loses its stability and becomes a saddle
point. After the second bifurcation it becomes a repeller and there exists
an attractor for the system restricted to R2 \{0}. There was not very much
knowledge on the shape of the attractor. Here our calculations give some
interesting new insights. They indicate that the structure of the stochastic
Duffing–van der Pol attractor (after the first bifurcation as well as after
the second bifurcation) is more complicated than believed up to now. In
particular, it seems that it carries some sort of chaotic dynamics.
The rest of the paper is organized as follows. In Section 2 we give some

basic definitions on random dynamical systems and their attractors. In
Section 3 we present our algorithm for the numerical approximation of
random attractors. Section 4 is devoted to the presentation of some facts
on the Duffing–van der Pol system. In particular, we prove the existence of
stable and unstable manifolds and in the case where the origin is a repeller
the existence of a random attractor for the system restricted to R2 \ {0}.
Finally, in Section 5 we interpret our numerical results.

2 Definitions

2.1 Random dynamical systems
In this paper we work within the framework of random dynamical sys-
tems, which is extensively studied in Arnold [2]. This concept is based on
a pathwise interpretation of randomly disturbed systems.
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Formally a random dynamical system (RDS) consists of two ingredients,
a metric dynamical system, modeling the underlying driving noise, and
a family of self mappings of the state space Rd forming a cocycle. The
metric dynamical system is a measurable flow θt : Ω → Ω for all t ∈ R of
measure preserving maps on a probability space (Ω,F,P), i.e. θ0 = idΩ and
θt+s = θt ◦ θs for all s, t ∈ R. A cocycle is a mapping ϕ : R×Ω×Rd → R

d

which is B(R) ⊗ F ,B(Rd)-measurable and ϕ(t, ω) := ϕ(t, ω, ·) fulfills the
so-called cocycle properties, i.e. for all ω ∈ Ω
(i) ϕ(0, ω) = idRd ,

(ii) ϕ(t+ s, ω) = ϕ(t, θsω) ◦ ϕ(s, ω) for all s, t ∈ R.
Moreover, we assume x �→ ϕ(t, ω)x to be continuous for all t and ω.

Remark 2.1. If Ω = {ω} then the cocycle property coincides with the
usual flow property, which solutions of autonomous ordinary differential
equations always enjoy.

We are concerned with stochastic differential equations (SDE’s) on Rd

of the form

dx = f(x) dt+
m∑
i=1

gi(x) ◦ dWi (1)

with initial condition x0 ∈ R
d and functions f, gi : Rd → R

d for i =
1, . . . ,m and W = (W1, . . . ,Wm) an m-dimensional Wiener process. If the
functions f, gi are sufficiently regular (see Theorem 2.3.36 in Arnold [2])
this equation generates a local RDS ϕ over (Ω, θ), where Ω = C(R,Rm)
is the space of continuous functions from R to Rm (the path space of the
Wiener process) equipped with the canonical Wiener measure and the shift
θ is defined by (θtω)(s) = ω(s+ t)− ω(t) for all s, t ∈ R and ω ∈ Ω. Local
means that ϕ(t, ω)x is only defined for τ−(ω, x) < t < τ+(ω, x), where
−τ−, τ+ ∈ (0,∞] are the lifetimes of solutions before possible explosion.
In the sequel we will assume that ϕ is strictly forward complete, i.e. that
solutions do not explode forward in time (τ+(ω, x) =∞ for all x ∈ Rd and
ω in a set of full measure). A sufficient condition for strict completeness
(i.e. ϕ is a global RDS without explosion) is global Lipschitz continuity of
the functions f, gi (see Arnold [2, Theorem 2.3.32]).

2.2 Random attractors
Once having an RDS all objects (e.g. attractors, measures, invariant man-
ifolds) will be defined pathwise. With regard to attractors the pathwise
concept seems advantageous, because attractors for RDS are families of
compact sets {A(ω)}ω∈Ω, whereas the union of (almost) all sets A(ω) is
in general not contained in a deterministic compact set. Before we define
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attractors we note that random attractors should not only attract determin-
istic bounded sets, but also specific random sets. Therefore we will define
random attractors w.r.t. a family of set valued random vaiables, which will
be attracted by the attractor. Such a family also enables the investigation
of local attractors [3]. See also Kloeden, Keller and Schmalfuß [18] in this
Festschrift for further information on non-autonomous systems and their
attractors.

Definition 2.2. A mapping ω �→ D(ω), where D(ω) ⊂ Rd is nonvoid, is
called random compact set, if d(x,D(ω)) := infy∈D(ω) |x−y| is measurable
for all x ∈ Rd.

Let D consist of random compact sets and be closed w.r.t. set inclusions,
i.e. if D ∈ D and D̃ is a random compact set with D̃(ω) ⊂ D(ω) for all
ω ∈ Ω, then also D̃ ∈ D.

A random compact set {A(ω)}ω∈Ω is called D-attractor, if for all ω ∈ Ω
(i) A is invariant, i.e. for all t ∈ R

ϕ(t, ω)A(ω) = A(θtω)

(ii) A is D-attracting, i.e. for all D ∈ D
lim
t→∞ dist(ϕ(t, θ−tω)D(θ−tω), A(ω)) = 0,

with dist(A,B) := supx∈A d(x,B) = supx∈A infy∈B |x− y| the semi-
Hausdorff metric.

Remark 2.3. (i) If D consists of all tempered compact sets, we call the
D–attractor A a global attractor. A random compact set D is called
tempered (from above), if limt→∞ 1

t log sup{|x| : x ∈ D(θtω)} = 0
P− a.s.

(ii) Obviously the attractor attracts also non-compact sets {D̃(ω)}ω∈Ω
that fulfill D̃(ω) ⊂ D(ω) for all ω ∈ Ω for some D ∈ D.

(iii) If there exists a compact absorbing set B ∈ D, i.e. there exists for
all D ∈ D a time tD(ω) such that ϕ(t, θ−tω)D(θ−tω) ⊂ B(ω) for all
t > tD(ω), then there exists a unique attractor A ∈ D (see Flandoli
and Schmalfuß [12]).

(iv) The invariance of the attractor implies τ−(ω, x) = −τ+(ω, x) = −∞
for all x ∈ A(ω).

(v) In the random (time varying) case the attractor is varying in time.
As convergence to a fixed object is desired, all objects are compared
in the same fixed fiber ω, which leads to the pullback convergence
(see Figure 2 in [18]). While in the autonomous case pullback con-
vergence coincides with convergence forward in time, in the random
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case pullback convergence implies forward in time only convergence
in probability (see Section 9.3.4 in Arnold [2]), i.e.

P-lim
t→∞ dist(ϕ(t, ω)D(ω), A(θt ω)) = 0.

2.3 Invariant measures and invariant manifolds
Definition 2.4. An invariant measure for the RDS ϕ over (Ω, θ) is a prob-
ability measure µ on Ω×Rd with marginal πΩµ = P on Ω, which is invariant
under the skew product

Θt : (ω, x) �→ (θtω, ϕ(t, ω)x).

Remark 2.5. (i) Invariant measures are characterized by their disin-
tegration µ(d(ω, x)) = µω(dx)P(dω), where {µω}ω∈Ω is a family of
probability measures on Rd (P almost surely determined by µ). The
invariance condition then means

ϕ(t, ω)µω = µθtω P− a.s.

(ii) If ϕ has a global random attractor {A(ω)}ω∈Ω, then µω(A(ω)) = 1
P–a.s. for every invariant measure µ (see Crauel [7] and Schenk-
Hoppé [26]).

The existence of an attractor implies the existence of at least one
invariant measure [2, Theorem 1.6.13].

An ergodic invariant measure for a differentiable RDS (i.e. x �→ ϕ(t, ω)x
is differentiable) allows a “local” analysis of ϕ based on the multiplicative
ergodic theorem of Oseledets ([21], see also Arnold [2, Theorem 4.2.6]),
which provides a substitute of linear algebra. Exponential expansion rates
for the linearized system (Lyapunov exponents, which generalize the real
parts of eigenvalues; they are independent of ω and the initial value) and
corresponding random linear subspaces, where these growth rates are real-
ized (Oseledets spaces; they generalize eigenspaces) are defined for µ almost
every (ω, x).
The Oseledets spaces of the linearization can be used to construct ran-

dom invariant (stable, unstable, center, etc.) manifolds (a family of mani-
folds {M(ω, x)}(ω,x)∈Ω×Rd is called invariant if ϕ(t, ω) maps M(ω, x) into
M(θtω, ϕ(t, ω)x)) for the nonlinear system ϕ (for definitions and existence
criteria see Arnold [2, Chapter 7]). They can be viewed as the “nonlinear
analogues” of the Oseledets spaces. However, their existence for RDS gen-
erated by stochastic differential equations is only proved in particular cases
(see e.g. Carverhill [5]).
Of particular interest in connection with attractors are unstable mani-

folds Mu(ω, x), which can be characterized dynamically as the set of those
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y for which |ϕ(t, ω)y − ϕ(t, ω)x| tends to zero exponentially as t → −∞.
If ϕ has a random attractor {A(ω)}ω∈Ω, then Mu(ω, x) ⊂ A(ω) whenever
x ∈ A(ω) (Schenk–Hoppé [26, Theorem 7.3], for the deterministic case see
e.g. Dellnitz and Hohmann [11, Proposition 2.4]).
A bifurcation is roughly speaking a qualitative change of the dynamical

behavior of a (random) dynamical system as a parameter varies. These
changes are usually indicated by the change of sign of a Lyapunov exponent.
For instance, a Lyapunov exponent crossing zero is a necessary condition for
a so called local D–bifurcation (see Arnold [2, Definition 9.2.2 and Theorem
9.2.3]), which is defined as the origin of a new branch of invariant measures
near a fixed point.

3 A numerical algorithm

3.1 The concept of the algorithm
The basic idea is to approximate the action of a random dynamical system
on sets instead of considering trajectories of single points.
More precisely: Every continuous mapping f : Rd → R

d acts in a canon-
ical way continuously on the space K(Rd) of compact subsets of Rd en-
dowed with the Hausdorff metric dH(K,L) = max{dist(K,L),dist(L,K)}.
Then a random attractor {A(ω)}ω∈Ω for the RDS ϕ is a random variable
A : Ω → K(Rd), which is stationary under ϕ, i.e. ϕ(t, ω)A(ω) = A(θtω),
and which “attracts” the orbits of compact sets.
By the definition of a random attractor ϕ(t, θ−tω)Q is “close” to A(ω),

if t is sufficiently large and Q is a compact set which contains A(θ−tω).
Our goal is to find a map ϕ̂(t, ω) : K(Rd) → K(Rd), which is “close” to

ϕ(t, ω) viewed as a set mapping, and which can be evaluated numerically.
Then ϕ̂(t, θ−tω)Q would be a good candidate for an approximation of A(ω)
if Q is chosen suitably.
We construct ϕ̂ in the following way.
Fix T > 0, a compact set Q ⊂ R

d, and consider a finite collection
B = (Bi)ni=1 of connected subsets of Q with the following properties:

1. Bi is the closure of its interior intBi for i = 1, ..., n,

2.
⋃n
i=1Bi = Q,

3. intBi ∩ intBj = ∅ if i �= j, 1 ≤ i, j ≤ n.

Let I be a subset of {1, ..., n} and BI =
⋃
i∈I Bi. Then we define

ϕ̂T (ω)BI := BJ =
⋃
j∈J

Bj ,

where J = {j ∈ {1, ..., n} : ϕ(T, ω)BI ∩Bj �= ∅}.
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Obviously we have

ϕ̂T (ω)BI ⊃ Q ∩ ϕ(T, ω)BI

and
dist (ϕ̂T (ω)BI , ϕ(T, ω)BI) ≤ diamB := max

i=1,...,n
diamBi.

Iteration gives an approximation of ϕ(kT, ω):

ϕ̂T (k, ω) := ϕ̂T (θ(k−1)Tω) ◦ ... ◦ ϕ̂T (ω) for k ≥ 1.
Theorem 3.1. Let ϕ be an RDS with global random attractor {A(ω)}ω∈Ω
and ϕ̂T as defined above with any T > 0 and any compact set Q ∈ Rd.

(i) For every ε > 0 there exist t0= t0(ω, ε,Q) <∞ and δ=δ(ω, ε, t0, T ) >
0 such that if diamB ≤ δ and kT ≥ t0, then

dist (ϕ̂T (k, θ−kTω)Q,A(ω)) ≤ ε.

(ii) If in addition A(θ−jTω) ⊂ Q for j = 0, ..., k, then (with k from (i))
A(ω) ⊂ ϕ̂T (k, θ−kTω)Q and

dH(ϕ̂T (k, θ−kTω)Q,A(ω)) ≤ ε.

(iii) If under the assumptions of (ii) A(θ−kTω) ⊂ BI =
⋃
i∈I Bi for some

I ⊂ {1, ..., n}, then

dH(ϕ̂T (k, θ−kTω)BI , A(ω)) ≤ ε.

Proof. By the definition of a random attractor there exists t0= t0(ω, ε,Q) <
∞, such that dist(ϕ(t, θ−tω)Q,A(ω)) < ε

2 for every t ≥ t0.
Choose k0 ∈ N minimal with k0T ≥ t0. Since

ϕ(k0T, θ−k0Tω)Q ⊂ B(A(ω), ε) := {x : inf
y∈A(ω)

|x− y| < ε}

and ϕ(T, θ−jTω) is continuous for 0 ≤ j ≤ k0, there exist compact sets
C0 = ¯B(A(ω), ε), C1, C2, ..., Ck0 = Q with ϕ(T, θ−jTω)Cj ⊂ intCj−1 for
j = 1, ..., k0. Let

δj := inf
{|y − x| : x ∈ ϕ(T, θ−jTω)Cj , y ∈ Rd \ Cj−1

}
be the distance between the image of Cj and the boundary of Cj−1 and set
δ := minj δj > 0.
Assume diamB ≤ δk0−l and Ql := ϕ̂T (l, θ−k0Tω)Q ⊂ Ck0−l for some

l ∈ {0, ..., k0 − 1}. Then by the construction of ϕ̂T
ϕ̂T (l + 1, θ−k0Tω)Q = ϕ̂T (θ−(k0−l)Tω)Ql
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⊂ ¯B(ϕ(T, θ−(k0−l)Tω)Ql, δk0−l)

⊂ ¯B(ϕ(T, θ−(k0−l)Tω)Ck0−l, δk0−l) ⊂ Ck0−(l+1).

Inductively it follows that

ϕ̂T (k0, θ−k0Tω)Q ⊂ C0,

which is equivalent to

dist(ϕ̂T (k0, θ−k0Tω)Q,A(ω)) ≤ ε

whenever diamB ≤ δ. If k > k0, then, since all images under ϕ̂T are subsets
of Q,

ϕ̂T (k, θ−kTω)Q = ϕ̂T (k0, θ−k0Tω)ϕ̂T (k − k0, θ−kTω)Q

⊂ ϕ̂T (k0, θ−k0Tω)Q

⇒ dist(ϕ̂T (k, θ−kTω)Q,A(ω)) ≤ dist(ϕ̂T (k0, θ−k0Tω)Q,A(ω)) ≤ ε.

This shows (i).
Now assume A(θ−kTω) ⊂ BI for some I ⊂ {1, ..., n}, A(θ−jTω) ⊂ Q for

j=0, ..., k−1, and A(θ(k−l)Tω) ⊂ ϕ̂T (l, θ−kTω)BI for some l∈{0, ..., k−1}.
Then

A(θ−(k−(l+1))Tω) = Q ∩A(θ−(k−(l+1))Tω)

= Q ∩ ϕ(T, θ−(k−l)Tω)A(θ−(k−l)Tω)

⊂ Q ∩ ϕ(T, θ−(k−l)Tω)ϕ̂T (l, θ−kTω)BI

⊂ Q ∩ ϕ̂T (θ−(k−l)Tω)ϕ̂T (l, θ−kTω)BI = ϕ̂T (l + 1, θ−kTω)BI .

Inductively it follows that A(ω) ⊂ ϕ̂T (k, θ−kTω)BI , which together with
(i) implies (ii) and (iii).

Remark 3.2. A sufficient condition for A(θ−jTω) ⊂ Q for j = 0, 1, . . . , k
is given by A(θ−kTω) ⊂ BI and ϕ(T, θ−(k−j)Tω)ϕ̂T (j, θ−kTω)BI ⊂ Q for
j=0, ..., k−1 (the latter can be verified easily from the numerical calculation
of ϕ̂T (j + 1, θ−kTω)BI). This follows because in this case

A(θ(j+1−k)Tω) ⊂ ϕ((j + 1)T, θ−kTω)BI ⊂ ϕ̂T (j + 1, θ−kTω)BI .

3.2 Implementation
Our calculations are done with a modification (which consists mainly in
taking the non–autonomous nature of RDS into account) of the subdivi-
sion algorithm of Dellnitz and Hohmann [11]. In the sequel we will briefly
describe how the original algorithm works (developed for the approximation
of attractors and unstable manifolds of deterministic dynamical systems;
for a more detailed description see [10]).
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Given a continuous map f : Rd → R
d (which may be the time T map of

a flow) the algorithm starts with a rectangle

Q = R(c, r) := {x = (xi) ∈ Rd : |xi − ci| ≤ ri for i = 1, ..., d}
for some c = (ci), r = (ri) ∈ Rd.
It yields an approximation of the relative global attractor

AQ :=
⋂
n≥0

fn(Q)

and ignores all the dynamics outside Q. If f possesses a global attractor A
with A ⊂ Q, then AQ = A.
The approximation is done by generating a sequence B0,B1,B2, ... of

finite collections Bk = {Bk
j : 1 ≤ j ≤ nk} of rectangles with Qk :=⋃nk

j=1B
k
j ⊂ Q.

The first collection B0 is chosen equal to {Q} (⇒ Q0 = Q) and Bk+1 is
constructed inductively from Bk in two steps:
1. Subdivision. A collection B̂k is obtained by subdividing each Bk

j =
R(cj , rj) ∈ Bk by bisection with respect to the i–th coordinate, where
i is varied cyclically, i.e. Bk

j is divided into the two rectangles B̂
k
j,± :=

R(cj,±, rj,±) with cj,±i = cji and r
j,±
i = rji if i �≡ k+1(mod d), and rj,±i = rji

2

and cj,±i = cji ± rj

2 if i ≡ k + 1 (mod d).

2. Selection. Bk+1 := {B ∈ B̂k : B ∩ f(Qk) �= ∅}.
The decision which members of B̂k have non–empty intersection with f(Qk)
is made by evaluating f(x) for a fixed number of test points x ∈ B̂k

j,± for
each B̂k

j,± ∈ B̂k and then removing all those boxes which contain none of
these images under f .

The Bk (resp. B̂k) can be stored as a binary tree, which makes it possible
to handle a large number of boxes within reasonable storage requirements.
Dellnitz and Hohmann obtained the following convergence result:

Proposition 3.3. [11, Proposition 3.5]. We have AQ ⊂ Qk for every k ≥
0 and limk→∞ dH(Qk, AQ) = 0.

The application of the subdivision algorithm to the approximation of
random attractors consists of three parts. Assume we are given a RDS
ϕ : R+ × Ω × Rd → R

d over an ergodic metric dynamical system (Ω, θ),
which possesses a global (random) attractor {A(ω)}ω∈Ω.
Part 1. We perform the subdivision algorithm as described above up to a
prescribed number m of subdivision and selection steps. We start with a
fixed sufficiently big rectangle Q, which should contain A(ω) with “high”
probability (in general there exists no compact set which contains P al-
most all A(ω); hence we have in general no guarantee that Q covers the
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attractor). In the selection step from B̂k to Bk+1 we have to replace the
deterministic map f by the random map ϕ(T, ω̃), where T > 0 is some fixed
time step, i.e. Bk+1 consists of all boxes which have non–empty intersection
with ϕ(T, ω̃)Qk.
Since we want the set Qk+1 to be an approximation of ϕ(T, ω̃)Qk, we

have to freeze ω̃ in the k–th step and to calculate ϕ(T, ω̃)x for this ω̃ for
every testpoint x from every rectangle B ∈ B̂k.
In the next selection step from B̂k+1 to Bk+2 we then have to consider

the corresponding time shift in Ω and have to apply the map ϕ(T, θT ω̃).
Since our goal is to approximate A(ω) for some fixed ω ∈ Ω, we have

to start sufficiently far in the past, i.e. in the ω̃ = θ−(k0+m)Tω fiber with
k0 according to Theorem 3.1 and some m ≥ 0 (the first m steps serve as
“initialization”, see below). In the selection step for Bk+1 we thus have to
choose ω̃ = θ−(k0+m−k)ω.
There is another difference to the deterministic case. Whereas for a single

map f the sequence (Ak) defined by A0 = Q and Ak+1 = f(Ak) ∩ Q is
decreasing which makes it possible to construct Qk+1 as a subset of Qk,
this is no longer the case if f is replaced by ϕ(T, θ−(m+k0−k)Tω), k =
0, 1, ...,m− 1. The selection then has to be done according to

Bk+1 = {C ∈ Ck+1 : C ∩ f(Qk) �= ∅, }
where Ck+1 consists of all rectangles which originate from Q after k + 1
subdivisions. Arguments similar to the proof of Theorem 3.1 yield

Proposition 3.4. Assume A(θ−jTω) ⊂ Q for k0 ≤ j ≤ m+ k0.
Then A(θ−k0Tω) ⊂ Qm.

To verify the assumption numerically one can use Remark 3.2 after The-
orem 3.1.
The output of Part 1 will be the initial set BI of Theorem 3.1(iii). This

first part is not necessary for the theoretical convergence result (without
Part 1 one could use (ii) of the theorem instead of (iii)). Its usefulness relies
on the fact that it produces a typically much smaller covering of A(θ−k0Tω)
than just a subdivision of Q into 2m boxes (of the same size as the members
of Bm) without selection. This will reduce the computational efforts in the
following parts considerably. Also Qm is “closer to A(θ−k0Tω)” than Q,
which should reduce the number k0 of further steps needed to obtain an ε
approximation of A(ω).

Part 2. This part will ensure convergence of the algorithm according
to Theorem 3.1. It consists of k0 selection steps without further subdi-
visions, i.e. we work with a fixed partition of Q into 2m boxes of equal size.
We perform the selection steps for ϕ(T, θ−k0Tω), ϕ(T, θ−(k0−1)Tω) up to
ϕ(T, θ−Tω) and end up in the ω fiber. By Theorem 3.1(iii) with B = Cm
and BI = Qm we obtain an approximation of A(ω), provided m, k0, and Q
were chosen sufficiently large (clearly diam Cm is a function of m).
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Part 3. If we are just interested in an approximation of one “version” of
the random attractor, we are done after Part 2. However, in contrast to
the deterministic case random attractors “move” under time evolution. It
might be of interest to observe these movements on some time interval,
which sometimes allows conclusions about the dynamics on the attractor.
This is the goal of Part 3.
We perform further selection steps (without subdivisions) with ϕ(T, ω),

ϕ(T, θTω) up to ϕ(T, θ(n−1)Tω) for some n > 0. According to Theorem 3.1
with ω replaced by θjω this gives us approximations of A(θjTω), 1 ≤ j ≤ n.

3.3 Continuation of unstable manifolds
Analogously to the deterministic case (Dellnitz and Hohmann [10]) it is
possible to approximate unstable manifolds by “continuation”. In the sequel
we will describe the basic ideas.
Assume zero is a fixed point of the random dynamical system ϕ with

unstable manifold Mu(ω) := Mu(ω, 0). Then a slight modification of the
algorithm described above can be used to calculate a covering of compact
subsets ofMu(ω). For this purpose we have to fix a rectangle Q with a box
covering B = {Bi}ni=1 as well as a time step T > 0. Set B0 := {B ∈ B : 0 ∈
B}. Then Q0 =

⋃
B∈B0

B is a “small” neighborhood of zero. Collections
Bk+1 ⊂ B have to be calculated in the same way as in the second part of
the algorithm described in Section 3.2, i.e. for some given ω̃ ∈ Ω

Bk+1 = {B ∈ B : B ∩ ϕ(T, ϑkT ω̃)Qk �= ∅}

where Qk =
⋃
B∈Bk B. Then (intuitively) the sets Qk “grow” along the un-

stable manifoldMu(ϑkT ω̃). Using the pullback procedure Qk approximates
Mu(ω) if k is sufficiently large and ω̃ = ϑ−kTω. The following statement
makes this more precise.

Proposition 3.5. Let C be a compact subset of Mu(ω). Then there exists
k0 ∈ N such that Qk ⊃ C if k ≥ k0, ω̃ = ϑ−kTω, and Mu(ϑ−jTω) ⊂ Q for
0 ≤ j < k.

Proof. It follows from the dynamical characterization of Mu(ω) that the
point ϕ(t, ω)x is defined for all t < 0, x ∈Mu(ω) with limt→−∞ ϕ(t, ω)x =
0 uniformly in x ∈ C. Hence ϕ(−t, ω)C ⊂ Q0 for sufficiently large t ≥ k0T .
IfMu(ϑ−jω) ⊂ Q for j = 0, . . . , k−1 then by construction Qk is a covering
of Mu(ω) ∩ ϕ(kT, ϑ−kTω)Q0 ⊃ C.

Remark 3.6. (i) Note that Proposition 3.5 does not assume the exis-
tence of an attractor.

(ii) The assumption Mu(ϑ−jTω) ⊂ Q for 0 ≤ j < k is often hard to
verify. If Mu(ω) is unbounded, then it even cannot be fulfilled.
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However, the conclusion of Proposition 3.5 holds also if this assump-
tion is replaced by ϕ(T, θ−(k−j)ω)Qj ⊂ Q for 0 ≤ j ≤ k, which is
much easier to verify (cf. Remark 3.2). This follows since then Qk is
a covering of ϕ(kT, θ−kTω)Q0 ⊃ C.

(iii) Assume ϕ has a global attractor A(ω) which is the closure of an un-
stable manifold Mu(ω) and Mu(ϑ−jTω) ⊂ Q for 0 ≤ j ≤ k. Then by
Theorem 3.1 the set ϕ̂T (k, ϑ−kTω)Q is a covering of A(ω), which is
“close” in the Hausdorff distance provided k is sufficiently large. In
addition the set Qk defined above (which is by construction a subset
of ϕ̂T (k, ϑ−kTω)Q) gives an approximation of Mu(ω) “from inside”.
That is, Qk and ϕ̂T (k, ϑ−kTω)Q are both approximations of the same
set A(ω) obtained by different approaches.

4 The Duffing–van der Pol equation

The Hopf bifurcation of the Duffing–van der Pol (DvdP) equation is well
known. Our goal is to approximate the attractor of the stochastically dis-
turbed DvdP equation not only to apply the introduced algorithm, but also
to add some pieces toward the understanding of the bifurcation scenario
of the stochastic DvdP equation. It is worthy to note that these new nu-
merical approximations lead to a different structure of the attractor as the
numerical results made so far might have suggested.

4.1 The deterministic system
The DvdP equation is the following second order ordinary differential equa-
tion

ẍ = −αx+ β ẋ− x2 (x+ ẋ). (2)

Since we are only concerned with the Hopf bifurcation of this system we
fix the parameter α = −1 and consider β ∈ R as bifurcation parameter, i.e.
we are interested in qualitative changes of the system’s behavior depending
on β.
It is well known that the fixed point 0 is a global attractor for β ≤ 0. For

β > 0 the origin becomes unstable and the new attractor has the form of
a topological disc. The boundary of this disc consists of an asymptotically
stable periodic orbit, which is the attractor of the system restricted to the
state space R2\{0}. Such a change in the qualitative behavior of the system
is called Hopf bifurcation.
Formally the Hopf bifurcation can be verified by studying the lineariza-

tion at zero. The two eigenvalues λ1,2 = β
2 ±

√
β2

4 − 1 are complex con-
jugate, if |β| ≤ 2, which means that they are paired and can not move
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independently of each other when the parameter is varying. For β < 0 the
real parts of the eigenvalues are negative, for β = 0 the eigenvalues have
purely imaginary values and for β > 0 the real parts are positive. This to-
gether with some properties of the nonlinear part of the system is sufficient
for a Hopf bifurcation (see Marsden and McCracken [20]).

4.2 The stochastic system
We now consider the stochastically perturbed DvdP equation. More pre-
cisely we consider the following system of two equations of order one

d x1 = x2 dt

d x2 =
(−x1 + β x2 − x21 (x1 + x2)

)
dt+ σ x1 ◦ dW. (3)

Note that the noise only acts on the second component of the system.
Physically this means a disturbance of the parameter α (which we again
fix α = −1). By Proposition 9.4.2 in Arnold [2] equation (3) generates
a strictly forward complete RDS ϕ, for which the origin remains a fixed
point. For a local bifurcation analysis we have to linearize the system at
the origin, i.e. we consider the RDS Φ defined by Φ(t, ω) = Dϕ(t, ω)(0).
Imkeller and Lederer [16] have some theoretical results on the depen-

dence of the Lyapunov exponents of the stochastic DvdP system on the
bifurcation parameter β. They prove that the top exponent λ1 crosses zero
for a βD1 < 0. The sum of the two Lyapunov exponents is given by the
trace, β in this case, of the linearized system. Thus at β = βD1 the Lya-
punov exponents are not paired as in the deterministic case. Hence instead
of a Hopf bifurcation a pitchfork bifurcation occurs at β = βD1 . They also
proved that λ1 is (for β > 0) a monotonously increasing function. Hence
λ2 < 0 for all β ≤ 0. Furthermore they prove that λ2(β) = λ1(−β) (this
result follows from Theorem 1 in [16]). Thus βD2 = −βD1 is the unique
parameter value at which the second Lyapunov exponent crosses zero (for
numerical simulations see [16] and Schenk–Hoppé [24]).
A bifurcation indicated by a crossing of a Lyapunov exponent through

zero means a qualitative change of the dynamical behavior of the system,
that sometimes can be verified by a change of the set of the system’s in-
variant measures. In the case of RDS with independent increments (such
as solutions of SDE’s) some invariant measures, the so called Markov mea-
sures, possess the property that the measure’s expectation with respect to
P is a stationary distribution for the Markov process on R2 generated by
the RDS. Since stationary distributions can also be characterized as solu-
tions of the Fokker–Planck equation, the Markov measures are the most
“natural” invariant measures to consider. Given any stationary distribu-
tion ρ for the Markov process, conversely a unique corresponding invariant
measure can be recovered via the pullback procedure (see Crauel [6]), i.e.

lim
t→∞ ϕ(t, θ−tω) ρ = µω
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yields an invariant Markov measure µ for the RDS ϕ with EPµω = ρ.
Hence there is a one–to–one correspondence between Markov measures and
invariant distributions for the Markov process.
The pullback procedure has been used by Arnold et al. [4] to calculate

numerically the support of invariant Markov measures. They observed that
the Dirac measure in zero (which is invariant for all parameter values) is
the only invariant measure in the case β < βD1 . For β > βD1 the pullback
yields (numerically) a second random measure µ∗ω supported by two points
±x(ω) �= 0. Thus the first bifurcation can also be observed numerically in
terms of invariant measures. The qualitative picture obtained by the pull-
back does not change at β = βD2 , i.e. the second bifurcation indicated by
the crossing through zero of the Lyapunov exponent λ2 could not be estab-
lished in terms of invariant measures. However, there was some change in
the “way of convergence” of ϕ(t, θ−tω)ρ (in fact, the authors in [4] replaced
ρ by a large number of uniformly distributed points in a square, whose
images under ϕ(t, θ−tω) were calculated) towards µ∗ω, i.e. for t “not too
large” the numerical approximation of ϕ(t, θ−tω)ρ gave different pictures
for βD1 < β < βD2 and β > βD2 , respectively. These observations led to a
certain picture of the random attractor (whose existence in the case of mul-
tiplicative white noise was proved only recently by Keller and Schmalfuß
([17], see Theorem 4.1 below), whereas for different types of noise it was
established earlier by Schenk–Hoppé ([23, 25], see also Arnold [2, Theorem
9.4.5])). In the case βD1 < β < βD2 the attractor A(ω) was assumed to con-
sist of 0, the points ±x(ω), and the two branches of the (one–dimensional)
unstable manifold of 0 smoothly connecting 0 with x(ω) respectively−x(ω).
For β > βD2 the attractor was conjectured to by a topological disc, whose
boundary (an invariant curve) is the attractor for the system restricted to
R
2 \{0}. The approximations presented in this paper of the attractor itself,

and not only of the support of (some) invariant measures show that this
suggestions can not be held up.
Before we comment on our numerical results, we note that the random

attractor and the random stable and unstable manifolds of the origin exist
for all β ∈ R, which is important for the shape of the attractor, because
the attractor has to contain all unstable manifolds.

Theorem 4.1. Let ϕ be the RDS generated by the stochastic DvdP equa-
tion (3) with arbitrary β, σ ∈ R.

(i) There exists a random global attractor {A(ω)}ω∈Ω.

(ii) There exist smooth immersed manifolds

Ms(ω) = {x ∈ R2 : ϕ(t, ω)x→ 0 exponentially as t→∞}



Numerical Approximation of Random Attractors 107

and

Mu(ω) = {x ∈ E−(ω)1 : ϕ(t, ω)x→ 0 exponentially as t→ −∞}.
The unstable (resp. stable) manifold Mu/s(ω) is tangent at 0 to the
direct sum of Oseledets spaces corresponding to all positive (negative)
Lyapunov exponents (in particular the dimensions coincide). They
have the invariance property

ϕ(t, ω)Mu/s(ω) =Mu/s(θtω).

(iii) If all Lyapunov exponents of the system linearized at zero are strictly
positive, then A∗(ω) := A(ω)\Mu(ω) is a D–attractor for ϕ restricted
to the state space R2 \ {0}, where D consists of all bounded tempered
sets {D(ω)}ω∈Ω with r(ω) := inf{|x| : x ∈ D(ω)} tempered, i.e.
r(ω) > 0 and limt→±∞ 1

t log r(θtω) = 0 P− a.s.

Proof. Part (i) is already proved in Keller and Schmalfuß [17] by applying
the random linear transformation

T±(ω)x = (x1, x2 ± x1 z(ω)), x1, x2 ∈ R
to the DvdP equation. Here z is the unique stationary solution of the
Ornstein–Uhlenbeck process, which is generated by the linear equation dz =
−µ z dt+ ◦ dW with parameter µ > 0. The RDS ψ defined by

ψ(t, ω) = T−(θtω) ◦ ϕ(t, ω) ◦ T+(ω)
is generated by the equation

ẏ1 = y2 + σ y1 z(θtω) (4)
ẏ2 = α y1 + β y2 − y21 (y1 + y2) +

σ (β y1 − y21 y2 + µ y1) z(θtω)− σ (y2 − σ y1 z(θtω)) z(θtω),

which is no longer an SDE but a random differential equation in the sense
of Arnold [2, Section 2.2]. For this type of equation the existence of ran-
dom unstable and stable manifolds Mu/s

ψ (ω) is ensured [2, Chapter 7, in
particular Theorem 7.5.17].
Since z is a tempered random variable [17] we have

lim
t→±∞

1
t
log ‖T±(θtω)‖ = 0

almost surely. This implies with y = T−(ω)x⇔ x = T+(ω)y

lim sup
t→±∞

1
t
log |ψ(t, ω)y| = lim sup

t→±∞
1
t
log |ϕ(t, ω)x|.

1E−(ω) = {x : τ−(ω, x) = −∞} is the set of x ∈ R2 for which the backward solution
exists for all times.
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HenceMu/s(ω) := T+(ω)Mu/s
ψ (ω) are invariant manifolds with the desired

properties, which completes the proof of (ii).
To prove (iii) we first observe that the invariance of A andMu implies the

invariance if A∗. Since A(ω) is compact and the two–dimensional unstable
manifold Mu(ω) is open A∗(ω) is compact.
Now choose a tempered random set {D(ω)}ω∈Ω withD(ω)∩B(0, r(ω)) =

∅ for some tempered random variable r. Since by (i)

lim
t→∞dist(ϕ(t, θ−tω)D(θ−tω), A(ω)) = 0

it suffices to show that

lim
t→∞dist(ϕ(t, θ−tω)Ar(θ−tω), A

∗(ω)) = 0

with Ar(ω) := A(ω) \B(0, r(ω)). With

L(ω) :=
⋂
s≥0

⋃
t≥s

ϕ(t, θ−tω)Ar(θ−tω)

we have ϕ(t, ω)L(ω) = L(θtω) and

lim
t→∞dist(ϕ(t, θ−tω)Ar(θ−tω), L(ω)) = 0

By a result of Carverhill [5, Theorem 2.2.1] (see also Arnold [1, Theorem
5.4]) applied to the inverse of ϕ there exists a random variable α(ω) > 0
such that

lim sup
t→−∞

1
|t| sup{|ϕ(t, ω)x| : x ∈ C} < 0

for every compact set C ⊂ B(0, α(ω)).
Assume |x| < α(ω) for some x ∈ L(ω). By definition of L(ω) there exists

a sequence of times tn →∞ and points yn∈Ar(θ−tnω) with limn→∞ xn=
x, where xn = ϕ(tn, θ−tnω)yn. Furthermore, there exists a compact set
C ⊂ B(0, α(ω)) with xn ∈ C for all sufficiently large n. But then

0 = lim
n→∞

1
tn
log r(θ−tnω) ≤ lim sup

n→∞
1
tn
log |yn|

= lim sup
n→∞

1
tn
log |ϕ(−tn, ω)xn|

≤ lim sup
n→∞

1
tn
log sup{|ϕ(−tn, ω)x̃| : x̃ ∈ C} < 0,

which is obviously a contradiction, i.e. we have L(ω) ∩B(0, α(ω)) = ∅.
Now assume that there exists x ∈ L(ω) ∩ Mu(ω). By the dynamical

characterization of Mu(ω) we have

lim sup
t→−∞

1
|t| log |ϕ(t, ω)x| < 0.
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However, the invariance of L implies |ϕ(t, ω)x| ≥ α(θtω) with

lim sup
t→−∞

1
|t| logα(θtω) ∈ {0,∞}

(see Arnold [2, Proposition 4.1.3]). Hence we have

L(ω) ∩Mu(ω) = ∅ ⇒ L(ω) ⊂ A∗(ω)

⇒ lim
t→∞dist(ϕ(t, θ−tω)Ar(θ−tω), A

∗(ω)) = 0.

Remark 4.2. Part (ii) of the theorem does not assume hyperbolicity, i.e.
the conclusion holds also in the case when zero is among the Lyapunov
exponents of the linearized system. However, in this situation dimMu(ω)+
dimMs(ω) < 2, i.e. Mu and Ms do not yield a “complete picture of the
local dynamics”.

5 Discussion

In this section we give some comments on our numerical results presented
in Figures 1–3. These result in some new conjectures on the dynamical
behavior of the stochastic Duffing–van der Pol equation, which will be
subject of theoretical research in the future. Our computations suggest
that the structure of the stochastic Duffing–van der Pol attractor is more
complicated than assumed previously.
It is commonly believed that in the case λ2 < 0 < λ1 the attractor A(ω)

is the closure of the unstable manifold Mu(ω) of 0. Figures 1 and 2 lead to
the impression, that Mu(ω) is folded infinitely often which causes a fractal
structure of A(ω).
We believe that this phenomenon is due to the following reason. The un-

stable manifold Mu(ω) is characterized dynamically as the set of all points
whose backward orbits converge to zero exponentially fast. In particular,
Mu(ω) does not depend on the “future” {ϕ(t, ω)}t≥0. Analogously, the
stable manifold Ms(ω) does not depend on the “past” {ϕ(t, ω)}t≤0 but
only on the future. Since ϕ is generated by an SDE past and future are
stochastically independent, i.e. Mu(·) and Ms(·) are independent random
variables.
Moreover,Mu(ω) andMs(ω) are tangent at 0 to the corresponding Ose-

ledets spaces E1(ω) and E2(ω) of the linearized system, whose distributions
are supported by the whole projective space (see Imkeller [15]), i.e. the local
manifoldsMu,loc(ω) andMs,loc(ω) (which may be defined as the connected
component of 0 in the intersection of Mu/s(ω) with some sufficiently small
ε(ω) neighborhood of 0) can assume all possible directions. This makes it
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likely that Mu(ω) and Ms(ω) intersect outside 0 with positive probability.
Since the underlying metric dynamical system (the shift on the Wiener
space) is ergodic and the set of ω with (Mu(ω) ∩ Ms(ω)) \ {0} �= ∅ is
invariant, Mu(ω) and Ms(ω) would intersect with probability one. If the
intersection were transversal, this would imply by a result of Gundlach [14,
Theorem 4.2] that the dynamics of the time discretized system ϕ(1, ω) on an
invariant subset is equivalent to a non–trivial subshift of finite type, which
causes chaotic dynamics. A similar phenomenon was already observed by
Gambaudo [13] in the case of a periodically perturbed Hopf bifurcation.
In the case λ2 > 0 we believe in the following (highly speculative)

scenario. The limit cycle of the unperturbed system is normally hyper-
bolic (there is exponential attraction in the direction vertical to the flow,
whereas the Lyapunov exponent in flow direction is equal to 0). This should
cause the attractor to be a topological circle for sufficiently small uniformly
bounded random perturbations (structural stability of hyperbolic invariant
sets of deterministic diffeomorphisms under uniformly C1 bounded random
perturbations is proved by Liu [19]; similar results should hold for normally
hyperbolic sets for flows; there are, however, no proofs for this as yet). How-
ever, qualitative changes of the (in the unperturbed case non–hyperbolic)
dynamics on the circle itself should be possible, e.g. the circle can split into
different random invariant sets, which possibly support hyperbolic random
invariant measures.
In our case we are dealing with white noise, which is not uniformly

bounded. The foliation of (strong) stable manifolds in the normal direc-
tion should nevertheless still persist. If there exists an invariant measure
(outside 0) with a positive Lyapunov exponent, there would be in addi-
tion an unstable manifold. Unbounded noise can turn these stable and
unstable manifolds into arbitrary directions, which makes the occurence of
homoclinic tangencies (points, where the stable and the unstable manifolds
are tangent) possible. In deterministic systems homoclinic tangencies are
known to cause complicated dynamical behavior [22, Theorem 16.6]. In our
case they possibly generate the “noses”, which are visible in Figure 3. There
seems to be a continuous process of growing of new noses, which are then
pressed by strong contraction in the vertical direction against the rest of
the attractor, which roughly looks like a topological circle. However, this
“cascade” of noses should make the attractor a fractal object with partly
chaotic dynamics on it.
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FIGURE 5.1. The global attractor A(ω) of the stochastic Duffing–van der Pol
system for different values of ω with parameters β = 0 and σ = 1. In this situation
the origin is a hyperbolic fixed point with Lyapunov exponents λ1 > 0 > λ2 and
thus possesses a one–dimensional unstable manifold Mu(ω), which is a subset
of A(ω). The calculations are done within the recangle Q = [−3, 3] × [−6, 6]
subdivided into 227 squares of equal size.
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FIGURE 5.2. Approximations of the unstable manifold Mu(ω) of 0 by contin-
uation (as described in Section 3.3) with parameters β = 0 and σ = 1. Here
again the rectangle Q = [−3, 3] × [−6, 6] is subdivided into 227 squares. The
calculations started with a set Q0 consisting of 4 squares near zero. A compari-
son with Figure 5.1 suggests that we are in the situation of Remark 3.6(iii), i.e.
A(ω) =Mu(ω).
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FIGURE 5.3. The attractor A∗(ω) of the stochastic Duffing–van der Pol system
restricted to R2\{0} with parameter values β = σ = 1. In this situation the origin
is believed to be a repeller with Lyapunov exponents λ1 > λ2 > 0. The global
attractor is the union of A∗(ω) with the (two–dimensional) unstable manifold
Mu(ω) of 0. The pictures show approximations for ω = θkTω0 with ω0 ∈ Ω fixed,
T = 1.6, and k = 0, ..., 5. The rectangle Q = [−3, 3] × [−6, 6] is subdivided into
231 small squares. The calculations started with a set BI = Q \ U , where U is a
neighborhood of zero.
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Random Hyperbolic Systems
Volker Matthias Gundlach and Yuri Kifer

ABSTRACT We review definitions of random hyperbolic sets and intro-
duce a characterization using random cones. Moreover we discuss problems
connected with symbolic representations and the thermodynamic formal-
ism for random hyperbolic systems both in discrete and continuous time
cases. In the discrete time case we prove the existence of Markov partitions
to guarantee symbolic dynamics and the existence of SRB-measures, while
in the continuous time case we explain why a respective method does not
work. We illustrate the theory with a number of examples.

1 Introduction

The theory of uniformly hyperbolic dynamical systems, i.e. of hyper-
bolic sets for diffeomorphisms and flows, in particular, of Anosov diffeo-
morphisms and flows, is, essentially, complete by now though some finer
geometric properties of such systems are still under investigation. It was
understood for quite some time that some constructions for such systems
can be extended to sequences of maps preserving appropriate hyperbolic
splittings. Nevertheless, it is quite clear that in order to develop an ergodic
theory for such hyperbolic sequences the maps should be taken in some sta-
tionary fashion which leads to the set-up of random transformations and
stochastic flows.
We assume only spatial uniformity of hyperbolicity conditions, and so

certain nonuniformity in noise variables remains to deal with. In recent
years ideas and tools have been developed to overcome these problems.
By now, quite a few results for random hyperbolic dynamical systems in
discrete time have been proved and it seems to be clear how to complete
the corresponding theory. This is not the case for continuous time models.
Here hardly any work has been done and it is even not known whether and
how results analogous to the deterministic hyperbolic flows theory can be
obtained. For both cases we present the current state of research, add a few
new results and outline open problems for the completion of the theory.
While the introduction of general hyperbolicity conditions for random

systems is not a major problem, it is more intricate to check these for
interesting examples. A natural class of those, where this can easily be
done, is provided by small random perturbations of hyperbolic systems.
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In this case the resulting dynamics is not essentially different from the
unperturbed one and stochastic stability holds. If one chooses at random
iterates not among neighbours of a given hyperbolic system, then the situ-
ation is quite different. The description becomes more difficult, but under
some rather general conditions the dynamical behaviour stays (from the
ergodic-theoretical point of view) qualitatively similar.
Throughout this paper we will consider smooth random dynamical sys-

tems F over an abstract dynamical system (Ω,F ,P, θ), where (Ω,F ,P) is a
P-complete probability space with P-preserving ergodic invertible transfor-
mations θs : Ω→ Ω satisfying the flow property θ0 = id, θs ◦ θt = θs+t for
all s, t ∈ Z or R, respectively. This system will be used as a model for noise.
The P-completeness assumption is needed in sections 3 and 4 to guarantee
measurability properties, which are used, but not discussed in detail. As a
phase space for the smooth system we will consider a locally compact C2

Riemannian manifold M equipped with its Borel σ-algebra B := B(M). If
T ∈ {N,Z,R+,R} denotes the time set for the system, then a measurable
map

F : T × Ω×M →M, (t, ω, x) �→ F (t, ω)x

satisfying for P-almost all ω ∈ Ω
(i) F (0, ω) = idM , F (t+ s, ω) = F (t, θsω) ◦ F (s, ω) for all s, t ∈ T ,

(ii) F (.,Ω) : T ×M →M is continuous,

(iii) F (t, ω) :M →M is smooth (Ck) for all t ∈ T ,

is called a smooth (Ck) random dynamical system (RDS).
Up to Section 5 we will deal with the case of discrete time, when the

abstract dynamical system is given by the iterates of θ = θ1 and the RDS
is generated by random smooth maps F (ω) := F (1, ω) in the sense that

F (n, ω) =

 F (θn−1ω) . . . F (θω)F (ω) for n ≥ 1
id for n = 0

F (θnω)−1 . . . F (θ−1ω)−1 for n ≤ −1, if T = Z.

We will not assume that F (ω) are invertible everywhere on M but only in
some neighborhoods of random hyperbolic sets which will be introduced
in the next section . In Section 3 we will discuss the main features of ran-
dom hyperbolic sets which we will use in particular for the construction of
random symbolic dynamics. In Section 4 we use random shifts to construct
special F -invariant measures, namely equilibrium states or Gibbs measures
and especially SRB-measures. We also present limit theorems and large de-
viation results for such measures obtained in Kifer [17]. Let us explain here
shortly the notion of F -invariant measures. For an RDS F over an abstract
dynamical system (Ω,F ,P, θ) we introduce the skew-product transforma-
tion Θ : Ω ×M → Ω ×M , (ω, x) �→ (θω, F (ω)x) and call a measure µ on
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(Ω×M,F⊗B) F -invariant, if µ is invariant under Θ and has marginal P on
Ω. Such measures can also be characterized in terms of their disintegrations
µω, ω ∈ Ω by F (ω)µω = µθω P-a.s.
Finally we consider in Section 5 the case of continuous time, in particular

random flows for random differential equations and present few existing
results on random hyperbolic sets for this situation.

2 Random Hyperbolic Transformations

In this section we will restrict our attention to the case of discrete time
T = Z. We will say that Λ = {Λ(ω) : ω ∈ Ω} is a random compact set if
each Λ(ω) ⊂M is compact and the map (x, ω)→ d(x,Λ(ω)) is measurable,
where d is the Riemannian distance on M. A random variable g : Ω→ R+
will be called tempered, if it satisfies limn→±∞ 1

n log g(θ
nω) = 0 P-a.s.

Definition 2.1. A random compact nonempty set Λ = {Λ(ω) : ω ∈ Ω}
is called invariant under F , if F (ω)Λ(ω) = Λ(θω) for P-almost all ω ∈ Ω.
Such a Λ is called a random hyperbolic set for F if there exist an open set V
with a compact closure V̄ , tempered random variables λ > 0, α > 0, C > 0,
and subbundles Γu(ω) and Γs(ω) of the tangent bundle TΛ(ω), depending
measurably on ω such that

(i) For P-almost all (a.a.) ω ∈ Ω there exist a measurable in ω family
of open sets U(ω) such that {x : d(x,Λ(ω)) < α(ω)} ⊂ U(ω) ⊂ V,
F (ω)U(ω) ⊂ V, and F (ω) restricted to U(ω) is a diffeomorphism
and both log+ supx∈U(ω) ||DxF (ω)|| and log+ supx∈U(ω) ||DxF

−1(ω)||
belong to L1(Ω, P );

(ii) TΛ(ω) = Γu(ω) ⊕ Γs(ω), DF (ω)Γu(ω) = Γu(θω), DF (ω)Γs(ω) =
Γs(θω), ∠(Γu(ω),Γs(ω)) ≥ α(ω) P-a.s., where ∠(Γu(ω),Γs(ω)) de-
notes the minimal angle between Γu(ω) and Γs(ω);

(iii) for n ∈ N and λ(n, ω) = λ(ω) . . . λ(θn−1ω) and P-a.a. ω

‖DF (n, ω)ξ‖ ≤ C(ω)λ(n, ω)‖ξ‖ for ξ ∈ Γs(ω)
and

‖DF (−n, ω)η‖ ≤ C(ω)λ(n, θ−nω)‖η‖ for η ∈ Γu(ω);

(iv)
∫
log λdP < 0;

(v) logα ∈ L1(Ω,P).
If, in addition, F (ω)U(ω) ⊂ U(θω) P−a.s. and ∩∞n=0F (n, θ−nω)U(θ−nω) =
Λ(ω) then we call Λ a random hyperbolic attractor of F. If M is compact
and all Λ(ω) coincide with M and satisfy assumptions above then we will
call F a random Anosov system.
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Observe that the subbundles Γu(ω) = {Γux(ω) : x ∈ Λ(ω)}, Γs(ω) =
{Γsx(ω) : x ∈ Λ(ω)} are necessarily continuous in x ∈ Λ(ω), since the
inequalities in (iii) being true for sequences ξn ∈ Γsxn(ω), ηn ∈ Γuxn(ω) such
that ξ = limn→∞ ξn ∈ Γsx(ω), η = limn→∞ ηn ∈ Γux(ω), x = limn→∞ xn
remain true for ξ and η. By ergodicity of θ, dimΓu(ω) and dimΓs(ω) are
constant P−a.s.
Actually, (iii) can be replaced by the following weaker condition.

(iii)’ There exists n ∈ N+ such that∫
log ‖DF (n, ω)|Γs(ω)‖dP(ω) < 0,

∫
log ‖DF (−n, ω)|Γu(ω)‖dP(ω) < 0.

This property already provides the needed contracting/expanding splitting
on the basis of the Ergodic Theorem. For the same reason we could re-
place the random variable λ in Definition 2.1 by a constant via a change
of the tempered random variable C. We arrive here at a non-uniform in
ω ∈ Ω but uniform in x ∈ Λ(ω) kind of hyperbolicity: due to the random
variable C the time of the onset of expansion and contraction of the linear
map restricted to the subbundles depends on chance. This problem can
be resolved with the help of random norms as introduced in Gundlach [8]
and Wanner [24] (see also Arnold [1, Section 4.3]). In fact, these random
norms can be introduced via random scalar products as follows. For arbi-
trary ε ∈ (0, exp(

∫
log λdP)) we define for all ω ∈ Ω, x ∈ Λ(ω) and the

Riemannian scalar product 〈., .〉 on TM

〈u1, v1〉s(ω,x) :=
∞∑
n=0

enε〈DxF (n, ω)u1, DxF (n, ω)v1〉 for u1, v1 ∈ Γsx(ω),

〈u2, v2〉u(ω,x) :=
∞∑
n=0

enε〈DxF (−n, ω)u2, DxF (−n, ω)v2〉 for u2, v2 ∈ Γux(ω),

(which is well defined due to the hyperbolicity properties) and finally

〈u, v〉(ω,x) = 〈u1, v1〉s(ω,x) + 〈u2, v2〉u(ω,x)
for u = (u1, u2) ∈ Γsx(ω)⊕ Γux(ω), v = (v1, v2) ∈ Γsx(ω)⊕ Γux(ω), and

‖u‖(ω,x) = 〈u, u〉1/2(ω,x).
The subspaces Γsx(ω), Γ

u
x(ω) are orthogonal with respect to 〈., .〉(ω,x). This

family of norms ‖.‖(ω,x) has the special features that it depends measurably
on (ω, x) ∈ Λ and there exists a tempered random variable B : Λ→ (1,∞)
such that

1
B(ω, x)

‖.‖ ≤ ‖.‖(ω,x) ≤ B(ω, x)‖.‖.
For these properties it is called a random norm. Thus we have the following
result, which is the basis of the investigations in Gundlach [8].



Random Hyperbolic Systems 121

Theorem 2.2. A random invariant set Λ with a splitting TΛ = Γu⊕Γs of
the tangent bundle TΛ satisfying DF (ω)Γu(ω) = Γu(θω), DF (ω)Γs(ω) =
Γs(θω) P-a.s. is a random hyperbolic set of F , if and only if there exists
a constant α > 0 and a random norm ‖.‖(ω,x), (ω, x) ∈ Λ induced by a
random scalar product such that P-almost surely and for all x ∈ Λ(ω),
n ∈ N the subspaces Γu(ω) and Γs(ω) are orthogonal and

‖DxF (n, ω)|Γsx(ω)‖(ω,x),(θnω,F (n,ω)x) ≤ e−αn,

‖DxF (−n, ω)|Γux(ω)‖(ω,x),(θ−nω,F (−n,ω)x) ≤ e−αn.

Here we have used the operator norms induced by the random norm and
indexed by two points refering to the fibres between which the operators are
acting.

Let us now give a new characterization of random hyperbolic sets using
random cones instead of the splitting above. Without loss of generality we
will consider the case of constant λ in Theorem 2.2. Given the splitting
TΛ = Γs ⊕ Γu, random norms ‖.‖(ω,x) (making it an orthogonal splitting),
and a positive number γ we can consider the so-called random horizontal
cone Hγ as the (measurable) family

Hγ
x (ω) = {(u, v) ∈ TxΛ(ω) : v ∈ Γsx(ω), u ∈ Γux(ω), ‖v‖(ω,x) ≤ γ‖u‖(ω,x)},

for ω ∈ Ω, x ∈ Λ(ω) and a corresponding vertical random cone V γ

V γ
x (ω) = {(u, v) ∈ TxΛ(ω) : v ∈ Γsx(ω), u ∈ Γux(ω), ‖u‖(ω,x) ≤ γ‖v‖(ω,x)}.

Note that the random horizontal and vertical cones are invariant under DF
in the sense that

DxF (ω)Hγ
x (ω) ⊂ int (Hγ

F (ω)x(θω)) ∪ {0},

DxF (−1, ω)V γ
x (ω) ⊂ int (V γ

F (−1,ω)x(θ
−1ω)) ∪ {0}.

Moreover we have

‖DxF (ω)ξ‖(θω,F (ω)x) ≤ (1 + γ)λ‖ξ‖(ω,x) for ξ ∈ V γ
x (ω),

‖DxF (−1, ω)ξ‖(θ−1ω,F (−1,ω)x) ≤ (1 + γ)λ‖ξ‖(ω,x) for ξ ∈ Hγ
x (ω)

which correspond to contraction and expansion properties, if γ < (1−λ)/λ.
On the other hand, suppose that there exist invariant random cones Hγ

and V γ satisfying the properties above constructed via some, not necessar-
ily invariant, measurable splitting TΛ(ω) = Rs(ω)⊕Ru(ω) into a random
Whitney sum of subbundles Rs(ω) and Ru(ω) having P−a.s. constant di-
mensions where γ = γ(ω) > 0 is a sufficiently small random variable now.
Namely, Hγ and V γ are defined as above with v ∈ Rsx(ω) and u ∈ Rux(ω)
in place of v ∈ Γsx(ω) and u ∈ Γux(ω), respectively. Then we can recover
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from these cones an invariant hyperbolic splitting TΛ(ω) = Γs(ω)⊕ Γu(ω)
satisfying properties above setting for each x ∈ Λ(ω),

Γux(ω) =
∞⋂
i=0

DF (−i,ω)xF (i, θ−iω)H
γ
F (−i,ω)x(θ

−iω),

Γsx(ω) =
∞⋂
i=0

DF (i,ω)xF (−i, θiω)V γ
F (i,ω)x(θ

iω).

The proof that Γu(ω) and Γs(ω) are indeed subbundles satisfying proper-
ties (ii)–(v) of Definition 2.1 proceeds similarly to the deterministic case
considered in Proposition 6.2.12 of Katok and Hasselblatt [13, Section 6.2].
We collect these assertions into the following result which is useful since
in many cases (such as constructions via small perturbations) existence of
invariant cones is easier to verify than of the splitting itself.

Theorem 2.3. A random invariant set Λ is hyperbolic, if and only if there
exist a random measurable Whitney splitting TΛ(ω) = Rs(ω)⊕Ru(ω), with
subbundles Rs and Ru having P−a.s. constant dimension, and a tempered
random variable γ > 0 such that the cones

K+x (ω)={(u, v)∈TxΛ(ω) : v∈Rsx(ω), u∈Rux(ω), ‖v‖(ω,x) ≤ γ(ω)‖u‖(ω,x)},
K−x (ω)={(u, v)∈TxΛ(ω) : v∈Rsx(ω), u∈Rux(ω), ‖u‖(ω,x) ≤ γ(ω)‖v‖(ω,x)},
defined for all ω ∈ Ω and x ∈ Λ(ω), satisfy P−a.s.

(a) DF (ω)K+(ω) ⊂ K+(θω) and DF (−1, ω)K−(ω) ⊂ K−(θ−1ω);
(b) there exist random variables λ > 0, α > 0, C > 0 satisfying (iv) and

(v) such that ∠(K+(ω),K−(ω)) ≥ α(ω), and for n ∈ N
‖DF (n, ω)ξ‖ ≥ C(ω)−1λ(n, ω)−1‖ξ‖ for ξ ∈ K+(ω),

‖DF (−n, θ−nω)η‖ ≥ C(ω)−1λ(n, θ−nω)−1‖η‖ for η ∈ K−(ω).
In the last two results we used random norms or random cones, respec-

tively, which is very helpful for the investigation of various properties of
random hyperbolic sets (see the next section), but, in general, this does
not make easier checking the hyperbolicity of random invariant sets. In the
deterministic case, where F (ω) ≡ f and which is contained as the special
case of Ω consisting of only one point, the situation is less complicated;
there exists a fixed norm ‖.‖ such that the f -invariant (non-random) com-
pact set Λ admits a splitting TΛM = Γu⊕Γs, invariant under Df with the
same geometric properties as before and such that

‖Dxf
n|Γsx‖ ≤ e−αn, ‖Dxf

−n|Γux‖ ≤ e−αn

for some α > 0. Such a norm is called adapted. It can also be used in the
case of small random perturbations of deterministic hyperbolic sets.
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Example 1. Let x0 be a hyperbolic fixed point of f : Rd → R
d, that is

f(x0) = x0 with hyperbolic linear map Dx0f . Then for any essentially
bounded random variable h : Ω→ R

d and any ε of sufficiently small absolute
value for the RDS F defined by F (ω) := f + εh(ω) there exists a unique
random vector y0 : Ω → R

d which is stationary for F in the sense that
F (ω)y0(ω) = y0(θω) P-a.s., hyperbolic in the sense that {y0} defines a
random hyperbolic set, and close to x0.

This result can be obtained from Gundlach [8, Proposition 1.11], which
allows an extension to the case of F given by F (ω, x) := f(x) + εg(ω, x),
where g(ω, x) is a function which is locally Lipschitz in x, and measurable
and essentially bounded in ω. This result is based on the observation that
hyperbolicity of (random) dynamical systems corresponds to an exponen-
tial dichotomy for linear (random) difference equations and that the latter
is robust against small perturbations, even random and nonlinear perturba-
tions (see [8, Section 1]). This perturbation analysis can be extended from
fixed points to deterministic hyperbolic sets. For this situation we rather
refer to Liu [19, Theorem 1.1] where standard arguments in structural sta-
bility theory are used to obtain the following.

Example 2. Assume that the deterministic f has a hyperbolic invariant
set Λ. Let U(f) be a neighbourhood of f in the space of C1 maps from U to
M (endowed with the C1 topology). If U(f) is chosen small enough and F is
an RDS generated by F (ω) ∈ U(f) for all ω ∈ Ω, then there exist a random
hyperbolic set Λ̃ for F close to Λ and homeomorphisms h(ω) : Λ(ω) → Λ̃
depending measurably on ω and being close to the identity such that P-a.s.
on Λ(ω)

h(θω) ◦ f = F (ω) ◦ h(ω).
Such a relation between f and F is called a (random) conjugation. The
phenomenon that all sufficiently small random perturbations F are conju-
gated to f is called structural stability under random perturbations. Thus
the dynamics on hyperbolic invariant sets Λ is structurally stable under
small random perturbations.

With the methods of Liu [19] it can also be shown that the random
dynamics on random hyperbolic sets is structurally stable under random
perturbations. The main feature of Example 2 is the fact that due to the
conjugation h the dynamics of the deterministic and random map are essen-
tially the same. We will consider now an example which is rather different
and offers new stochastic features.

Example 3. Let f be a deterministic system with a hyperbolic invariant
set Λ. Consider an RDS F generated by F (ω) ∈ {idM , f, f2, f3, . . . }. An-
other way to view this RDS is with the help of a random variable n : Ω→ N

such that F (ω) = fn(ω). If we assume that
∫
ndP > 0, then we can im-

mediately deduce from Theorem 2.3 that F defines a random hyperbolic
system.
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A similar, but more explicit example which exhibits a random Anosov
system is due, essentially, to Arnoux and Fisher [2].

Example 4. Let σ : Ω → Ω be a P-preserving ergodic invertible map and
assume that θ = σ2 is also ergodic. Then we define for a random variable
n : Ω → N with log n ∈ L1(Ω,P) a torus automorphism FA on the 2-torus
M = T2 via linear lifts on R2 of the form

A(ω) =
(
1 + n(ω)n(σω) n(σω)

n(ω) 1

)
.

Denote by [k1, k2, ...] the continued fraction

1

k1 +
1

k2 + · · ·
and set a(ω) = [n(ω), n(σω), n(σ2ω), ...], b(ω) = [n(σ−1ω), n(σ−2ω), ...].
Define

ξ(ω)=
(
a(ω)
−1

)
, η(ω)=

(
1

b(ω)

)
, λ(ω)=a(ω)a(σω), γ(ω)=

1
b(σω)b(σ2ω)

.

Then A(ω)ξ(ω) = λ(ω)ξ(θω), A(ω)η(ω) = γ(ω)η(θω), λ(ω) < 1, γ(ω) > 1,
and so, ξ and η span the contracting and expanding (in average) directions,
respectively, to make the whole torus a random hyperbolic set for FA.

In the non-invertible case we deal with random expanding maps as special
case of random hyperbolic systems which are obtained for Γs ≡ {0}. These
systems are well investigated (cf. Kifer [15], Bogenschütz and Gundlach [5]).
Here the standard example is as follows.

Example 5. The random angle multiplication on S1 is given by (ω, z) �→
F (ω)z = zn(ω) for n : Ω → N+ and defines a random expanding system,
if

∫
ndP > 1. For n ≥ 2 we obtain an example for a random uniformly

expanding system, where C in Definition 2.1 can be chosen as a constant.

3 Discrete Dynamics on Random Hyperbolic Sets

Describing the dynamics on random hyperbolic sets we will restrict our
attention in this section to a further subclass of the C1 RDS F which we
will call C1+α. This is determined by the requirement that the derivatives
of F (ω) satisfy P-a.s. a Hölder condition with constant Hölder exponent α
in the form ‖DxF (ω) − DyF (ω)‖ ≤ c(ω)d(x, y)α for all x, y ∈ U(ω) and
some tempered random variable c > 0.
Hyperbolicity as introduced in the previous section is a property corre-

sponding to the linearization of the smooth system restricted to an invariant
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part of the phase space. It is possible to integrate the hyperbolic splitting
for the linearization in order to obtain a foliation of the phase space (see
Arnold [1, Chapter 7] and references there).

Theorem 3.1. For any x∈Λ(ω) there exist embedded C1 manifolds V s
x (ω)

and V u
x (ω) tangent to Γsx(ω) and Γux(ω), respectively, at x such that V s

x (ω)
and V u

x (ω) depend measurably on ω and for fixed ω ∈ Ω continuously on
x∈Λ(ω), F (ω)V s

x (ω) ⊂ V s
F (ω)x(θω), F (ω)

−1V u
x (θω) ⊂ V u

F (ω)−1x(ω),

V s
x (ω) ∩ V u

x (ω) = {x} (1)

and that for any y ∈ V s
x (ω) and z ∈ V u

x (ω)

distV s
F (n,ω)x(θ

nω)(F (n, ω)x, F (n, ω)y) ≤ e−αndistV s
x (ω)(x, y),

distV u
F (−n,ω)x(θ

−nω)(F (−n, ω)x, F (−n, ω)z) ≤ e−αndistV u
x (ω)(x, z)

where distV s
x (ω) is the distance in V s

x (ω) induced by the random norms on
the tangent bundle, extended to some neighborhoods of Λ(ω), and used for
the description of the hyperbolicity properties. Moreover, the angle between
V s
x (ω) and V

u
x (ω) at x is not less than c(ω) for some random variable c > 0

with log c ∈ L1(Ω,P).

These V s
x (ω) and V u

x (ω) are called local stable and unstable manifold,
respectively. They can be constructed, usually, only having sufficiently
small random sizes. For a proof of Theorem 3.1 we refer to Liu and Qian [20,
Section III.3] for the C2 i.i.d.-case or Liu [18] for the general C1+α case,
who concern mainly the invariance properties of local stable or unstable
manifolds considering them as embeddings of sufficiently small balls (of
random size) in the stable/unstable subspaces of the splitting. In fact, such
local invariant manifolds can be constructed for suitable tempered random
variables η > 0 of any sufficiently small size such that

y ∈ V s
x (ω) ⇒ d(x, y) ≤ η(ω), z ∈ V u

x (ω) ⇒ d(x, z) ≤ η(ω).

We will call the random variable η the (random) size of the local manifold.
By the same approach as in the theorem one has

Corollary 3.2. The dynamics on a random hyperbolic set is expansive in
the sense that there exists a tempered random variable δ > 0 (called an
expansivity characteristic) such that

d(F (n, ω)x, F (n, ω)y) ≤ δ(θnω) for all n ∈ Z ⇒ x = y.

As a further consequence of the continuous dependence of V s
x (ω), V

u
x (ω)

on x ∈ Λ(ω), the measurable dependence on ω, and (1) we obtain the
following result.
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Corollary 3.3. There exists a small tempered random variable γ > 0 such
that for all x, y ∈ Λ(ω) with d(x, y) ≤ γ(ω) the intersection of V s

x (ω) and
V u
y (ω) consists precisely of one point in M which is denoted by [x, y]ω. The

mapping [., .]ω : {(x, y) ∈ Λ(ω) × Λ(ω) : d(x, y) ≤ γ(ω)} → M depends
measurably on ω and is continuous for each fixed ω ∈ Ω.

It will be helpful to guarantee that P-a.s. the image of [., .]ω is in Λ(ω).

Definition 3.4. We say that the random hyperbolic set Λ has a local prod-
uct structure, if for P-almost all ω ∈ Ω, x, y ∈ Λ(ω) with d(x, y) ≤ γ(ω) we
have that [x, y]ω ∈ Λ(ω).
In general it will be very difficult to verify this condition. Nevertheless

it is clear that it will be fulfilled for small random perturbations F of de-
terministic hyperbolic systems f (Example 2), if the latter also have local
product structure, as the random conjugations h of Example 2 map sta-
ble (unstable) manifolds and the hyperbolic set of f to stable (unstable)
manifolds and the random hyperbolic set of F , respectively. Also note that
random hyperbolic attractors and random Anosov systems like in Exam-
ple 4 always have local product structure.
So far we have only introduced local stable and unstable manifolds V s

x (ω)
and V u

y (ω), respectively. They can be used to construct global stable and
unstable manifolds , ,

W s
x(ω) := {y ∈ Λ(ω) : d(F (n, ω)x, F (n, ω)y)→ 0 as n→∞},

Wu
x (ω) := {y ∈ Λ(ω) : d(F (−n, ω)x, F (−n, ω)y)→ 0 as n→∞}

as

W s
x(ω) =

∞⋃
n=0

F (−n, θnω)V s
F (n,ω)x(θ

nω),

Wu
x (ω) =

∞⋃
n=0

F (n, θ−nω)V s
F (−n,ω)x(θ

−nω).

These global objects are like the local ones immersed manifolds, but they
are no longer embedded manifolds. Moreover there can occur rather inter-
esting and complex intersections of global stable and unstable manifolds,
as the next example shows.

Example 6 (Gundlach [8]). Consider a hyperbolic stationary point y0
as in Example 1. The stable and unstable manifolds W s

y0(ω)(ω) and W
u
y0(ω)(ω)

might P-a.s. intersect transversally in points different from y0(ω). If there
exists a random vector z0 : Ω → R

d such that z0(ω) is P-a.s. such a point
of transversal intersection, then z0 is called a random homoclinic point.
The images F (n, θ−nω)z0(θ−nω) for n ∈ Z together with y0(ω) form a set
Λ(ω) which depends measurably on ω and gives rise to a random hyperbolic
set Λ, if log ‖z0‖ is integrable with respect to P. The dynamics of F on Λ
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is (randomly) conjugated to so-called random shifts (see Section 4). This
result is known as a random Smale Theorem. Random homoclinic points
appear for example, if deterministic systems with homoclinic points are
randomly perturbed.

In the following we want to extend the result of [8] to more general
hyperbolic systems. In order to do so, we will follow the method of this work
which relies on the construction of random symbolic dynamics via so-called
random Markov partitions. Since the work of Bowen [6] such partitions are
constructed with the help of a shadowing property. For random systems
this can be described as follows.

Definition 3.5. Let δ be a strictly positive random variable. Then for any
ω ∈ Ω a sequence {yn}n∈Z in M is called an (ω, δ) pseudo-orbit of F if

d(yn+1, F (θnω)yn) ≤ δ(θn+1ω) for all n ∈ Z.
For a strictly positive random variable ε and any ω ∈ Ω a point x ∈ M is
said to (ω, ε)-shadow the (ω, δ) pseudo-orbit {yn}n∈Z if

d(F (n, ω)x, yn) ≤ ε(θnω) for all n ∈ Z.
In the case of random homoclinic points (see [8]) the existence of random

shadowing points in the neighbourhood of the hyperbolic set was shown. In
order to guarantee that the shadowing points are in the random hyperbolic
set, we present the following improvement.

Proposition 3.6 (Random Shadowing Lemma). Let the random hy-
perbolic set Λ have local product structure. Then for every tempered ran-
dom variable ε > 0 there exists a tempered random variable β > 0 such
that P-a.s. every (ω, β) pseudo-orbit {yn}n∈Z with yn ∈ Λ(θnω) can be
(ω, ε)-shadowed by a point x ∈ Λ(ω). If 2ε is chosen as an expansivity
characteristic, then the shadowing point x is unique. Moreover, if the yn
are chosen to be random variables such that for P-almost all ω ∈ Ω the
sequence {yn(ω)}n∈Z is an (ω, β) pseudo-orbit, then the starting point x(ω)
of the corresponding (ω, ε)-shadowing orbit depends measurably on ω.

Proof. Let the tempered random variable ε > 0 be given. Then choose a
tempered random variable η > 0 and corresponding local invariant mani-
folds V s/u with 2η ≤ ε such that for P-almost all ω ∈ Ω
y ∈ V s

x (ω) ⇒ d(x, y) ≤ η(ω), z ∈ V u
x (ω) ⇒ d(x, z) ≤ η(ω).

Obviously we have that for any x ∈ Λ(ω)
[x, y]ω ∈ int (V s

x (ω)) for all y ∈ V s
x (ω) ∩ Λ(ω).

Since for fixed ω, [., .]ω and V s
. (ω) are continuous, we can choose a random

variable β > 0 such that

x, y ∈ Λ(ω), d(x, y) < β(ω)⇒ [x, V s
y (ω) ∩ Λ(ω)]ω ⊂ V s

x (ω). (2)
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As the size of the local invariant manifolds is given by a tempered random
variable, so can be β.
It is a well known fact in the deterministic theory that it suffices to show

the shadowing property for every finite pseudo-orbit {yi}ni=0. The same
holds in the random case, as an infinite orbit {yn}n∈Z can be shortened to
pieces Y (n) = {yi}ni=−n. Now if the shadowing property has been proven
for finite pseudo-orbits like Y (n) for F (i, θ−nω), i = 0, 1, . . . , 2n+1 in oder
to obtain a point z(n) ∈ Λ(θ−nω), then one considers the sequence of points
x(n) = F (n, θ−nω)z(n) ∈ Λ(ω) and the limit points of these give the desired
shadowing points for the infinite sequence. Therefore let us consider now the
finite (ω, β) pseudo-orbit {yi}ni=0 for F with yi ∈ Λ(θiω) for i = 0, 1, . . . , n.
Let us define ỹ0 = y0. Then it trivially holds that ỹ0 ∈ V s

y0
(ω)∩Λ(ω). Since

we want to proceed by recursion, let us assume that ỹk is already defined
and satisfies

ỹk ∈ V s
yk
(θkω) ∩ Λ(θkω).

Then, by the invariance of local stable manifolds and Λ we obtain that

F (θkω)ỹk ∈ V s
F (θkω)yk(θ

k+1ω) ∩ Λ(θk+1ω).

As F (θkω)ỹk, yk+1 ∈ Λ(θk+1ω), and d(yk+1, F (θkω)yk) < β(θkω), it follows
from (2) that

[yk+1, F (θkω)ỹk]θk+1ω ∈ V s
yk+1

(θk+1ω).

Thus we can recursively define

ỹk = [yk, F (θk−1ω)ỹk−1]θkω for 1 ≤ k ≤ n.

Then by the definition of [., .]

ỹk ∈ V u
F (θk−1ω)ỹk−1

(θkω)

and consequently for j < k,

F (−j, θkω)ỹk ∈ V u
ỹk−1

(θk−jω).

Thus we define y = F (−n, θnω)ỹn. Then we have for j = 0, 1, . . . , n
F (j, ω)y = F (j − n, θnω)ỹn ∈ V s

ỹj (θ
jω)

such that we obtain

d(F (j, ω)y, yj) ≤ d(F (j, ω)x, ỹj) + d(ỹj , yj) ≤ η(θjω) + δ(θjω) < β(θjω).

Thus y (ω, ε)-shadows {yi}ni=0.
From this construction the measurability assertion concerning the shad-

owing point for random pseudo-orbits is clear. The uniqueness property
for 2β being an expansivity characteristic is also obvious, as otherwise the
orbits of two shadowing points F (i, ω)x1 and F (i, ω)x2 would be 2β(θiω)
close for all i ∈ Z, which is not possible due to expansivity.
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Now we can approach the main tool for later investigations, so-called Mar-
kov partitions.

Definition 3.7. Assume that the random hyperbolic set Λ has local product
structure (with corresponding random variable γ). A subset R in some Λ(ω)
is called a rectangle, if it has diameter less than γ(ω) and x, y ∈ R implies
that [x, y]ω ∈ R. Moreover such a rectangle R is called proper, if it is closed
in Λ(ω) and if it is the closure of the interior of R as a subset of Λ(ω).

A Markov partition R(ω) = {R1(ω), . . . , Rk(ω)(ω)} of Λ is a family of
finite covers of Λ(ω) which depends measurably on ω ∈ Ω and satisfies
P-a.s.

(i) each Ri(ω) is a proper rectangle;

(ii) intRi(ω) ∩ intRj(ω) = ∅, if i �= j;

(iii) F (ω)(V s
x (ω) ∩ Ri(ω)) ⊂ V s

F (ω)x(θω) ∩ Rj(θω) for x ∈ intRi(ω),
F (ω)x ∈ intRj(θω);

(iv) F (ω)(V u
x (ω) ∩ Ri(ω)) ⊃ V u

F (ω)x(θω) ∩ Rj(θω) for x ∈ intRi(ω),
F (ω)x ∈ intRj(θω).

Here local invariant manifolds are used with a size that is given by an
expansivity characteristic. We refer to conditions (iii) and (iv) as Markov
properties.

We are going to construct such a Markov partition now. For this purpose
we will use local invariant manifolds V s, V u of random size η being an
expansivity characteristic. Moreover we use the tempered random variable
γ of Corollary 3.3 as well as a tempered random variable ε such that ε < η/2
P-a.s. By the Shadowing Lemma there exists a tempered random variable
β such that every (ω, β) pseudo-orbit for F in Λ is (ω, ε)-shadowed by a
unique point in Λ(ω). Let us choose another random variable R < β/2
P-a.s. such that

x, y ∈ Λ(ω), d(x, y) < R(ω) ⇒ d(F (ω)x, F (ω)y) <
β(ω)
2

. (3)

Then we can find a random variable k : Ω → N such that we can cover
each Λ(ω) by k(ω) open balls of radius less than R(ω) and centres pi(ω),
i = 1, . . . , k(ω) with pi : Ω → Λ measurable. Let us denote these balls
by BB(ω, pi). Later on we will also be interested in the case that k is log-
integrable, which can be guaranteed for example, if we assume that F is of
tempered continuity. The latter refers to an RDS which has the property
that for every tempered random variable β > 0 there exists a log-integrable
random variable R satisfying (3).
For each ω ∈ Ω we define a matrix A(ω) ∈ Rk(ω)×k(θω) by

A(ω)i,j =
{
1 if F (ω)pi(ω) ∈ BB(θω, pj)
0 otherwise.
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We will call A a random transition matrix.

Definition 3.8. Let k : Ω→ N+ be a random variable, A a corresponding
random transition matrix, and define for ω ∈ Ω

Σk(ω) :=
+∞∏
i=−∞

{1, . . . , k(θiω)}, (4)

ΣA(ω) := {x = (xi) ∈ Σk(ω) : Axixi+1(θ
iω) = 1 for all i ∈ Z}. (5)

Let σ be the standard (left-) shift. The families {σ : Σk(ω) → Σk(θω)}
and {σ : ΣA(ω)→ ΣA(θω)} are called random k-shift and random subshift
of finite type, respectively. Moreover, we define ΣA := {(ω, x) : ω ∈ Ω, x ∈
ΣA(ω)}, which is a measurable bundle over Ω. We also denote the respective
skew-product transformation on ΣA by σ.

These random shifts define so-called bundle RDS, an extension of RDS
which allows a measurable variability of the state space (see Bogenschütz [4]
in particular for measurability problems). The measurable structure refers
to the state space and will be of importance in the next section when we
have to deal with functions on ΣA.
Now consider s = (si) ∈ ΣA(ω). By our definition of A and ΣA(ω), the

sequence {psi(θiω)}∞i=−∞ is an (ω, β) pseudo-orbit and thus can P-a.s. be
(ω, ε)-shadowed by a unique point which we denote by ψ(ω)s = x. This
allows to define a random mapping ψ such that ψ(ω) : ΣA(ω) → Λ(ω)
acts P-a.s. as above. Let us assume that x (ω, ε)-shadows {psi(θiω)}∞i=−∞.
Then F (ω)x (ω, ε)-shadows {p(σs)i(θi+1ω)}∞i=−∞, i.e. F (ω)x = ψ(θω) ◦ σs,
so P-a.s.

ψ(θω) ◦ σ = F (ω) ◦ ψ(ω) on ΣA(ω) (6)

Moreover, ψ(ω) maps ΣA(ω) onto Λ(ω). Namely, if x ∈ Λ(ω) we can find
a point s ∈ ΣA(ω) such that F (n, ω)x ∈ BB(θnω, psn) for all n ∈ Z.
Consequently,

d(F (θnω)psn(θ
nω), psn+1(θ

n+1ω)) ≤ d(F (θnω)psn(θ
nω), F (n+ 1, ω)x) +

+d(F (n+ 1, ω)x, psn+1(θ
n+1ω))

< R(θn+1ω) +
β(θn+1ω)

2
< β(θn+1ω).

Thus x (ω, β)-shadows {psn(θnω)}∞n=−∞ and hence x = ψ(ω)s.
Finally we can show that for each fixed ω the mapping ψ(ω) is contin-

uous. Assume that this does not hold, i.e. that ψ(ω) is not continuous.
Because of the compactness of Λ(ω) this means that there exist two se-
quences {s(n)}, {t(n)} ∈ ΣA(ω)N which are convergent with the same limit
a ∈ ΣA(ω), but with

x = lim
n→∞ψ(ω)s(n) �= lim

n→∞ψ(ω)t(n) = y.
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Anyway,

∀ i∈Z∀n∈N, ∀ h(n)∈{s(n), t(n)} : d(F (i, ω)ψ(ω)h(n), p
h

(n)
i
(θiω)) < ε(θiω)

by the shadowing property, and therefore we obtain

∀ i ∈ Z : d(F (i, ω)x, F (i, ω)y) ≤ 2ε(θiω) ≤ η(θiω) .

Since η was chosen as an expansivity characteristic, it follows that x = y
and from this contradiction we conclude that ψ(ω) is continuous. Hence ψ
has all the properties that define a random semiconjugacy of σ on ΣA and
F on Λ: ψ(ω) is surjective, continuous and satisfies (6) P-a.s.
Now the construction of a Markov partition of Λ for F is straight-

forward. For the sequence spaces ΣA(ω) we use the standard rectangles
Ci(ω) = {s ∈ ΣA(ω) : s0 = i}, i = 1, . . . , k(ω). The collection of C(ω) =
{C1(ω), . . . , Ck(ω)} for ω ∈ Ω forms a Markov partition of ΣA for σ. We
define

Ti(ω) = ψ(ω)Ci(ω)

to obtain rectangles covering Λ(ω), ω ∈ Ω. It remains to refine these rectan-
gles in such a way that the properties of a Markov partitions are satisfied.
This is an ω-wise construction. As this can be taken over in an obvious way
from Shub [22, Chapter 10] (see also Gundlach [11]), we just sketch this
procedure. First of all note that ψ also defines a random morphism of local
product structure in the sense that for all ω ∈ Ω, s, t ∈ ΣA(ω)

ψ(ω)[s, t]ω = [ψ(ω)s, ψ(ω)t]ω,

where we also used [., .]ω on ΣA(ω) to denote the unique points of inter-
section of the stable manifold of s and the unstable manifold of t. Also for
these manifolds we will use the same notations on ΣA as on Λ. Note that
on ΣA(ω) we use the metric

d(s, t) = 2−n where n = sup{k ∈ N : si = ti for all i = −k + 1, . . . , k − 1},

with the convention that n = 0, if s0 �= t0. Then [s, t]ω �= ∅, if d(s, t) ≤ 1/2.
This allows to obtain local stable manifolds as an intersection of the global
stable manifold with rectangles. As the collection of 1-rectangles Ci(ω)
forms a Markov partition for ΣA, we immediately obtain from

ψ(ω)(W s
t (ω) ∩ Ci(ω)) =W s

ψ(ω)t(ω) ∩ Ti(ω),

ψ(ω)(Wu
t (ω) ∩ Ci(ω)) =Wu

ψ(ω)t(ω) ∩ Ti(ω),

that
F (ω)(W s

x(ω) ∩ Ti(ω)) ⊂ (W s
F (ω)x(θω) ∩ Tj(θω))

F (ω)(Wu
x (ω) ∩ Ti(ω)) ⊃ (Wu

F (ω)x(θω) ∩ Tj(θω))
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if t ∈ Ci(ω), σt ∈ Cj(θω) and x = ψ(ω)t.
One of the main problems is that Ti(ω) and Tj(ω) may intersect. In order

to get rid of this obstacle, we define

τ1ij(ω)= {x∈Ti(ω) :W s
x(ω)∩Ti(ω)∩Tj(ω) �=∅,Wu

x (ω)∩Ti(ω)∩Tj(ω) �=∅}
τ2ij(ω)= {x∈Ti(ω) :W s

x(ω)∩Ti(ω)∩Tj(ω) �=∅,Wu
x (ω)∩Ti(ω)∩Tj(ω)=∅}

τ3ij(ω)= {x∈Ti(ω) :W s
x(ω)∩Ti(ω)∩Tj(ω)=∅,Wu

x (ω)∩Ti(ω)∩Tj(ω) �=∅}
τ4ij(ω)= {x∈Ti(ω) :W s

x(ω)∩Ti(ω)∩Tj(ω)=∅,Wu
x (ω)∩Ti(ω)∩Tj(ω)=∅}

which yields a partition of Ti(ω) such that τ1ij(ω) = Ti(ω) ∩ Tj(ω) and
τ1ij(ω), τ

1
ij(ω) ∪ τ2ij(ω) and τ

1
ij(ω) ∪ τ3ij(ω) are closed. We obtain rectangles

by defining Tmij := ¯τmij , m = 1, . . . , 4. Then

Z(ω) := Λ(ω) \
k(ω)⋃
i,j=1

4⋃
m=1

∂Tmij (ω)

is an open dense subset of Λ(ω) such that

Z(ω) ∩ Tmij (ω) = Z(ω) ∩ intTmij (ω) = Z(ω) ∩ τmij (ω).

For x ∈ Z(ω) we define

K(ω, x) = {Ti(ω) : x ∈ Ti(ω)},
K∗(ω, x) = {Tj(ω) : ∃Ti(ω) ∈ K(ω, x) such that Ti(ω) ∩ Tj(ω) �= ∅},

R(ω, x) =
⋂
{intTmij (ω) : Ti(ω) ∈ K(ω, x), Tj(ω) ∈ K∗(ω, x), x ∈ Tmij (ω)}.

The latter is a rectangle containing x. Moreover (see Gundlach [11])

z ∈ Z(ω) ∩R(ω, x) ⇒ R(ω, x) = R(ω, z).

such that any two rectangles R(ω, x), R(ω, z) are either identical or disjoint,
and if x, y ∈ Z(ω) ∩ F (ω)−1Z(θω), then

R(ω, x) = R(ω, y), y ∈ V s
x (ω) ⇒ R(θω, F (ω)x) = R(θω, F (ω)y).

Consequently there can only be finitely many distinct rectangles of this
type. We denote R(ω) = {R1(ω), . . . , Rd(ω)(ω)} = {R̄(ω, x) : x ∈ Z(ω)}.
Here the random variable d can be taken as log-integrable, if we assume
that F is of tempered continuity. R(ω) forms a cover of Λ(ω), as the Ri(ω)
are closed and their collection contains the dense set Z(ω). Moreover they
are proper by construction and have disjoint interior. Thus it remains to
show the Markov properties. For this purpose we define

Z∗(ω) :=

x ∈ Z(ω) : V s
x ∩

 k(ω)⋃
i,j=1

4⋃
m=1

∂sTmij (ω)

 = ∅
 ,
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where ∂sTmij (ω) = {x ∈ Tmij (ω) : x �∈ intV u
x (ω)∩Tmij (ω)}. It follows from the

continuity properties of V s
. (ω) and [., .]ω for fixed ω ∈ Ω that Z∗(ω) is open

and dense in Λ(ω), and intV s
x (ω) ∩ Z(ω) is open and dense in intV s

x (ω) ∩
Λ(ω). Thus we can conclude that Z∗(ω)∩F (ω)−1Z∗(θω) is open and dense
in Λ(ω). Analogously it follows that Z(ω) ∩ F (ω)−1Z(θω) ∩ intV s

x (ω) is
open and dense in intV s

x (ω) ∩ Λ(ω).
Suppose that x ∈ Z∗(ω)∩F (ω)−1Z∗(θω)∩ intRi(ω)∩F (ω)−1intRj(θω).

Then

V s
x (ω)∩Ri(ω)=V s

x (ω) ∩R(ω, x)=V s
x (ω) ∩R(ω, x) ∩ Z(ω) ∩ F (ω)−1Z(θω)

and by the continuity of F (ω) we obtain F (ω)(Vx(ω) ∩ Ri(ω)) ⊂ Rj(θω),
i.e.

F (ω)(Vx(ω) ∩Ri(ω)) ⊂ Rj(θω) ∩ VF (ω)x(θω). (7)

Now for x ∈ intRi(ω)∩F (ω)−1intRj(θω) we can find a point y ∈ Z∗(ω)∩
F (ω)−1Z∗(θω) ∩ intRi(ω) ∩ F (ω)−1intRj(θω) such that V s

x (ω) ∩Ri(ω) =
{[x, z]ω : z ∈ V s

y (ω) ∩Ri(ω)}. Therefore
F (ω)(V s

x (ω) ∩Ri(ω)) ⊂ {[F (ω)x, F (ω)z]ω : z ∈ V s
y (ω) ∩Ri(ω)},

and this together with (7) for y instead of x implies that

F (ω)Vy(ω) ∩Ri(ω)) ⊂ {[F (ω)x,w]ω : w ∈ V s
F (ω)y(θω) ∩Rj(θω)}.

This yields the first Markov property for R(ω), the second one follows
analogously.

Theorem 3.9. If the random hyperbolic set Λ has local product structure,
then there exists a Markov partition of Λ for F . If F is of tempered conti-
nuity, then the number of rectangles in the partition defines a log-integrable
random variable.

4 Ergodic Theory on Random Hyperbolic Sets

The Markov partitions constructed above for random hyperbolic sets Λ can
be used to establish a random conjugation between F restricted to Λ and
the shift on some sequence space, exactly as in Example 6. The dynamics of
the shift transformation is usually called symbolic dynamics. This situation
can also be achieved for Example 2 (see Liu [19, Theorem 2.1]) where we
can describe the dynamics by the shift map σ on ΣA (as in the previous
section, but for constant k, A) together with a σ-invariant measure µ on ΣA
in the sense of RDS (as defined in the introduction) with disintegrations µω
which, in general, will depend on ω. The dynamics of more general random
hyperbolic systems, e.g. the one of Example 3, cannot be modeled by such
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a shift system and more general random subshifts of finite type described in
Definition 3.8 are needed. They can be used also for describing some Markov
chains in random environments (cf. Gundlach and Steinkamp [10]).
As in the deterministic case the ergodic theory of random hyperbolic

systems can be developed only via random shifts and a direct way of doing
this is not known. This concerns, in particular, the construction of invariant
measures, classification and entropy theory. Let σ be a subshift of finite type
on ΣA from Definition 3.8 and µ be a σ−invariant probability measure
on ΣA so that it has disintegrations dµ(ω, x) = dµω(x)dP(ω) satisfying
σµω = µθω. In the case when log k ∈ L1(Ω,P) we can use the partition P
of the shift spaces into 1-cylinders to obtain the fibre (relativized) entropy
hµ(σ) of σ with respect to µ via a random version of the Kolmogorov-Sinai
Theorem (cf. Bogenschütz [4, Theorem 2.3.3]):

hµ(σ) = lim
n→∞

1
n
Hµω (

n∨
i=−n

σ−iP) P− a.s.

where Hµω denotes the entropy of a partition with respect to µω. For the
following we will make the standard assumption that log k ∈ L1(Ω,P).
There also exist one-sided versions of random k-shifts and subshifts of

finite type on Σ+k (ω) :=
∏+∞
i=0 {1, . . . , k(θiω)} and corresponding Σ+A(ω),

ω ∈ Ω respectively. These arise for example as symbolic dynamics for Exam-
ple 5 (see Bogenschütz and Gundlach [5]), but often it is beneficial to reduce
two-sided random shifts to the one-sided version, e.g. for the construction
of certain invariant measures, and later on to transfer the measure from
the one-sided shift to the two-sided one by means of natural extensions (see
Gundlach [11] for this procedure). This method will be the subject of the
next result. It is based on random operators known as transfer operators,
which act on random continuous functions. The latter are defined on ΣA,
are measurable in ω, and for fixed ω continuous in x ∈ Σ+A. We denote the
continuous functions on Σ+A by C(Σ

+
A(ω)). If a random continuous function

satisfies P-a.s. a Hölder condition with uniform exponent, we call it a ran-
dom Hölder continuous function. For a random continuous function φ and
ω ∈ Ω such random transfer operators Lφ(ω) : C(Σ+A(ω)) → C(Σ+A(θω))
can be defined by

(Lφ(ω)h)(x) =
∑

y∈Σ+
A(ω):σy=x

exp(φ(ω, y))h(y)

for h ∈ C(Σ+A(ω)), x ∈ Σ+A(θω). Lφ(n, ω) := Lφ(θn−1ω)◦. . .◦Lφ(ω) denotes
the induced operator cocycle, while L∗φ(ω) is the random dual operator
mapping finite signed measures on Σ+A(θω) to those on Σ

+
A(ω) by∫

h dL∗φ(ω)m =
∫
Lφ(ω)h dm for all h ∈ C(Σ+A(ω))
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for a finite signed measure m on Σ+A(θω). For our next result we need a
further specification of random subshifts of finite type. We call a random
transition matrix A aperiodic, if A has no zero rows and no zero columns
P-a.s. and there exists an N-valued random variableM such that P-a.s. the
k(ω)× k(θM(ω)−1ω)-matrix A(ω) · . . . ·A(θM(ω)−1ω) has no zero entries.
Theorem 4.1 (Random Transfer Operator Theorem). Assume that
φ is a random Hölder continuous function on Σ+A with a random transition
matrix that is aperiodic such that Lφ(ω)1 = 1 P-a.s. Then there exists
a unique σ-invariant probability measure µ such that the following holds
P-a.s.

(i) L∗φ(ω)µθω = µω,

(ii) limn→∞ ‖Lφ(n, ω)f −
∫
f dµω‖∞ = 0 for all f ∈ C(Σ+A(ω)) and with

exponential speed of convergence for f in a dense subset of C(Σ+A(ω)),
where ‖.‖∞ denotes the sup-norm on C(Σ+A(ω)).

This is a special version of a more general result (cf. Gundlach [9], Khanin
and Kifer [14]) which yields a powerful method for the construction of Gibbs
measures for RDS, which can be characterized by∫

g dµω =
∫ ∑
y∈Σ+

A(ω):σ
ny=σnx

exp

(
n−1∑
i=0

φ(θiω, σiy)

)
g(ω, y) dµω(x) (8)

for all g ∈ C(Σ+A(ω)), n ∈ N. This notion comes from statistical mechanics
where φ plays the role of a potential. The characterization (8) makes sense
only for symbolic dynamics. The following property of µ has also its roots
in statistical mechanics.

Corollary 4.2. The Gibbs measure µ of Theorem 4.1 is an equilibrium
state of σ for the random function φ:

0 = πσ(φ) = hµ(σ) +
∫
φdµ = sup

ν σ-invariant
{hν(σ) +

∫
φdν} (9)

It is the only σ-invariant probability measure satisfying this equation.

Here πσ(φ) is the topological pressure of φ with respect to σ (see Gund-
lach [9]).
Let us now return from symbolic dynamics to the original RDS F on

M and formulate consequences of the last results for a special choice of φ
as the random function on Σ+A obtained from the random function f on Λ
defined by

f(ω, x) = − log ‖detDxF (ω)|Γux(ω)‖.
This transition proceeds in two steps. First use a conjugation ψ constructed
in the previous section between F on Λ and σ on ΣA, then reduce σ on
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ΣA to the image of an unstable manifold to obtain σ on Σ+A. In order to
apply our machinery to the function f , we have to ensure that it is indeed
a random Hölder continuous function. This is an immediate consequence
of the assumption that F is a C1+α RDS and the fact that in this situation
Γux(ω) depends Hölder continuously on x for fixed ω (see Liu and Qian [20]
for the C2 i.i.d.-case or Liu [18] for the general C1+α case). Moreover we
have to translate the aperiodicity condition on A into a topological transi-
tivity condition of F . Namely, F is called topologically transitive, if for any
given random open sets U, V ⊂ Λ there exists a random variable n taking
values in Z such that the intersection F (n(ω), θ−n(ω)ω)U(θ−n(ω)ω)∩ V (ω)
is non-empty P-a.s.
Using the same notations as above we can finally formulate the following

result.

Theorem 4.3. Let F be a C1+α RDS with a random topologically transi-
tive hyperbolic attractor Λ. Then there exists a unique F -invariant measure
(SRB-measure) ν supported by Λ and characterized by each of the following:

(i) hν(F ) =
∫ ∑

λ+i dν where λi are the Lyapunov exponents correspond-
ing to ν;

(ii) P-a.s. the conditional measures of νω on the unstable manifolds are
absolutely continuous with respect to the Riemannian volume on these
submanifolds;

(iii) hν(F )+
∫
f dν = supmF -invariant{hm(F )+

∫
f dm} and the latter is

the topological pressure πF (f) of f which satisfies πF (f) = 0;

(iv) ν = ψµ̃ where µ̃ is the equilibrium state for the two-sided shift σ on
ΣA and the function f ◦ψ. The measure µ̃ can be obtained as a natural
extension of the probability measure µ which is invariant with respect
to the one-sided shift σ on Σ+A and such that L∗φ(ω)µθω = µω P-a.s.
where φ− f ◦ψ = h−h ◦ (θ×σ) for some random Hölder continuous
function h.

(v) ν can be obtained as a weak limit νω = limn→∞ F (n, θ−nω)mθ−nω
P-a.s. for any measures mω absolutely continuous with respect to the
Riemannian volume such that suppmω ⊂ U(ω).

Proof. The equivalence of (iii) and (iv) is already known from Corollary 4.2,
while the equivalence of (i) and (iii) follows immediately from the observa-
tion that

∫
fdν = − ∫∑

i λ
+
i dν. The equivalence of (i) and (ii) was shown

by Liu (see Liu and Qian [20] for the C2 i.i.d.-case or Liu [18] for the general
C1+α case). Moreover (v) follows from (iv) via Theorem 4.1, (ii). Finally it
is not difficult to see that any weak limit µω of F (n, θ−nω)mθ−nω has con-
ditional measures on unstable manifolds absolutely continuous with respect
to the induced Riemannian volume there, and so by (ii) P−a.s. µω = νω.
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Though the characterization (iv) of SRB-measures looks complicated, it
is the only one that allows a construction. It does not matter that the sym-
bolic dynamics need not be unique (note that Markov partitions of different
sizes yield symbolic dynamics with different numbers of symbols). More-
over (iv) presents the property which is used to prove the uniqueness via
Theorem 4.1. In addition to the existence of SRB-measures, this theorem
also yields further properties of these measures. Namely, it can be deduced
(see Gundlach [9]) that ν is strong mixing, the partition into 1-rectangles is
weak Bernoulli with respect to ν. Furthermore Theorem 4.3 together with
the results from Kifer [15] and [17] yield large deviation estimates and cen-
tral limit theorem which we formulate on the level of symbolic dynamics.
We present these limit theorems for the case of random subshifts of finite

type constructed by an aperiodic random transition matrix A but using
symbolic representations described above these results hold true for random
hyperbolic and expanding systems, as well. Consider the Gibbs measure µ
of Theorem 4.1 constructed for a function φ = φ(ω, ξ), ξ ∈ Σ+A(ω) satisfying
varnφ(ω) ≤ Kφ(ω)e−κn where E| logKφ| <∞ and

varnφω = sup{|φω(ξ)− φω(ξ̃)| : ξi = ξ̃i ∀i = 0, 1, ..., n− 1}.
Set

R(ω) =
∞∑
l=1

Kφ(θ−lω)e−κl and G(ω) =
M(ω)−1∏
j=0

k(θjω)e‖φ(θ
jω)‖∞

where ‖φ(ω)‖∞ = supξ |φ(ω, ξ)|. Put

L(ω) = max(M(ω), G(ω), G(θM(ω)ω), R(ω), R(θM(ω)ω))

Q = {ω : L(ω) ≤ L}
with a constant L large enough so that P(Q) > 0. Let ki = ki(ω), i = 1, 2, ...
be subsequent times k when θkω ∈ Q. Let PQ and µQ be the corresponding
induced measures and T (ω, ξ) = (θk1ω, σk1ξ) be the induced skew product
transformation. Next, consider the finite σ-algebras Fω

m,n for n < ∞ gen-
erated by cylinder sets with prescribed sites from m to n, and let Fω

m,∞
be the minimal σ-algebra containing

⋃
n≥m Fω

m,n. For a random function
ϕ = ϕω on Σ+A with

∫
ϕωdµω = 0 we set

Φ(ω, x) =
k1(ω)−1∑
i=0

ϕ(θiω, σiξ), c(ω) = (
∫
|ϕ(ω)|2dµω)1/2,

Dn(ω) =
(∫

(Φ(ω)− Eµω (Φ(ω)|Fω
0,m))

2dµω

)1/2
, βj = (

∫
D2kjdPQ)

1/2

With all these notations we can finally formulate the following central limit
theorem (see Kifer [17, Theorem 2.5]).
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Theorem 4.4. If
∑∞

j=1 βj < ∞ and
∫ (∑k1−1

i=0 c ◦ θi
)2
dPQ < ∞ then

P−a.s.,

s2 := lim
n→∞

1
n

∫ n−1∑
j=0

ϕ(θjω, σjξ)

2

dµω

= P(Q)

∫
Φ2dµQ +

∞∑
j=1

∫
(Φ(Φ ◦ T j))dµQ


and P-a.s. for any a ∈ R

lim
n→∞µω

{
x∈Σ+A(ω) :

1√
n

n−1∑
i=0

ϕ(θiω, σix) ≤ a

}
=

1
s
√
2π

∫ a

−∞
e−

x2

2s2 dx.
(10)

In the case s = 0 we should think of the right hand side as the Dirac measure
at 0. This case occurs if and only if there exists an L2 function η such that
Φ◦T = η◦T−η. Moreover, if s > 0 then µQ−a.s. the sum

∑n−1
i=0 ϕ(θ

iω, σiξ)
has the order (2s2n log log(s2n))1/2, i.e. the law of iterated logarithm holds
true, as well.

Actually, in Kifer [17] the central limit theorem and the law of iterated
logarithm are proved for general random transformations under some con-
ditions which can be verified for random subshifts of finite type, random
expanding in average transformations, and for Markov chains in random
environments satisfying a certain random version of the Doeblin condition.
The methods of the proof rely on the representation of Φ ◦ T i as random
martingale differences and on an application of limit theorems for sums of
nonstationary martingale differences.
By a slight modification of Theorems C and D from Kifer [15] (see also

Kifer [16]) we obtain also the following large deviations estimates.

Theorem 4.5. Let µ be a random Gibbs measure constructed by a random
function φ = φ(ω, ξ), ξ ∈ Σ+A(ω) as in the previous theorem and let q =
q(ω, ξ) be another function satisfying varnq(ω) ≤ Kq(ω)e−κn with κ > 0
and E| logKq| <∞. Then the limit

Q(ω, q + φ) = lim
n→∞

1
n
log

∫
exp

(∫
q dζnω,ξ

)
dµω(ξ)

exists P-a.s. and satisfies∫
Q(ω, q + φ) dP(ω) = πσ(q + φ)− πσ(φ)

where ζnω,ξ =
1
n

∑n−1
k=0 δ(θkω,σkξ), δ is the Dirac measure. For any closed
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subset K of the probability measures on Σ+A(ω) P−a.s. one has

lim sup
n→∞

1
n
logµω{ξ : ζnω,ξ ∈ K} ≤ − inf

ν∈K
I(ν), (11)

and for any open subset G there,

lim inf
n→∞

1
n
logµω{ξ : ζnω,ξ ∈ G} ≥ − inf

ν∈G
I(ν), (12)

where

I(ν)=
{

πσ(φ)−
∫
φdν−hν(σ) for ν σ-invariant with marginal P on Ω

∞ otherwise.

Some of these results can be extended to a further class of random shifts
called random sofic shifts (cf. Gundlach and Kifer [12]), but here it remains
to check for which smooth random dynamical systems these can be used as
symbolic dynamics. Let us mention that a result analogous to Theorem 4.3
and to the two limit theorems above can also be obtained for random ex-
panding maps like the one in Example 5. Here it is not necessary to take the
detour via symbolic dynamics (though this works in the random uniform
expanding case as shown in Bogenschütz and Gundlach [5] in combination
with Gundlach [9]), as there exists a version of Theorem 4.1 for random
expanding maps in Kifer [15] generalized in [14].

5 Stochastic Flows with Random Hyperbolic Sets

We are considering now the case of continuous time where we suggest a
description of hyperbolicity properties though we do not consider our defi-
nitions to be in a final form and our primary goal here to attract attention
to problems arising here and to motivate further research. We think that a
successful approach should provide a construction of equilibrium states for
the perturbation example exhibited at the end of this section.
An additional feature in continuous time is that there exist two differ-

ent kinds of generators of random dynamical systems, namely random and
stochastic differential equations (see Arnold [1]) and that one would like to
present the theory in a form suitable for the generators. Note that there are
no examples of (spatially uniform) hyperbolic flows given by non-degenerate
stochastic differential equations. In fact, Baxendale [3] gave examples of
stochastic flows on the two dimensional torus which have either both nega-
tive or one positive and one negative Lyapunov exponents. In the first case,
the distances between pairs of points are contracted by the flow but not
uniformly. In the second case, there are local stable and unstable manifolds
but, again, the contraction and expansion are not uniform in space so these
examples do not fall into the framework of this paper.
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We will focus only on the case of random differential equations generating
RDS. Let B(ω, x), x ∈M , ω ∈ Ω be a family of C2 vector fields onM which
depends measurably on ω. We refer to it as a random vector field. Suppose
that B(θsω, x) is Lipschitz in x and measurable in s and there exists a
constant 0 < C <∞ such that for all ω ∈ Ω,

||B(ω, ·)||,Lip(B(ω, ·)) ≤ C.

Then we can consider a cocycle F (t, ω) for ω ∈ Ω given by
dF (t, ω)x

dt
= B(θtω, F (t, ω)x),

understanding this equation locally (i.e. in local coordinates) in the integral
form

F (t, ω)x = x+
∫ t

0
B(F (s, ω)x, θsω) ds,

provided F (s, ω)x belongs to the same coordinate neighborhood for all
s ∈ [0, t]. Clearly, F (t + s, ω) = F (t, θsω) ◦ F (s, ω) and correspondingly
DxF (t+s, ω) =: DF (t+s, x, ω) = DF (t, ϕ(s, ω)x, θsω)◦DF (s, x, ω). Here
F (s, ω) are diffeomorphisms which simplifies the following definition.

Definition 5.1. A random compact set Λ, which is F -invariant in the
sense that F (t, ω)Λ(ω) = Λ(θtω) for all t P-a.s., is called a random hy-
perbolic set for F , if there exist random variables β, α > 0, C > 0 and
subbundles Γu(ω) and Γs(ω) of the tangent bundle TΛ(ω) such that P−a.s.,

(i) TΛ(ω) = Γu(ω)⊕Γ0(ω)⊕Γs(ω), where Γ0(ω) is a one-dimensional
subbundle, DF (t, ω)Γu(ω)=Γu(θtω)∀t, DF (t, ω)Γs(ω)=Γs(θtω)∀t,
and the minimal angle between Γu(ω), Γ0(ω) and Γs(ω) is not less
than α(ω);

(ii) for all t ∈ R+

‖DF (t, ω)ξ‖ ≤ C(ω) exp(
∫ t

0
β(θsω) ds)‖ξ‖ for ξ ∈ Γs(ω)

and

‖DF (−t, ω)η‖ ≤ C(ω) exp(
∫ t

0
β(θ−sω) ds)‖η‖ for η ∈ Γu(ω);

(iii) β, logC, logα ∈ L1(Ω,P);
(iv)

∫
βdP < 0.

Again the subbundles Γs(ω), Γu(ω) turn out to be continuous and (ii)
can be replaced by the weaker condition
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(ii)’ There exists t ∈ R+ such that∫
log ‖DF (t, ω)|Γs(ω)‖dP(ω) < 0,

∫
log ‖DF (−t, θ−tω)|Γu(ω)‖dP(ω) < 0.

Here the important difference to the deterministic case is that the one-
dimensional subbundle Γ0(ω) is no longer invariant and on it, typically,
‖DF (t, ω)‖ grow exponentially as |t| → ∞ and the angles between Γu(ω)
and DF (t, θ−tω)B(θ−tω) and between Γs(ω) and DF (−t, θtω)B(θtω) tend
to zero as t→∞.
It is usually easier to establish the existence of invariant cones rather than

of invariant subbundles, especially, in small perturbations constructions.
The following result which can be obtained by a slight modification of
the proof of Proposition 6.2.12 in Katok and Hasselblatt [11] provides a
convenient tool to obtain the splitting appearing in (i).

Theorem 5.2. Suppose that there exist a random measurable Whitney
splitting TΛ(ω) = Rs(ω)⊕R0(ω)⊕Ru(ω), with R0 being a one-dimensional
subbundle and with subbundles Rs and Ru having P−a.s. constant dimen-
sions, and a random variable γ = γ(ω) > 0 such that the cones

K+x (ω) = {(u,w, v)Rux(ω)⊕R0x(ω)⊕Rsx(ω) : ‖v‖(ω,x) ≤ γ‖u+ w‖(ω,x)},

K++x (ω) = {(u,w, v)Rux(ω)⊕R0x(ω)⊕Rsx(ω) : ‖w + v‖(ω,x) ≤ γ‖u‖(ω,x)},
K−x (ω) = {(u,w, v) ∈ Rux(ω)⊕R0x(ω)⊕Rsx(ω) : ‖u‖(ω,x) ≤ γ‖w + v‖(ω,x)},
K−−x (ω) = {(u,w, v) ∈ Rux(ω)⊕R0x(ω)⊕Rsx(ω) : ‖u+w‖(ω,x) ≤ γ‖v‖(ω,x)},
satisfy

(a) DF (t, ω)K+(ω) ⊂ K+(θtω), DF (−t, ω)K−(ω) ⊂ K−(θ−tω), and
DF (t, ω)K++(ω) ⊂ K++(θtω), DF (−t, ω)K−−(ω) ⊂ K−−(θ−tω);

(b) there exist random variables β, α > 0, C > 0, and β satisfying (iii)
and (iv) such that the angles between the cones K++(ω), K−−(ω) and
the bundle R0(ω) are not less than α(ω), and for t ≥ 0

‖DF (t, ω)ξ‖ ≥ C(ω)−1 exp(−
∫ t

0
β(θsω) ds)‖ξ‖ for ξ ∈ K++(ω),

‖DF (−t, ω)η‖ ≥ C(ω)−1 exp(−
∫ t

0
β(θ−sω) ds)‖η‖ for η ∈ K−−(ω);

(c) ‖DF (t, ω)ζ‖ ≥ C(ω)−1‖ζ‖ for ζ ∈ K+(ω) and
‖DF (−t, ω)ζ̃‖ ≥ C(ω)−1‖ζ̃‖ for ζ̃ ∈ K−(ω).
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Then a splitting satisfying (i)–(ii) exists with

Γs(ω) =
⋂
t>0

DF (−t, θtω)K−−(θtω), Γu(ω) =
⋂
t>0

DF (t, θ−tω)K++(θ−tω).

The existence of the local and global stable and unstable manifolds was
derived by several authors, in particular, by Liu and Qian [20] in the i.i.d.
case which can be extended to the general stationary set up (see Chapter
7 in Arnold [1]).

Theorem 5.3. For any x ∈ Λ(ω) there exist stable and unstable C1 man-
ifolds W s

x(ω) and Wu
x (ω) tangent to Γsx(ω) and Γux(ω) respectively such

that DF (t, ω)W s
x(ω) = W s

F (t,ω)x(θ
tω), DF (t, ω)Wu

x (ω) = Wu
F (t,ω)x(θ

tω),
and there is a tempered random variable α > 0 so that for any y ∈ W s

x(ω)
and z ∈Wu

x (ω) with distW s
x (ω)(x, y) ≤ α and distWu

x (ω)(x, z) ≤ α one has

distF (t,ω)W s
x (ω)(F (t, ω)x, F (t, ω)y) ≤

≤ C(ω) exp
(∫ t

0
β(θsω) ds

)
distW s

x (ω)(x, y),

distF (−t,ω)Wu
x (ω)(F (−t, ω)x, F (−t, ω)z) ≤

≤ C(ω) exp
(∫ t

0
β(θsω) ds

)
distWu

x (ω)(x, z)

with C and β satisfying (iii) and (iv). Moreover, the angle between W s
x(ω)

and Wu
x (ω) at x is not less than α(ω).

In the deterministic case the analysis of equilibrium states for hyperbolic
flows can be reduced to the study of suspension flows over subshifts of finite
type (see Bowen and Ruelle [7]). This leads in the deterministic case to
an analogue of Theorem 4.3. This reduction is mainly used to prove the
uniqueness of an SRB-measure. Its existence can be proved similarly to the
case of partially hyperbolic systems (see Pesin and Sinai [21]). Namely, it
is not difficult to see that in the random continuous time case respective
weak limits as (v) in Theorem 4.3 will also have some smoothness in the
unstable direction. In order to establish the uniqueness of such measures
one needs to develop thermodynamic formalism results, preferably without
Markov partitions, as the idea to use an analogous procedure for random
systems which works for deterministic systems leads to some obstacles.
Moreover, the fact that the flow direction is not invariant under the action
of the differential leads to additional complications and it does not seem
that a random suspension flow construction can be implemented here. Thus
we have to leave this as a problem for further research. Even for general
small random perturbations constructions we are not able to obtain an
analogue to Theorem 4.3. The only case where we know of a successful
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construction of random symbolic dynamics for non-trivial continuous time
random hyperbolic systems is provided by a small random perturbation
of homoclinic orbits (cf. Steinkamp [23]) where a Melnikov function for
random dynamical systems is used for the construction.
The above results are applicable if, for instance, all vector fields B(ω, .)

are taken from a small C2 neighbourhood of one vector field B which
generates an Anosov flow. One of the choices for the flow θt : Ω → Ω can
be a stationary continuous time Markov chain νt with a finite state space
{1, . . . , k} such that B(θtω, x) = Bνt(x) where the Bj are a finite number
of vector fields which are switched at random times. One can consider, for
instance, a “random geodesic flow” when several close metrics of negative
curvature are switched at random times (when νt moves from state to
state).
This model is connected also with the system of differential equations

∂uk(t, x)
∂t

= (Bk(x),∇xuk(t, x)) +
m∑
H=1

qkH(x)(uH(t, x)− uk(t, x)),

uk(0, x) = gk(x)

where qkH are probabilities for the transition from k to S and depending on
x. Then

uk(t, x) = E(x,k)gνt(Xt)

where
dXt

dt
= Bνt(Xt), X0 = x

which has to be understood in the integral form Xt = X0 +
∫ t
0 Bνs(Xs)ds.

In this more general case neither νt not Xt is Markov but the pair (Xt, νt)
yields a Markov process. The corresponding RDS is given here by F (t, ω)x=
Xt provided X0 = x.
Though we cannot provide the thermodynamic formalism constructions

of equilibrium states for the above model in its full generality one very
particular case of it can be dealt with. Namely, assume that Bj = qjB
where qj are positive functions on M and B is a (nonrandom) C2 vector
field generating onM a transitive Anosov flow f t. Then F (t, ω) is obtained
from f t by a random time change and both flows have the same orbits.
Using a Markov partition for f t we can represent F (t, ω) as a suspension
over a nonrandom subshift of finite type with a random ceiling function
(see [17]). A more general random time change will lead to a suspension
over a random subshift of finite type if we require that the corresponding
random ceiling function is uniformly bounded away from zero and infinity
in order to satisfy the assumptions from [17].
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Some Questions in Random
Dynamical Systems Involving
Real Noise Processes
Russell Johnson1

ABSTRACT We discuss various methods and problems pertaining to that
part of Random Dynamical Systems which deals with real noise processes.
We consider the theory of random orthogonal polynomials, and show how
methods applied to the study of the random Schrödinger operator can be
generalized to study them. We further discuss certain questions in the area
of random bifurcation theory; we formulate and illustrate a ”robustness”
criterion pertaining to bifurcation in the presence of real noise. Finally, we
give a brief survey of some other recent advances in the field.

This paper was written on the occasion of the 60th birthday of Prof. Ludwig
Arnold. The author dedicates it to him in recognition of his long standing,
continuous, and consequent support of all parts of the field of random
dynamical systems.

1 Introduction

The purpose of this report is to delineate some techniques, results, and
problems inhering in a broad subarea of the field known as random dy-
namical systems, or RDS. Most of the readers of this volume will need no
introduction to RDS. It has been intensively developed in the last twenty
years or so by Ludwig Arnold, by the members of the Bremen school, and
by many other scientists around the world.
Much of the work to date in RDS has considered the properties of so-

lutions of stochastic differential equations, in which the concept of white
noise plays a fundamental role. Our intention here is to draw attention to
another aspect of RDS, namely to the subarea defined (roughly speaking)
by the study of differential equations whose coefficients are determined by
a bounded real noise process. Thus we will emphasize certain problems and
methods pertinent to the non-stochastic region of RDS.

1This research was supported by the MURST, the CNR, and the GNAFA (Italy).
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For purposes of orientation, consider the equation

x′ = f(ξt, x) x ∈ Rn, (1)

where {ξt | t ∈ R} is a real noise process with properties which will vary
from one context to another. The function f is required to have enough
regularity properties to guarantee the local existence and uniqueness of
solutions of (1).
Our main assumption concerning the real noise process {ξt} is that it

should be uniformly bounded. As we will see, this will permit us to use
the methods both of topological dynamics and of ergodic theory to study
(1). Of course, the use of ergodic-theoretic methods is one of the main
points in L. Arnold’s program to study RDS. The power of these meth-
ods (Lyapounov exponents, the Oseledets theorem, entropy, etc.) has been
demonstrated by a vast number of applications.
Our boundedness assumption implies a basic compactness property of

the path space of the process {ξt}. This compactness condition permits
one to introduce the machinery of topological dynamics, as developed by
Furstenberg, Ellis, and many others, to the study of equation (1). Roughly
speaking, the “randomness” of the bounded real noise process {ξt} can be
measured by the topological notion of recurrence properties of the shift
flow {τt | t ∈ R} on the path space Ω. The recurrence properties make
themselves felt, in direct and indirect ways, on the behaviour of solutions
of (1).
The strongest recurrence property – periodicity of the process {ξt} –

gives rise to the simplest type of equation (1). Of course this simplicity is
relative since for example periodic ODEs in two space variables x = (x1, x2)
give rise to a wealth of phenomena still under active study. Generalizing the
concept of periodicity, one obtains the Bohr almost periodic processes. It is
well-known that subtle and unexpected phenomena arise even in the theory
of linear equations (1) driven by an almost periodic process {ξt}. “Beyond”
the almost periodic process lie those which are minimal (or recurrent in
the sense of Birkhoff), then those which are topologically transitive, those
which are chain recurrent, etc. One is led to study the relation between the
recurrence properties of {ξt} and the comportment of the solutions of (1)
in various contexts.
We remark parenthetically that one tends to associate such common

measures of randomness as sensitive dependence on initial conditions and
positive topological entropy with weak recurrence conditions on {ξt}. It
is therefore interesting to note that even fairly special types of minimal
processes may have positive topological entropy [54].
Of course, one cannot hope for a detailed theory of the solution structure

equation (1) which does not depend on the particularities of the process
{ξt} and on features of the function f . So the introduction – as a single
field of study – of the truly vast class of ODEs which take the form (1) calls
for justification. We do so by noting that, in fact, one does have several
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substantive tools available for the study of linear systems (1). These tools
depend only minimally on the details of the structure of the bounded real
noise process {ξt}. They include methods of a topological nature as well as
the ergodic-theoretic ones referred to earlier. Moreover, one also has general
perturbation methods which often permit the passage from the theory of
linear equations (1) to the study – local in x – of equations with non-linear
f . Finally, even in fully non-linear problems, the concepts of topological
dynamics and ergodic theory sometimes lead to useful insights.
Summarizing these considerations: one has a body of results supporting

a general theory of (1), which theory can then be developed in more detail
in specialized contexts.
We finish this introduction by outlining the rest of the paper. In Section 2,

we discuss in more detail the class of random differential equations we wish
to consider. We briefly discuss basic methods for studying linear random
ODEs, and even more briefly discuss perturbative methods. In Section 3,
we consider an application of the general theory to the rapidly developing
area of random orthogonal polynomials. This area, developed in recent
years by J. Geronimo and his co-workers, can be worked out to a certain
extent in analogy with the well-known theory of the Schrödinger operator.
We indicate some of the main results.
We turn to a random bifurcation problem in Section 4-6. Motivated by

work of K.R. Schenk-Hoppè and others including B. Schmalfuß, L. Arnold
and N. Sri Namachchivaya [9, 71, 72, 73], we study a Duffing-van der Pol
oscillator driven by a special type of non-periodic real noise. We present a
result which, although somewhat artificial, is “rough” in a sense which we
feel is important in random bifurcation problems. Our goal is to shed light
on the first step of a well-known “two-step” bifurcation pattern discussed
in the papers indicated above.
In the final Section 7, we briefly consider other questions to which meth-

ods of topological dynamics and ergodic theory have been usefully applied.
First, there is the recent ergodic classification theory for two-dimensional,
random linear ODEs worked out by Alonso-Novo-Nuñez-Obaya [1, 58, 57,
59], by Cong and by Oseledets [20, 60, 61], and by Thieullen [80]. Sec-
ond, there is recent work on hyperbolic behaviour in quasi-periodic, two-
dimensional ODEs by R. Fabbri [25, 26]. Third, M. Nerurkar and the
present author have considered basic questions in the theory of random
linear control processes using the methods discussed here [45, 49, 48, 47].
Finally, Shen and Yi [76, 77, 78, 79] have used ideas of topological dynamics
in their study of semilinear parabolic PDEs.
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2 Basic theory

In developing the basic theory of differential systems driven by real noise,
we find it convenient to take as a starting point a single non-autonomous
linear differential equation

x′ = a(t)x x ∈ Rn, (2)

and to “randomize” it. We take a(·) to be a bounded measurable function
defined on R with values in the set Mn of n× n real matrices. We will see
later how to randomize non-linear equations, as well.
The basic construction is very well-known and goes back at least to

Bebutov [12]; see also Miller [55] and Sell [75]. There are several variations
on the basic idea; we consider the following one. Let Ln = L∞(R,Mn)
with the weak∗ topology defined by an → a in Ln iff

∫∞
−∞ an(t)ϕ(t) dt →∫∞

−∞ a(t)ϕ(t) dt for each ϕ ∈ L1(R). There is a natural one-parameter group
of linear maps {τt} on Ln defined by translation:

(τta)(s) = a(t+ s) a ∈ Ln; t, s ∈ R.
This group defines a topological flow on each invariant norm-bounded set
B ⊂ Ln; that is to say, the map (a, t) → τt(a) : B × R → B is continuous
when Ln has the weak∗ topology.
Returning to equation (2), define the hull Ω = Ω(a) in the following way:

Ω = cls {τt(a) | t ∈ R} ⊂ Ln.

The closure is taken in the weak∗ topology. Each point ω ∈ Ω defines a
linear differential equation

x′ = ω(t)x. (2)ω

The collection of equations (2)ω (ω ∈ Ω) is the randomization of (2).
Let φ(ω, t) be the n× n matrix solution of (2)ω such that φ(ω, 0) = I =

n × n identity matrix. Then φ : Ω × R → GL(n,R) is continuous, and φ
satisfies the cocycle identity

φ(ω, t+ s) = φ(τt(ω), s)φ(ω, t) (3)

for all ω ∈ Ω; t, s ∈ R. As L. Arnold has emphasized, the cocycle property
is non-trivial for solutions of stochastic ODEs, see e.g. [4].
So far, we have introduced a framework for the study of equation (2)

which permits the application of methods of topological dynamics (since Ω
carries a continuous flow). We can also apply ergodic theoretic methods (see
[82]). The reason is that, according to a basic construction of Krylov and
Bogolioubov (e.g., [56]), there always exists at least one Radon probability
measure µ on Ω which is ergodic in the usual sense. That is: (i) µ(τt(B)) =
µ(B) for each t ∈ R and each Borel set B ⊂ Ω; (ii) µ is indecomposable in
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the sense that, if B ⊂ Ω is a Borel set such that µ(τt(B)∆B) = 0 for each
t ∈ R (∆ =symmetric difference), then µ(B) = 0 or µ(B) = 1. Thus the
Birkhoff theorem, the Oseledets theorem, and other basic ergodic-theoretic
tools are available for the study of (2)ω.
Next we consider linear ODEs driven by a bounded real noise process

{ξt} which values in Mn:

x′ = ξtx. (4)

By introducing an appropriate shift space, we can study such equations
in the framework introduced above; see, e.g., [43] for details. Assume that
{ξt} is a stationary ergodic, Mn-valued, bounded process which is jointly
measurable and stochastically continuous with respect to its underlying
probability space (Ω′, µ′) [24]. For each ω′ ∈ Ω′, consider the following
element of Ln:

t → ξt(ω′).

Write ω = i(ω′) for this element, and consider the map i : Ω′ → Ln. Let
Ω = cls {i(ω′) | ω′ ∈ Ω′}, the weak∗-closure. Then Ω is weak∗-compact and
is invariant with respect to the translation flow {τt}. Moreover, the image
measure i(µ′) = µ on Ω can be shown to be Radon and {τt}-ergodic. We
can if we wish replace (4) by the family of equations (2)ω (ω ∈ Ω); no
information is lost by doing so, and the compact metric topology on Ω is
gained.
Of course the above construction can also be applied to non-stationary

bounded real noise processes.
We can also randomize non-linear ordinary differential equations. Con-

sider the equation

x′ = f(t, x) x ∈ Rn, t ∈ R (5)

where f : R × Rn → R
n is jointly measurable and moreover uniformly

bounded and uniformly Lipschitz continuous on each set R × K where
K ⊂ R

n is compact. Let Fn be the vector space of locally Lipschitz con-
tinuous functions ϕ : Rn → R

n, endowed with the topology of uniform
convergence on compact sets. Then f defines a measurable map from R

to Fn. Introduce a weak∗ topology on the space of such maps as follows:
fn → f iff

∫∞
−∞ fn(t, x)ϕ(t) dt →

∫∞
−∞ f(t, x)ϕ(t) dt uniformly in compacts

K ⊂ Rn for each ϕ ∈ L1(R). Clearly the closure Ω of the set of translates of
f with respect to the natural one-parameter group {τt} of shifts is compact
and invariant. Thus equation (5) is just one equation in the compact family
of differential equations

x′ = ω(t, x) (5)ω
where ω runs over Ω.
It is clear that the above considerations can be modified to treat a dif-

ferential equation

x′ = f(ξt, x) (6)
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which is driven by a real noise process {ξt}. Under mild conditions on f
and {ξt}, one obtains a compact family of equations (5)ω which “contains”
(6).
It is also clear that the class Fn of functions we chose may not be the most

convenient in all applications. One may want to impose growth conditions
with respect to x as in [9], or more stringent smoothness conditions.
The upshot is that the real noise driven equation (1) and the nonautono-

mous equation (5) can be studied in a framework which permits the ap-
plication of tools of topological dynamics and ergodic theory. We turn to
a discussion of certain of these tools, namely the Lyapounov exponent,
the concept of exponential dichotomy, and the rotation number. These all
make up part of the theory of linear nonautonomous resp. noise-driven
ordinary differential equations. We will not attempt to survey the pertur-
bation methods involving invariant manifold theory which allow one to
utilize information about linear equations to study the solutions of non-
linear equations. We refer to Boxler [13], Latushkin [53], Wanner [83, 84],
and Yi [85, 86] for information on this topic.
Our discussion of Lyapounov exponents will be brief. They will need

no introduction to many readers of this volume, and moreover they are
discussed in detail in [2]. Return to equations (2)ω. Fix an ergodic measure
µ on Ω. The maximal Lyapounov exponent β = β(µ) is defined as

β = lim
t→∞

1
t
log ‖φ(ω, t)‖.

It is well-known that this limit exists for µ-a.e. ω, and that the µ-a.e.
limit is independent of ω (but may depend on the ergodic measure µ).
More generally, for µ-a.e. ω and 0 �= x0 ∈ Rn, one defines the individual
Lyapounov exponents

β±(x0) = β±(x0, µ) = lim
t→±∞

1
t
log ‖φ(ω, t)x0‖.

It is well-known how the Oseledets theory [61] translates the properties of
these exponents into a decomposition of the product space Ω × Rn into a
direct sum of measurable, φ-invariant vector subbundles. See, e.g. [2, 4] for
an excellent exposition.
Next we consider the notion of exponential dichotomy, or ED, for equa-

tions (2)ω.

Definition 2.1. Say that equations (2)ω admit an exponential dichotomy
if there exist constants K > 0, γ > 0 and a continuous projection-valued
function ω → P (ω) such that the following estimates hold:

‖φ(ω, t)P (ω)φ(ω, s)−1‖ ≤ Ke−γ(t−s) (t ≥ s)

‖φ(ω, t)(I − P (ω))φ(ω, s)−1‖ ≤ Keγ(t−s) (t ≤ s).
(7)
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Of course P (ω) : Rn → R
n is a linear projection in Rn (ω ∈ Ω). We note

that an ED gives rise to a hyperbolic φ-invariant splitting of the product
Ω×Rn: in fact, putting V +(ω) = ImP (ω) ⊂ Rn and V −(ω) = KerP (ω) ⊂
R
n, the hyperbolic splitting in question is Ω × Rn = V + ⊕ V − where V ±

are the vector bundles

V + = ∪{V +(ω) | ω ∈ Ω}, V − = ∪{V −(ω) | ω ∈ Ω} ⊂ Ω× Rn.

The theory of exponential dichotomies has been developed by Coppel
[23], Palmer [62, 63], Sacker-Sell [69, 70], Yi [85, 86] and many other au-
thors. It is closely related to the theory of integral separation (e.g., [15, 14]);
see Bronstein-Chernii [14] for the exact relationship between the two con-
cepts. Exponential dichotomies are important in applications because of
their excellent roughness (or robustness) properties. Note that there is no
reference to an ergodic measure µ on Ω in the definition of ED: it is a
method of topological dynamics (of linear ODEs).
We turn finally to a discussion of rotation numbers. We consider equa-

tions (2)ω. Let µ be a fixed ergodic measure on Ω. In the case n = 2, define
the rotation number α = α(µ) as follows:

α = lim
t→∞

θ(t)
t
. (8)

Here θ(t) = arg x(t) is a continuous determination of the argument of a
solution x(t) = φ(ω, t)x0 of (2)ω with x0 �= 0. One can show that the limit
is well-defined and independent of (ω, x0) in a set of the form Ω0×(R2−{0})
where Ω0 ⊂ Ω has full µ-measure [44].
This quantity has basic applications to the theory of the random Schröd-

inger operator [44] and to the random AKNS operator [19]. See also [11, 16].
We will see in Section 3 below that it is of importance in the theory of
random orthogonal polynomials, as well [30, 29].
There is also a rotation number α for higher-dimensional Hamiltonian

systems. Namely, suppose that the elements ω = ω(·) in Ω takes values
in the Lie algebra sp(n,R) of infinitesimally symplectic 2n × 2n matrices
[5]. Let J =

(
0 −In
In 0

)
be the usual 2n × 2n rotation matrix. Recall

that an n-dimensional vector subspace S ⊂ R2n is called a Lagrange plane

if the inner product < x, Jy >= 0 for all x, y ∈ S. Let Λ be the
n(n+ 1)

2
-

dimensional manifold of all Lagrange planes {S}. Finally, let C ⊂ Λ be the
Maslov cycle: C = {S ∈ Λ | S ∩ S0 �= {0}}, where S0 is the fixed Lagrange
plane Span {e1, . . . , en} ⊂ R2n.
Now, if S ∈ Λ, then the image plane φ(ω, t)S is also an element of Λ,

for ω ∈ Ω and t ∈ R. Thus t �→ φ(ω, t)S defines a curve c with values in
Λ. If c(t0) ∈ C for some t0 ∈ R, then one can define a local intersection
number of c with C at t0 [5]. Using transversality arguments, one can then
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define an intersection number i(T ) which counts up the local intersection
numbers t0 which lie between t = 0 and t = T .
Now define the rotation number

α = lim
T→∞

i(T )
T

.

It turns out that, if µ is an ergodic measure, then α is well-defined and
constant on a set of the form Ω0×Λ, where µ(Ω0) = 1. The basic properties
of the rotation number are worked out in [42, 46]; see also [68]. In particular,
[46] proves a basic result relating the rotation number to the exponential
dichotomy concept. Namely, consider

x′ = [ω(t) + λJB(τt(ω))]x (9)

where B : Ω → M is a continuous, symmetric matrix-valued function
which is positive semi-definite and satisfies an Atkinson type condition [10,
Chpt. 9] with respect to the solutions of x′ = ω(t)x. The rotation number
α (with respect to a fixed ergodic measure µ on Ω) becomes a function of
the “spectral parameter” λ : α = α(λ). One has:

Theorem 2.2 ([46]). Redefine Ω to be the topological support of the mea-
sure µ. Suppose that (9) satisfies the conditions stated above, in particular
the Atkinson condition. Then if α(λ) is constant on a non-empty open in-
terval I ⊂ R, equations (9) admit an ED over Ω for each λ ∈ I.

The two-dimensional version of this theorem was proved in [41]. It is
interesting to note that the Atkinson condition has a control-theoretic in-
terpretation; see [47] for this and for an application of Theorem 2.2 to the
random feedback stabilization problem.
We finish this paragraph by noting that others have done substantial

work on developing the theory of higher-dimensional rotation numbers; see
in particular Arnold-San Martin [8] and Imkeller [38]. The topic represents
an interesting unfinished chapter in the theory of random differential equa-
tions.

3 Random Orthogonal Polynomials

The theory of random orthogonal polynomials on the unit circle has been
developed in the last ten years or so by J. Geronimo and his co-workers
(e.g., [28, 30, 29, 31]). Our goal here is to indicate how certain basic parts of
the theory can be developed in a systematic way using the theory of random
differential equations. Then we go on to outline the solution of an inverse
problem for random polynomials; the information thus obtained sheds light
on a class of orthogonal polynomials recently considered by Peherstorffer
and Schmidtbauer [65].
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To begin, letK ⊂ C be the unit circle, and let σ be a probability measure
on K whose topological support is an uncountable set. The corresponding
set {ϕn(z) | n = 1, 2, . . . } of normalized orthogonal polynomials can be
obtained by applying the Gram-Schmidt process to the set {1, z, z2, . . . } ⊂
L2(K,σ). There is an alternative and very useful method for defining the set
{ϕn} which we now outline; see Geronimus [32] for details. The fact is that
there exist unique complex numbers α1, α2, . . . , αn, . . . , each of modulus
strictly less than one, such that, if

T (z, n) = an

(
z αn

αnz 1

)
with an = (1− |αn|2)−1/2, then(

ϕn(z)
ϕ∗n(z)

)
= T (z, n)T (z, n− 1) · · ·T (z, 1)

(
1
1

)
(10)

for n = 1, 2, . . . . Here ϕn(z) is the nth orthogonal polynomial defined by
σ, and ϕ∗n(z) = znϕn(1/z), where the bar indicates that one takes the
complex conjugate of each coefficient of ϕn. One has the following relation
between {αn} and {ϕn}:

αn =
ϕn(0)
ϕ∗n(0)

. (11)

Conversely, each sequence α1, α2, . . . , αn, . . . of complex numbers of mod-
ulus less than one determines a unique probability measure on K with
respect to which the polynomials ϕn defined by (10) are orthogonal.
Formula (10) clearly indicates that, if the “reflection coefficients” {αn}

are appropriately randomized, then one can study certain aspects of the
family of polynomials {ϕn} by using methods of topological dynamics and
ergodic theory. The randomization can be carried out in a simple way if
{αn} satisfies mild conditions. We omit details, and jump ahead to the end
result which will define the setup in which we wish to work.
Thus let Ω be a compact metric space, let τ : Ω → Ω be a homeomor-

phism, and let µ be a Radon measure on Ω which is ergodic with respect
to τ (in the usual sense). Let g : Ω → C be a measurable function with
|g(ω)| < 1 for all ω ∈ Ω. Define

αn = g(τn−1(ω)) −∞ < n <∞ (12)

for a fixed ω ∈ Ω. We say that {αn} is a random set of reflection coefficients.
(Note that our setup requires that {αn} be biinfinite.) The sequence {ϕn}
of orthogonal polynomials defined by (12) and (10) now depends on ω, as
does the corresponding probability measure σ = σω on K.
It is convenient to assume that

| g |∞ = ess sup
ω

|g(ω)| < 1.
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For each 0 �= z ∈ C, we introduce a discrete cocycle φz = φz(ω, n) with
values in GL(2,C), or more precisely with values in the Lie subgroups [35]
U(1, 1) ⊂ GL(2,C):

φz(ω, n) = Tω(z, n)Tω(z, n− 1) · · ·Tω(z, 1) n > 0
φz(ω, 0) = I

φz(ω, n) = φ(Tn(ω),−n)−1 n < 0.

We have written Tω to indicate the dependence of T on ω ∈ Ω. By (10),
one has (

ϕn(ω; z)
ϕ∗n(ω; z)

)
= φz(ω, n)

(
1
1

)
.

We wish now to transform the “discrete” cocycle φz to a continuous cocycle
φ̂z = φ̂z(ω̂, t), i.e. a fundamental matrix solution of a differential equation.
This can be achieved by using the so-called suspension construction [82].
We indicate briefly how to suspend the integer flow (Ω, τ). Define an equiv-
alence relation E on Ω×R by stating that (ω, t) and (ω′, t′) are equivalent
iff ω′ = τn(ω) and t′ = t− n for some n ∈ Z. Let Ω̂ = (Ω× R)/E . Then Ω̂
is a cylinder Ω× [0, 1] with the “ends” Ω× {0} and Ω× {1} identified via
(ω, 1) ∼ (τ(ω), 0). Write [ω, s] for the equivalence class of (ω, s) ∈ Ω × R.
A natural real flow {τ̂t} on Ω̂ is given by τ̂t[ω, s] = [ω, s+ t].
For each t ∈ R, there is a natural mapping it of Ω into Ω̂ given by

it(ω) = [ω, t]. If B ⊂ Ω̂ is a Borel set, define

µ̂(B) =
∫ 1

0
µt(B) dt.

It turns out that µ̂ is a Radon measure on Ω̂ which is ergodic with respect
to the flow {τ̂t}.
The real flow (Ω̂, {τ̂t}) is the suspension of (Ω, τ), and µ̂ is the suspension

of µ. This well-known construction is reviewed in [30]. The result is a real
cocycle defined on Ω̂ × R with values in U(1, 1). This real cocycle turns
out to be a natural function not of z but of λ = −i log z; hence we refer to
this cocycle with the notation φ̂λ(ω̂, t). It further turns out that φ̂λ is the
fundamental matrix solution of an Atkinson-type spectral problem

J0x
′ = [A(τ̂t(ω̂)) + λB(τ̂t(ω̂))]x. (13)

Here J0 =
(

i 0
0 −i

)
, A and B are Hermitean symmetric 2× 2 complex

matrix functions on Ω̂, and B is negative semi-definite. If ω ∈ Ω and ω̂ =
[ω, 0] ∈ Ω̂, then one has the basic relation

φ̂λ(ω̂, n) = φz(ω, n) = Tω(z, n) · · ·Tω(z, 1) (14)
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for n ≥ 1 and λ = −i log z.
The relation (14) when combined with (10) allows one to study orthogo-

nal polynomials by using facts about the spectral problem (13). In turn, one
tries to study (13) by generalizing results about the random Schrödinger
equation (which is a special case of (13)). The random Schrödinger equation
has a well-developed theory whose systematic development was begun in
[44], and which one can read about in the book by La Croix and Carmona
[16]. Many of the basic results of this theory indeed extend to (13). The
main tools used to carry out the extension are the Lyapounov exponent,
the rotation number, the ED concept, and the Weyl m-functions.
In the rest of this section, we define the m-functions and also briefly

discuss the rotation number for (13) (note that A and B are complex matrix
functions and so the definition in Section 2 does not immediately apply).
Then we review some basic results concerning the orthogonal polynomials
{ϕn = ϕn(ω; z)} and related quantities, resp. the reflection coefficient and
the orthogonality measures σ = σω.
The m-functions can be defined in terms of exponential dichotomy. One

first proves that, for each z ∈ C \ {0} with |z| �= 1, the cocycle φz admits
an ED over Ω. It turns out that the projection P (·) of Definition 2.1 has
rank 1, so Ω× C2 splits as a direct sum of φz-invariant line bundles:

Ω× C2 = V + ⊕ V −.

We can write the fiber V +(ω) of V + over ω ∈ Ω as Span
(

1
m+(ω; z)

)
,

i.e. m+(ω; z) is the complex projective coordinate of this fiber. Similarly
V −(ω) has the complex projective coordinate m−(ω; z). The functions m+
and m− are the Weyl m-functions of the (randomized) system (10).
The rotation number can be defined in a way which is analogous to the

manner of definition of the integrated density of states for the random
Schrödinger operator. See [31] and also [30] for this definition. The defini-
tion we now give is more flexible in certain situations. We change variables:

x = Cu, C =
1√
2

(
1 −i
−1 −i

)
.

In the u-coordinates, equation (13) takes the form(
0 −1
1 0

)
u′ =

[
iλ

(
0 −d0
d0 0

)
+ Ã+ λB̃

]
u, (15)

where Ã and B̃ are real symmetric matrix-valued functions defined on Ω̂
and d0 is real. If we neglect the d0-term, we have a random system of 2× 2
ODEs, and we can define the rotation number as in Section 2:

ρ = ρ(λ) = lim
t→∞

θ(t)
t
.
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We use ρ instead of α to avoid confusion with the reflection coefficients. By
gazing at equation (15), the reader can see why it is natural to ignore the
d0-term in the definition of ρ.
Now we review some basic results regarding random orthogonal polyno-

mials. They are all proved in [30].

1. Consider the orthogonality measure σ(dz) = σω(dz) on the unit circle
K ⊂ C. The complement in the topological support of σω of the set of
isolated points is independent of ω for µ-a.a. ω, and can be described as
the set of non-constancy points of the monotone non-increasing function
ρ(−i log z) for |z| = 1. Thus this complement Σ (the “essential spectrum”)
can be simply described in terms of the rotation number ρ.

2. (Gap-Labelling) The intervals in the open set K − Σ can be labelled
by the values of ρ(−i log z); for z ∈ K − Σ, these values lie in a countable
subgroup of R which is determined by the topology of Ω̂.

3. (Pastur-Ishii) If the Lyapounov exponent β = β(z) of the cocycle φz
is positive on a Borel set B ⊂ K, then for µ-a.a. ω, there is no absolutely
continuous component of σω(dz) in B.

4. (Kotani) For µ-a.e. ω, the absolutely continuous component σacω of σω
is essentially supported on {z ∈ K | β(z) = 0}; this set is µ-a.e. independent
of ω.
The results are given names according to their analogues in the theory

of the random Schrödinger operator. The proofs of all except the second
result make essential use of the Weyl functions. The gap-labelling result
uses the well-known Schwarzmann homomorphism [74].
The first result can be expressed in an equivalent way by stating that

the open set K \ Σ ⊂ K is the set of z ∈ K for which φz admits an ED
(compare with Theorem 2.2). This observation is a basic conceptual link
between general one-parameter problems such as (13), and the spectral
theory of the random Schrödinger operator: the “spectrum” in a given
problem is the complement of the subset of parameter space where ED
holds.
We finish our discussion of random orthogonal polynomials by outlin-

ing an inverse problem, its solution, and its relation to some work of
Peherstoffer-Schmidtbauer [65]. Return to the set Σ introduced in Result 1
above: it is (for µ-a.a. ω) the essential support of the orthogonality measure
σω. Assume that:

(i) Σ=[z0, z1]∪. . .∪[z2N−2, z2N−1] is a finite union ofN (non-degenerate)
closed arcs in K;

(ii) β(z) = 0 for Lebesgue-a.a. z ∈ Σ.
Here the points z0, . . . , z2N−1, z2N = z0 are ordered (say) counter-clockwise
on K.
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Starting from the mild-looking assumptions (i) and (ii), one can derive
an explicit description of the data (Ω, τ, µ) and explicit formulas for the
reflection coefficients {αn}. Briefly, the set Ω is a real subtorus of a gen-
eralized Jacobean J0(C) of a certain algebraic curve C, and the αn are
obtained by evaluating a meromorphic function on J0(C) along a discrete
quasi-periodic winding. One has the additional fact that the Lyapounov
exponent β(z) is the Green’s function associated with the set Σ ⊂ C, i.e.
β is harmonic on C \ Σ, β − log z is harmonic at z =∞, and β(z) = 0 for
z ∈ Σ.
We introduce the starting point of the passage from assumptions (i) and

(ii) to the above conclusions. First of all, one extends the Kotani result
4. above to show that, for each ω ∈ Ω, the m-functions m±(z) extend
holomorphically though the set (z0, z1) ∪ . . . ∪ (z2N−2, z2N−1). (They are
automatically holomorphic in C − K.) Moreover, if e.g. m+ is extended
from {z | |z| > 1} through such an interval to {z | |z| < 1}, then the
extension h(z) equals m−(z) for |z| < 1. One has analogous statements for
the other three combinations of m± with the interior and exterior of K.
Using this fact, one shows that, for each fixed ω ∈ Ω, the Weyl functions

“glue together” to form a single meromorphic function M = Mω on the
Riemann surface C of the relation

w2 = (z − z0)(z − z1) · · · (z − z2N−1).

One is led to study the finite poles P1(ω), . . . , PN (ω) of the function Mω,
and in addition the “pole motion” n → {P1(τn(ω)), . . . , PN (τn(ω))}. In
fact, one can recuperate the “retarded” reflection coefficient α1(τ−1(ω)) as
a meromorphic function of the poles P1(ω), . . . , PN (ω). It turns out that
the pole motion is quasi-periodic, and one can then show that the reflection
coefficients αn = α1(τn−1(ω)) are quasi-periodic in n, as well. This idea
was applied to the Schrödinger operator in [19].
For the details of the algebro-geometric considerations which lead to

these conclusions we refer to [29]. There one also finds a discussion of the
relation between these results and those of [65]. The latter authors in-
vestigate polynomials which are orthogonal with respect to special weight
functions supported on a finite or countable union of subarcs of K. Start-
ing from expressions for the weight functions, they obtain simple formulas
which allow a detailed study of the corresponding polynomials. The poly-
nomials obtained in [29] turn out to be a subclass of those of [65].
It would be interesting to know if every family {ϕn(z)} of orthogonal

polynomials of [65] is quasi-periodic or asymptotically quasi-periodic in
n. One might conjecture that the larger class of polynomials in [65] can
be obtained by applying algebro-geometric methods to random sequences
{αn} of reflection coefficients for which Σ is a finite or countably infinite
union of arcs, and β(z) = 0 for z ∈ Σ. See [33] for techniques which should
be useful in addressing this question.
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4 A Random Bifurcation Problem: Introduction

In this and succeeding two sections, we will consider a bifurcation problem
for a random differential system, specifically a caricature of the parametri-
cally perturbed Duffing-van der Pol oscillator

v′′ = (α+ ξt)v + βv′ − v2v′ − v3, (16)

where α, β are real parameters and ξt is a stationary ergodic process. When
ξt ≡ 0, Holmes and Rand [37] analyzed the breakdown of stability of the
solution v = v′ = 0 of (16) in various regions of the (α, β)-parameter space.
Motivation for studying the random version of (16) can be found in [9].
K.R. Schenk-Hoppè [71] carried out a numerical study of (16) in the case

when ξt is white noise. He obtained clear evidence of a very interesting “two-
step” bifurcation pattern when α = −1 and β increases. In the first step,
the solution v = v′ = 0 loses stability to a convex combination of two Dirac
measures. In the second step, this random discrete measure loses stability in
its turn, and a random invariant circle appears. In further papers, Schenk-
Hoppè and others [9, 72, 73] have further discussed this 2-step scenario. In
particular, [73] contains sufficient conditions for the existence of a random
invariant annulus centered at 0 ∈ R2.
We have two main goals in the present discussion. One is to give “ro-

bust” sufficient conditions for the appearance of the first step in the above
bifurcation scenario. By robustness we mean the following: if ξt is a sta-
tionary ergodic process for which the sufficient conditions hold, then every
“nearby” stationary ergodic process should satisfy the same conditions.
Thus the first step will appear for all nearby processes, as well.
Our second goal is to present intuitive evidence that, for a non-periodic

real noise process ξt, the first bifurcation step (when it appears) cannot
be expected to take place at a single parameter value βc. Instead, the
breakdown of stability can be expected to take place in an interval in
the β-parameter space. We might call this a “parameter-intermittency”
phenomenon. It is of a nature quite different from the intermittency phe-
nomenon found in [51].
We will work under two hypotheses (see H1 and H2 below) on the sta-

tionary ergodic process ξt. The first hypothesis is far from necessary, but it
will simplify our discussion of robust sufficient conditions for the first step
of the bifurcation scenario. The hypothesis H2 is, however, fundamental in
the (topological) theory we give here.
Let us write down our hypotheses on the process ξt. Recall that the flow

(Ω, {τt}) is said to be minimal, or recurrent in the sense of Birkhoff, if each
orbit {τt(ω) | t ∈ R} is dense in Ω (ω ∈ Ω).
Hypothesis H1. The flow (Ω, {τt}) is minimal, and in addition supports
a unique ergodic measure µ. Furthermore, there is a continuous function
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g : Ω→ R such that

ξt(ω) = g(τt(ω)) (ω ∈ Ω, t ∈ R). (17)

We mention that all almost periodic minimal flows are uniquely ergodic,
i.e. support a unique ergodic measure. So are many Furstenberg-type mini-
mal distal flows [27]. The condition (17) implies that t→ ξt(ω) is uniformly
continuous for all ω ∈ Ω.
Let us agree to incorporate the constant α in the process ξt from now

on. Thus we do not require that the mean value lim
t→∞

1
t

∫ t

0
ξs(ω) ds =∫

Ω
g(ω) dµ(ω) be equal to zero. Writing w = v′, we can express (16) as

a family of equations

x′ =
(
v

w

)′
=

(
0 1

ξt(ω) β

)(
v

w

)
−

(
0

v2w + v3

)
. (18)ω

We will often suppress the subscript ω in referring the equations (18)ω and

to similar families of equations. If ω ∈ Ω and x0 =
(
v0
w0

)
∈ R2, write x(t)

for the local solution of (18)ω which satisfies x(0) = x0. One checks that
the map (ω, x0)→ (τt(ω), x(t)) defines a local flow on Ω× R2. See [73] for
important properties of this local flow. Let us now consider the linear part
of (18)ω:

x′ =
(
v

w

)′
=

(
0 1

ξt(ω) β

)(
v

w

)
. (19)ω

Let φβ(ω, t) be the cocycle defined by equations (19)ω. Write λ(β) for the
maximal Lyapounov exponent of φβ with respect to µ (see Section 2):

λ(β) = lim
t→∞

1
t
log ‖φβ(ω, t)‖.

We also introduce the “traceless” equations(
v

w

)′
=

( −β/2 1
ξt(ω) β/2

)(
v

w

)
, (20)ω

and let λ0(β) be the maximal Lyapounov exponent of equations (20)ω.
Clearly

λ(β) = λ0(β) + β/2. (21)

We will assume that it is not the case that the solution v = v′ = 0 of
(16) is asymptotically stable for all β ∈ R (otherwise no bifurcation theory
would be possible). More precisely, define

βc = sup{β ∈ R | for all β̃ < βc, λ(β̃) < 0}. (22)
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We assume that βc is a real number. It would be interesting to obtain
general conditions on ξt which ensure that βc ∈ R. We pause to note that,
when H1 holds, βc can be defined pointwise with respect to ω ∈ Ω. In fact,
for each ω ∈ Ω, define βc(ω) = sup{β̃ ∈ R | for all β̃ < βc(ω), equation
(19)ω admits v = w = 0 as a uniformly asymptotically stable fixed point}.
One has:

Proposition 4.1. Suppose that (H1) holds, and suppose that βc(ω) is a
real number for at least one ω ∈ Ω. Then the quantity βc defined in (21) is
a real number, and βc = βc(ω) for every ω ∈ Ω.

The proof of this fact uses the unique ergodicity and the minimality of
(Ω, {τt}), as well as some structure theory of this class of random, two-
dimensional ODEs [39].
We impose a second hypothesis which will be very important in the

theory to be developed in Section 5. An example in which both Hypothesis
H1 and Hypothesis H2 are satisfied will be given in Section 6 below.

Hypothesis H2. The traceless equations (20)ω admit an exponential di-
chotomy at the critical value β = βc.

An equivalent formulation (in the context of minimal flows (Ω, {τt})) is
that equations (19)ω admit a “(1, 1)-exponential separation” [15].
Hypothesis H2 has a corollary which we state immediately. Namely, stan-

dard roughness results for ED [23, 70] imply that there is a δ > 0 such that
equations (20)ω admit an ED on the closed interval [βc − δ, βc + δ]. More-
over, the projection-valued function P = P (ω, β) is jointly continuous on
Ω × [βc − δ, βc + δ] (and is in fact real-analytic in β for each fixed ω ∈ Ω,
see [40]). Using the unique ergodicity of (Ω, {τt}), one can also show that
β → λ0(β) is continuous on [βc − δ, βc + δ] [50].
Observe that, at the initial value β = βc, one has λ0(βc) = λ(βc)−βc/2 =

−βc/2 (see (21)). Since Hypothesis H2 implies that λ0(βc) > 0, we conclude
that βc must be negative.

5 Robustness of Random Bifurcation

We will analyze the random equation(
v

w

)′
=

(
0 1

ξt(ω) β

)(
v

w

)
−

(
γv3

v2w + v3

)
(23)

where the process ξt is minimal and uniquely ergodic as described in Sec-
tion 4. If γ = 0, we obtain the Duffing-van der Pol oscillator. The consid-
erations of this section will be valid for all real γ. Fix a real value of γ for
the rest of Section 5.
Our goal is to introduce robust conditions which ensure that the local

flow on Ω × R2 induced by (23) admits a compact attractor Aβ disjoint
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from Ω×{0} for at least some values β > βc. The first step is to write out
equations (23) in polar coordinates (r, θ) defined by v = r cos θ, w = r sin θ:

r′=r
{
ξt+1
2 sin 2θ + β sin2 θ

}
−r3 {cos2 θ sin2 θ + cos3 θ sin θ + γ cos4 θ

}
θ′=

{
ξt cos2θ−sin2θ+β sin θ cos θ

}−r2{cos4θ+(1−γ) cos3θ sin θ} . (24)

Note that, if θ = θ(t) is a given continuous function, then the r-equation in
(24) can be integrated immediately via the substitution z = 1/r2. In fact,
write

a(t) =
ξt + 1
2

sin 2θ(t) + β sin2 θ(t)

b(t) = cos2 θ(t) sin2 θ(t) + cos3 θ(t) sin θ(t) + γ cos3 θ(t).

Suppose that lim
t→−∞

1
t

∫ t

0
a(s) ds > 0. Then one sees that

r(t) =
{
2
∫ t

−∞
b(s) exp

[
2
∫ s

t

a(u) du
]
ds

}−1/2
(25)

is a solution of the r-equation, at least for those values of t for which the
quantity in brackets is positive. This solution will be useful later on.

Next, recall that the traceless version x′ =
( −β/2 1

ξt β/2

)
x of the

linear system

x′ =
(
v

w

)′
=

(
0 1

ξt(ω) β

)(
v

w

)
(26)

has an exponential dichotomy in an interval [βc−δ, βc+δ] where δ > 0. Fix β
in this interval, and let Ω×R2 = V +⊕V − be the subbundle decomposition
discussed after Definition 2.1. One checks that V + and V − are invariant
with respect to the flow on Ω × R2 induced by the solutions of (26) (i.e.,
the flow (ω, x0, t) → (τt(ω), x(t)) where x(t) is the solution of (26)ω with
x(0) = x0).
It will be convenient to “localize” the nonlinear system (23) around the

unstable bundle V −. We explain the localization construction. Let K be the
unit circle in R2, and define S=(Ω×K) ∩ V −. Thus S is the “trace” of the
vector bundle V − on the circle bundle Ω ×K. Now, Ω is connected since
(Ω, {τt}) has dense orbits. It follows that there are two possibilities for S:
either it is connected, or it consists of two connected components. Let Ω̂
be a connected component of S. Then Ω̂ = S if the first possibility holds.
In this case the projection π : Ω̂→ Ω: (ω, x) �→ ω gives Ω̂ the structure of a
topological 2-cover of Ω. In the second case, π : Ω̂→ Ω is a homeomorphism.
It is easily seen that the flow on Ω×R2 defined by (26) induces a flow {τ̂t}
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on Ω̂ such that π is a flow homomorphism, i.e., π(τ̂t(ω̂)) = τt(π(ω̂)) for
all ω̂ ∈ Ω̂. Furthermore, (Ω̂, {τ̂t}) is minimal and admits a unique ergodic
measure µ̂; of course the projection π∗(µ̂) equals µ.
Having defined the set Ω̂, we observe that the map Ω̂ → K : (ω, x) �→ x

is well-defined and continuous. We introduce the polar angle θ−: Ω̂ → R:
ω̂ �→ argx where arg is the usual argument relation. This angle is only
defined mod 2π, but it will occur exclusively in the arguments of 2π-periodic
functions. So we will be justified in making free use of this polar angle.
Now fix ω̂ ∈ Ω̂ and θ ∈ R, and let ω = π(ω̂). Write

a(ξt, θ) =
ξt + 1
2

sin 2θ + β sin2 θ

b(θ) = cos2 θ sin2 θ + cos3 θ sin θ + γ cos4 θ
C(ξt, θ) = ξt cos2 θ − sin2 θ + β cos θ sin θ

c(ξt, θ) =
∂C

∂θ
(ξt, θ) = −(ξt + 1) sin 2θ + β cos 2θ

d(ξt, ψ, θ) =


[C(ξt, ψ + θ)− C(ξt, θ)− c(ξt, θ)ψ]/ψ2 (ψ �= 0)
1
2
∂2C

∂θ2
(ξt, θ) (ψ = 0)

e(θ) = −{cos4 θ + (1− γ) cos3 θ sin θ}.
Let θ−(t) = θ−(τ̂t(ω̂)) be a continuous determination of the polar angle,
and write ψ = θ − θ−(t). The equations (24) take the form

r′ = a(ξt, ψ + θ−(t))r − b(ψ + θ−(t))r3

ψ′ = c(ξt, θ−(t))ψ + d(ξt, ψ, θ−(t))ψ2 + e(ψ + θ−(t))r2.
(27)

It is understood that ξt = ξt(ω). We have now localized equations (23)
around V −; the result is equations (27). Note that a, c and d involve the
parameter β, while b and e do not.
We study equations (27). Let I = (βc, βc + δ]. Fix a value β ∈ I such

that λ(β) > 0. Using the Birkhoff ergodic theorem and the uniqueness of
µ̂, we have [82]:

lim
|t−s|→∞

1
t− s

∫ t

s

a(ξu, θ−(τ̂u(ω̂))) du = λ(β)

where the convergence is uniform in t, s and ω̂. For later convenience we
note the following corollary of the first fact: There is a constant kβ > 0
such that

1
kβ

e3λ(β)t < exp
[
2
∫ t

0
a(ξs, θ−(τ̂s(ω̂))) ds

]
< kβe

λ(β)t (28)

for all negative values of t : t < 0, and all ω̂ ∈ Ω̂.
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Next note that, by direct calculation,

c(ξt, θ) = β − 2a(ξt, θ).

Hence

lim
|t−s|→∞

1
t− s

∫ t

s

c(ξu, θ−(τ̂u(ω̂))) du = −2λ0(β)

with uniform convergence in t, s and ω̂. Thus ψ ≡ 0 is an exponentially
stable solution of the linear part of the ψ-equation in (27). If we unfix β
for a moment and let it run over [βc, βc + δ], we see that the convergence
is also uniform in β. Thus we can determine a constant k0 > 0 such that

1
k0
e3λ0(β)t < exp

[
−

∫ t

0
c(ξs, θ−(τ̂s(ω̂))) ds

]
< k0e

λ(β)t (29)

for all t < 0, ω̂ ∈ Ω̂ and βc ≤ β ≤ βc + δ.
Again fix β ∈ I such that λ(β) > 0. Return to formula (25): it serves as

motivation to introduce the function

z0(ω̂) = 2
∫ 0

−∞
b(θ−(t)) exp

[
2
∫ t

0
a(ξs, θ−(s)) ds

]
dt, (30)

where θ−(s) = θ−(τ̂s(ω̂)). We assume that z0(ω̂) is positive for all ω̂ ∈ Ω̂.
This holds if,for example, γ is positive and Ω̂ is ”close” to the product of
Ω with the singleton (1,0) in K. We define

r0(ω̂) = {z0(ω̂)}−1/2.

For each ω̂ ∈ Ω̂, the function t �→ r0(τ̂t(ω̂)) is a solution of the r-equation
in (24) when θ = θ−(t). There are (important) constants k1 > 0, k2 > 0
such that

√
2

k1

√
λ(β) ≤ r0(ω̂) ≤ k2√

2

√
λ(β (ω̂ ∈ Ω̂). (31)

Under appropriate conditions on b, these constants can be estimated using
(28) and (31).
It is convenient to introduce several other constants at this point. Recall

the relation (17); i.e., ξt(ω) = g(τt(ω)) where g : Ω → R is a continuous
function. It is convenient to view a as a function of (ω, θ):

a(ω, θ) =
g(ω) + 1

2
sin 2θ + β sin2 θ.

Set
a = sup{|a(ω, ψ + θ)| : (ω, θ) ∈ Ω̂, |ψ| ≤ 2λ(β)}.
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The derivative aθ(ω, θ) = [g(ω) + 1] cos 2θ + β sin 2θ defines a similar con-
stant:

aθ = sup{|aθ(ω, θ)| : (ω, θ) ∈ Ω̂, |ψ| ≤ 2λ(β)}.
In a similar way, we define constants b, bθ, d, dθ, e, eθ.
We now consider the main results of this section.

Theorem 5.1. Suppose that the hypotheses H1 and H2 hold. Let β ∈
(βc, βc + δ] be a number such that λ(β) > 0. Suppose further that there
exists a positive number k3 such that k3 ≤ 1 and such that the following
estimates hold:

2[aθkβk21 + bθkβλ(β)]k3 < min
{
k21
2
,
1
k22

}
, (32)

2ek0k22
λ0(β)

< k3 <
λ0(β)

2dk0λ(β)
(33)

k3 <
1
2aθ

. (34)

Suppose finally that, if LR = 2aθkβk21k
3
2 + 2bθkβk

3
2λ(β), then

[dθk23λ(β)
2 + (2dk3 + eθk

2
2)λ(β) + 2eLR]

k0
λ0(β)

< 1. (35)

Then there is an attractor Aβ ⊂ Ω × R2 for system (23) which is disjoint
from Ω× {0}.

Remark. 1. Of course the conditions (32)-(35) should not be taken too
seriously. There exist examples for which they are fulfilled for an appropri-
ate choice of k3 (see Section 6). We emphasize that these conditions are
robust in the sense discussed earlier; see Theorem 5.2 below.
2. Note that, in order that (35) be valid, the “leading term” with respect to
λ(β) must satisfy

4aθekβk0k21k
3
2

λ0(β)
< 1.

Thus the dichotomy exponent λ0(β) must be sufficiently large.

Proof of Theorem 5.1. Let B be the Banach space of continuous maps(
r

ψ

)
: Ω̂→ R

2 which satisfy

(i)
1
k1

√
λ(β) ≤ r(ω̂) ≤ k2

√
λ(β), (ii) |ψ(ω̂)| ≤ k3λ(β). (36)

Write z = r−2. Define a mapping T with domain B as follows:

T

(
r

ψ

)
=

(
ρ

χ

)
=

(
T1(r, ψ)
T2(r, ψ)

)
,
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where

ρ(ω̂)−2 = 2
∫ 0

−∞

{[
z(t) · (a(ξt, ψ(t) + θ−(t))− a(ξt, θ−(t))) +

+ b(ψ(t) + θ−(t))
]
exp

[
2
∫ t

0
a(ξs, θ−(s)) ds

]}
dt

χ(ω̂) =
∫ 0

−∞
{d(ξt, ψ(t), θ−(t)) · ψ2(t) + e(ψ(t) + θ−(t)) · r2(t)} ×

× exp
[
−

∫ t

0
c(ξs, θ−(s)) ds

]}
dt.

Here and below, we write r(t) = r(τ̂t(ω̂)), z(t) = z(τ̂t(ω̂)) = r(t)−2, etc.
We will show that T maps B into B and has enough contractivity prop-

erties to ensure that it has a unique fixed point in B. The attractor Aβ will
be defined in terms of this fixed point.
We first note that, if r(·) satisfies (36) (i), then so does ρ(·). Indeed, if

we let ζ(ω̂) = ρ(ω̂)−2, then

|ζ(ω̂)− z0(ω̂)| ≤ 2[aθk21k3 + bθk3λ(β)]
kβ
λ(β)

(ω̂ ∈ Ω̂),

so using (32) we get |ζ(ω̂) − z0(ω̂)| ≤ min
{

k21
2λ(β)

,
1

k22λ(β)

}
. This implies

that ρ(·) satisfies (36) (i). In a similar way, one checks using (33) that χ(·)
satisfies (36) (ii) if

(
r

ψ

)
∈ B.

Let us consider the contractivity properties of T . First recall that, if
f is a Frechet differentiable map defined on the closure of an open convex
subset U of a Banach space B, then the Lipschitz constant of f on U equals
sup{‖Df(x)‖ : x ∈ U}.
Fix a function ψ satisfying (36) (ii). Let Tψ(z)=T1(z, ψ) where we mo-

mentarily view T1(·, ψ) as a function of z. Using (34), one checks that Tψ is
a contraction; indeed its Lipschitz constant satisfies LipTψ ≤ 2aθk3kβ < 1.
Hence Tψ has a unique fixed point zψ=Z(ψ) such that z

−1/2
ψ satisfies (36)

(i). For each ω̂ ∈ Ω̂, the map t �→ zψ(τ̂t(ω̂)) is the unique bounded solution
of the equation

z′ = −2a(ξt, ψ(t) + θ−(t))z + 2b(ψ(t) + θ−(t)); (37)

the existence of this bounded solution uses the estimate k3 <
1
2aθ

, which

is just (34). Now, the Frechet derivative
δzψ
δψ

can be computed by differen-

tiating (37) with respect to ψ. A simple estimate then shows that

LipZ ≤
(
4aθ

k21
λ(β)

+ 4bθ

)
kβ√
λ(β)

.
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Next write R(ψ) = Z(ψ)−1/2. One checks that

LipR ≤ k32kβ [2aθk
2
1 + 2bθλ(β)]. (38)

Then write Q(ψ) = T2(R(ψ), ψ). Writing LR = LipR and using (38) to-
gether with the integral defining T2, we get

LipQ ≤ {dθk23λ(β)2 + 2dk3λ(β) + eθk
2
2λ(β) + 2eLR}

k0
λ0(β)

,

so that LipQ < 1 by (35). It is worth noting that, if λ(β) is small, the
dominating term in LipQ is

4aθekβk0k21k
3
2

λ0(β)
.

Now consider the map T̂ : B → B given by

T̂

(
r

ψ

)
=

(
R(ψ)

T2(R(ψ), ψ)

)
.

Note that
(
r

ψ

)
∈ B is a fixed point of T iff it is a fixed point of T̂ .

If
(
r0
ψ0

)
∈ B is an initial point, and if

(
rn
ψn

)
= T̂n

(
r0
ψ0

)
, then the

contractivity of Q implies that ψn converges uniformly on Ω̂ to a continuous
function ψ∞. The continuity of R shows that r∞ = lim

n→∞rn exists and equals

R(ψ∞). If we write
(
rn+1
ψn+1

)
= T̂

(
T̂n

(
r0
ψ0

))
and take limits, then we get(

r∞
ψ∞

)
= T̂

(
r∞
ψ∞

)
.

Define Aβ = {(ω = π(ω̂), r∞(ω̂), ψ∞(ω̂) + θ−(ω̂)) : ω̂ ∈ Ω̂} ⊂ Ω × R2.
Then Aβ is invariant and does not intersect Ω × {0}. One can check that
Aβ is an attractor using the contractivity properties of T̂ . This completes
the proof of Theorem 5.1.

We now discuss the robustness of the hypotheses of Theorem 5.1. Give
L∞(R) the weak∗ topology. We agree to identify Ω with the set of functions
{t �→ ξt(ω) | ω ∈ Ω} ⊂ L∞(R). This set carries the usual shift flow. Let βc
and β ∈ [βc, βc + δ] be as in the preceding discussion.

Theorem 5.2. There is a weak∗ neighborhood V of Ω in L∞(R) with the
following property. If Ω1 is a compact, shift-invariant subset of V , then the
corresponding family of equation (23) admits an attractor A(1)β ⊂ Ω1 × R2
which does not intersect Ω1 × {0}.
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Remark. Note that we do not assume that Ω1 is minimal and uniquely
ergodic in Theorem 5.2; Ω1 is an arbitrary shift-invariant subset of V which
is weak∗-compact. That is, Ω1 need not satisfy hypothesis H1. Actually,
hypothesis H1 can be eliminated from Theorem 5.1, at the expense however
of working with a more complicated concept of “critical value” βc. We plan
to discuss this question in more detail in another place (but see the remarks
at the end of Section 6).

Proof of Theorem 5.2. The condition λ(β) > 0 implies that equations (26)
admit an ED over Ω. By a basic perturbation result for ED due to Sacker
and Sell [70], the equations

x′ =
(

0 1
ξ
(1)
t (ω) β

)
(ω ∈ Ω1) (39)

admit an exponential dichotomy, as well. Moreover, the dichotomy projec-
tions P (1)(ω) defined by equations (39) are continuous in a sense which
implies that the set Ω̂1 ⊂ Ω1 × K is close (in the Hausdorff topology on
weak-* compact subsets of L∞(R) ×K) to the set Ω̂ ⊂ Ω ×K. If follows
that, if V is a sufficiently small neighborhood of Ω, then the constants
a(1), a

(1)
θ , b

(1)
, b
(1)
θ , d

(1)
, d
(1)
θ , e(1), e

(1)
θ defined by equation (39) are close to

the corresponding constants for (26).
If Ω1 is not uniquely ergodic, then the Lyapounov exponents of equa-

tions (39) need not be uniquely defined. However, equations (39) admit
two “spectral intervals” J1 and J2 [69], centered at λ(β) and −λ0(β) re-
spectively. These intervals are close in the Hausdorff sense to λ(β) resp.
−λ0(β) if V is small. Let λ(1)(β) = inf J1, λ

(1)
0 (β) = − supJ2. Using these

values, one can obtain constants k(1)β , k
(1)
0 , which are close to kβ resp. k0,

for which (28) and (29) hold. These statements imply that k(1)1 , k
(1)
2 can be

found, close to k1 resp. k2, so that (31) holds.
Now, the “continuity of the constants” that we have just described im-

plies that there is a positive number k3 ≤ 1 for which (32)-(35) hold. We
can now carry out the steps of the proof of Theorem 5.1 to obtain the
attractor A(1)β .

6 An Example of Robust Random Bifurcation

In this section, we will indicate how to construct examples of processes ξt
for which the hypotheses of Theorem 5.1 are fulfilled. This means that, if
the system (23) is driven by such a process ξt, then the first step in the
two-step bifurcation process takes place (Theorem 5.1). Moreover, the first
step occurs for all nearby processes (Theorem 5.2).
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The processes ξt which we construct will have periodic paths. Of course,
one can study the periodic bifurcation problem (23) with entirely classical
methods, so it would seem that Theorem 5.1 is useless in this context.
However, Theorem 5.2 will allow us to obtain a very large class of noisy
systems (23) which exhibit the first step of the two-step bifurcation pattern.
Indeed, if ξ̃t is any bounded real-noise process, and if ε > 0 is sufficiently
small, then system (23) with noise ξt + εξ̃t will exhibit the first step of the
pattern.
Periodic examples are easy to construct and we do not give all details. Fix

γ ∈ (0, 1], and let βc ≤ −4 be a constant to be more precisely determined
later. Introduce a periodic function g as follows:

g(t) =


−1 0 ≤ t ≤ 1
1 1 ≤ t ≤ T

g(t+ T ) t ∈ R,
where T = T (βc) is determined as follows. Consider the equation

x′ =
(

0 1
g(t) β

)
x (6.1)β

for β = βc. One sees that, if βc ≤ −4, then there exists T (βc) such that the
maximal Lyapounov exponent λ(βc) of equation (6.1)ω is zero: λ(βc) = 0.
Set T = T (βc). (Of course, the maximal Lyapounov exponent is in the
present situation none other than the maximal Floquet exponent.)
Further examination of the systems (6.1)β shows that, if β̃ < βc, then

the maximal λ(β̃) < 0. Moreover, the derivative λ′(βc) is positive: λ′(βc) >
0. Finally, if φβ(T ) is the period matrix of (6.1)β , and if 0 �= xβ is an
eigenvector of φβ(T ) corresponding to λ(β), then the polar angle θ(β) of
xβ satisfies |θ(β)| ≤ γ if |β − βc| ≤ 1 and |βc| is large enough.
Now let βc ≤ −4. If |βc| is sufficiently large, then the constants k0 and

kβ are ≤ 2 for values of β such that |β − βc| ≤ 1. Furthermore, k1 can be
chosen only slightly bigger than

√
2kβγ, and k2 only slightly bigger than√

(3/2)kβγ. This together with (21) is enough to ensure that if |βc| is large
enough, if 0 < β − βc ≤ 1, and if λ(β) is positive and sufficiently small,
then there exists a number k3 ∈ (0, 1] for which (32)-(35) are satisfied. (The
only doubtful issue concerns the constant dθ in (35), which is of the order
of βc, but the term containing dθ is multiplied by λ(β)2.)
We conclude that, if βc and g are chosen as described above, then the

hypotheses of Theorem 5.1 are all satisfied. Indeed, we have shown that
(32)-(35) hold. Hypothesis H2 is clearly valid if βc ≤ −4 and g is defined
above. The flow (Ω, {τt}) corresponding to g is a periodic minimal set, hence
it is uniquely ergodic. The function g is not continuous, but continuity
is not necessary in the present circumstances (why?). We complete the
construction of the process ξt by defining ξt(ω) = ω(t) = g(t + sω) where
sω is the translate corresponding to ω.
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We close our discussion of random bifurcation theory by giving argu-
ments for the phenomenon of parameter intermittency in the process by
which Aβ comes into being. Let ξt be a non-periodic process. First of all,
the conditions (32)-(35) of Theorem 5.1 may very well be satisfied at a fixed
β > βc without, however, being satisfied on the entire interval (βc, β]. This
can happen if, for example, kβ becomes unbounded as β → β+c . Second,
if the flow (Ω, {τt}) is not uniquely ergodic, then in general the number
λ(β) in Theorem 5.1 must be replaced by a “spectral interval” ([69]) of the
form [λ(1)(β), λ(2)(β)]. It is to be expected that the breakdown of stability
of v = w = 0 in (23) will occur over an interval in the β-space and not at
a fixed value βc, since the spectral interval will not pass “instantaneously”
through λ = 0. The spectral intervals are defined using the concept of ex-
ponential dichotomy; their relation to the Oseledets spectrum (Lyapounov
exponents) is discussed in [50].

7 Other Applications

In this section, we give a brief discussion of some other areas to which ideas
and methods of the real-noise sector of RDS have been applied.
We begin by considering two recent contributions to the theory of two-

dimensional, random linear ODEs. The first one amounts to an ergodic-
theoretic Floquet theory for such systems. This theory has been devel-
oped by the Valladolid group including A. Alonso, S. Novo, C. Nuñez,
and R. Obaya [1, 58, 57, 59]. (There is a recent definitive contribution
by Arnold, Cong, and Oseledets in the n-dimensional case which will be
considered below.)
Consider the family

x′ = ω(t)x x ∈ R2, (40)

where ω is an element of the compact metric space Ω ⊂ L∞(R,M2). Let
µ a fixed ergodic measure on Ω. One can pose the question of a “Floquet
theory” in the following way: describe the radial behaviour and the angular
behaviour of the non-zero solutions x(t) of equations (40).
The radial behaviour is described (asymptotically) by the Lyapounov

exponents of the solutions x(t). One way to describe their angular behaviour
is in terms of the ergodic lifts of the measure µ to the “projective bundle”
Ω× P. Recall that P is the real projective space of lines through the origin
in R2, and that the cocycle φ(ω, t) defined by equations (40) induces a flow
{τ̃t} on Ω× P in the natural way:

τ̃t(ω, S) = (τt(ω), φ(ω, t)S).

The work of the Valladolid group gives a complete classification of the
structure of the ergodic lifts of µ to Ω × P, together with much other
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information. For details see esp. [58]. In particular one can prove a result
about the existence of ”measurable cohomologies”. This result was proved
independently by Oseledets [60] and by Thieullen [80]. This last paper
makes use of the interesting concept of conformal barycenter.
It develops that the result about the existence of measurable coho-

mologies is a corollary of theorems of K. Schmitt and R. Zimmer of the
’70s. Quite recently, Arnold-Cong-Oseledets [7] have developed a Jordan
form theory for n-dimensional cocycles which essentially generalizes the
Oseledets theorem. Among other techniques, they use invariant lifts and
methods developed by Schmitt and Zimmer. The theory of the Valladolid
group is equivalent to the theory of [7] when n=2. Before leaving this topic,
we wish to point out the many contributions of Cong and his co-workers
to the ergodic structure of cocycles (e.g.,[21, 22, 20, 6]).
The second contribution we wish to discuss regards the hyperbolic be-

haviour of the cocycle φ(ω, t) defined by equations (40). We refer in partic-
ular to the Ph.D Thesis of R. Fabbri [25]. Suppose that ω(·) is normalized
to have trace zero, so that φ(ω, t) takes values in the special linear group
SL(2,R). Fabbri studies flows {τt} on a fixed torus Ω = T k obtained vary-
ing a frequency vector γ = (γ1, . . . , γk). She supposes that ω(t) = A(τt(ω))
where A : T k → M2 has trace zero and is continuous (we make a natural
abuse of notation in confusing ω(·) with ω ∈ T k). She proves that the set
of pairs {(γ,A)} ⊂ Rk × C0(T k, sl (2,R)) for which (40) admits an ED is
open and dense. (The openness follows from a theorem of Sacker and Sell
[70].) She also has results concerning the maximal Lyapounov exponent for
systems (40) with coefficients of the above type [26].
Next we turn to control theory: we briefly outline the contents of a few

recent papers [17, 49, 48, 47] which make explicit and regular appeal to
the methods of topological dynamics and ergodic theory. For a summary
of this material see [45]. There is only minimal overlap between the mate-
rial discussed here and the wide-ranging contributions to control theory of
Colonius and Kliemann (for a brief account of which see [18]).
Let Ω ⊂ L∞(R,Mn) be a weak∗ compact, shift-invariant set endowed

with the shift flow. Let Mnk be the set of n × k-real matrices, and let
B : Ω→Mnk be a continuous function. Consider the random linear control
system

x′ = ω(t)x+B(τt(ω))u x ∈ Rn, u ∈ U ⊂ Rk. (41)

We consider the basic problem of determining sufficient conditions for the
(local or global) null controllability of equations (41). Recall that a fixed
equation (41)ω is called globally null controllable if, for each x0 ∈ R

n,
there is a measurable control u(·) ∈ U which steers x0 to zero in finite time
(i.e., the solution x(t) of (41)ω with x(0) = x0 satisfies x(T ) = 0 for some
0 < T < ∞). Local null controllability is defined by restricting x0 to a
neighborhood V of 0 ∈ Rn in the previous definition.
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It turns out that, if the flow (Ω, {τt}) is minimal, then local null controlla-
bility of (41)ω for one point ω0 ∈ Ω implies uniform local null controllability
of (41)ω for all ω ∈ Ω (thus V can be chosen to be independent of ω). The
phenomenon of global null controllability is rather subtle in the random
context. In the deterministic case, when Ω reduces to a simple constant
matrix A, one known that (41) is globally null controllable iff it is locally
null controllable and all eigenvalues of A have non-positive real parts [64].
In the random case, one has that, for each fixed ergodic measure µ on Ω,
uniform local null controllability together with the non-positivity of the
maximal Lyapounov exponent of x′ = ω(t)x (with respect to µ) implies
global null controllability of (41)ω for µ-a.e. ω. However, global null con-
trollability sometimes holds on a topologically large subset of Ω, even when
the maximal Lyapounov exponent is positive for each µ. See [17, 49] for
details.
Finally, one can study the non autonomous linear regulator and feed-

back stabilization problems using random methods. It turns out that the
concepts of exponential dichotomy and rotation number for linear Hamil-
tonian systems (see Section 2) allow the solution of these problems in a
manner which is very convenient for treating questions involving, for ex-
ample, smoothness of the stabilizing feedback with respect to parameters.
It also turns out that the Riccati equation usually used to study the linear
regulator problem plays only a secondary role. See [45, 47]. One can also
study the deterministic local non-linear feedback control problem using
random methods [45].
We finish the paper by indicating how notions of topological dynamics

have been used by Shen and Yi [76, 77, 78, 79] to study the asymptotic
behaviour of solutions of semilinear parabolic partial differential equations.
Consider the problem

∂u

∂t
=

∂2u

∂x2
+ f(t, x, u, ux) 0 < x < 1

u(x, 0) = u0(x) t > 0
(42)

with Dirichlet or Neumann boundary conditions at x = 0 or x = 1. (Shen
and Yi also have results when x lies in a bounded smooth domain D ⊂ Rn,
n > 1.) The function f is assumed to be of the class C2 with respect to
(x, u, ux), and to be uniformly continuous in t. An appropriate random
framework (the hull H(f) of f) for studying (42) can then be introduced;
see the above papers for details.
Let u(t, ·) be a solution of (42) which is bounded in an appropriate frac-

tional power space [36]. One can show that u then exists for all t > 0,
hence it makes sense to speak of the w-limit set Ω = Ω(u) of this solution.
It turns out that Ω supports a two-sided flow {τt | t ∈ R}; i.e., a solution of
(42) with initial condition in Ω can be extended to the negative semi-axis
−∞ < t ≤ 0.
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One now wishes to determine the structure of Ω as a topological space.
If f is periodic, then results of Poláčik, Tereščák, and others [66, 67] imply
that Ω is a periodic minimal set with the same period as f . The question
posed by Shen and Yi is then: what is the structure of Ω if f is not periodic,
say Bohr almost periodic? or recurrent in the sense of Birkhoff?
The answer given by Shen and Yi is that Ω contains at most two minimal

sets, and that these minimal sets are almost automorphic extensions of the
hull H(f). The notion of almost automorphy was introduced by Bochner
and developed by Veech [81]. The definition is as follows: a minimal flow
(M, {τnt }) is an almost automorphic extension of (H(f), {τt}) if there is a
flow homomorphism π : M → H(f) such that, for at least one h ∈ H(f),
the inverse image π−1{h} ⊂M is a singleton.
Shen and Yi pose an interesting problem which we repeat. An almost

automorphic minimal flow (i.e., an almost automorphic extension of a Bohr
almost periodic minimal set) may have positive topological entropy. This
is demonstrated by an example of Markley and Paul [54]. One wishes to
find a function f(t, x, u, ux) which is Bohr almost periodic in t for which Ω
contains a minimal set with positive topological entropy, i.e., with chaotic
behaviour.
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Topological, Smooth, and
Control Techniques for
Perturbed Systems
Fritz Colonius and Wolfgang Kliemann

ABSTRACT The theory of dynamical systems has become a center piece
in the systematic study of systems with deterministic or stochastic pertur-
bations, based on measurable, topological, and smooth dynamics. Recent
developments also forge a close connection between control theory and topo-
logical and smooth dynamics. On the other hand, the support theorem of
Stroock and Varadhan shows how control theoretic techniques may aid in
the Markovian analysis of systems perturbed by diffusion processes. This
paper presents an overview of topological, smooth, and control techniques
and their interrelations, as they can be used in the study of perturbed
systems. We concentrate on global analysis and parameter dependent per-
turbation systems, where we emphasize comparison of the Markovian and
the dynamical structure of systems with Markovian diffusion perturbation
process. A series of open problems highlights the areas in which the inter-
connections between different techniques and system classes are not (yet)
well understood.

1 Introduction

Dynamical systems theory has become a center piece in the study of per-
turbed systems: Differential equations with deterministic (time varying)
perturbations can be understood as skew product flows (see [38]), systems
with stochastic perturbations as flows over a probability space (see [8]),
and (open loop) control systems as flows over the space of admissible con-
trol functions (see [10]). The common feature of these approaches is that
perturbed systems are viewed as specific skew product flows, in which the
structure of the base flow determines the nature of the perturbation un-
der consideration and the kind of techniques that are appropriate for the
analysis of the systems.
At the same time, direct connections between different classes of per-

turbed systems have been developed, such as support theorems (see [39]
for the Markov diffusion case) connecting stochastic systems with control
theory, ergodic theory for families of time varying differential equations
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connecting to properties of stochastic systems (see e.g., [35]), or control
concepts that describe the recurrence structure of families of differential
equations (see [14]). Hence we have a dense net of interdependencies that
has propelled the study of perturbed systems in recent years. The mono-
graph by Ludwig Arnold [3] studies these connections, mainly from the
point of view of measurable and smooth dynamics, with applications to
stochastic bifurcation theory.
This paper collects some ideas from topological and smooth dynamics

and from control theory that seem to be useful in the study of perturbed
systems. We start from the topological dynamics of skew product flows
(in the form of so–called control flows) and point to possible connections
with deterministic and stochastic perturbation systems. For the Markov
diffusion perturbation model we compare some results obtained via this
flow point of view to those obtained via stochastic analysis and the the-
ory of Markov semigroups. In this, as well as in many other parts of our
presentation ideas from control theory serve as a unifying technique.
While the basic theory of random dynamical systems has reached a state

of maturity, this cannot be said for many of the interdependencies discussed
in our paper. The reader will find a variety of open problems and question
marks throughout this article for which we would like to know the solutions
and answers. We hope that these questions generate further interest in this
exciting area.
The analysis of perturbed dynamical systems is concerned mainly with

two circles of ideas, namely the global theory and linearization theory,
based on spectral concepts. Here we discuss aspects of global theory, such as
Morse decompositions, connections between Morse sets, and the behavior of
systems on Morse sets. These concepts of topological dynamics are based on
chains for (skew product) flows and they are applied to perturbed systems
in the first part of Section 3. Regular perturbed systems satisfy a Lie algebra
rank condition of the type (14). For these systems the limit sets of the
unperturbed flow are enlarged by the perturbation to sets with nonvoid
interior in the state space. The global behavior of these systems can be
analyzed via the trajectories of associated control systems as explained in
the second part of Section 3. One ends up with two global structures for
perturbed systems, one based on chains and one on trajectories. Under the
so–called inner pair condition (28) we show in Section 4 that these two
structures agree ‘almost always’. The argument is based on the analysis of
parameter dependent systems, which also hints at a bifurcation study of
the global behavior of perturbed systems.
A standing assumption throughout this paper is the compactness of the

perturbation range and of the state space of the system. We have chosen
this set–up, because it implies the existence of limit sets for all system tra-
jectories. This allows us to simplify the formulation of many results and a
comparison of the different techniques for various classes of perturbed sys-
tems becomes particularly illuminating. We refer the reader to [14] for the
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corresponding results on systems with noncompact state space. If the per-
turbation range is noncompact (such as the ‘white noise’ case for stochas-
tic systems), some of the interconnections discussed here remain valid (e.g.
those based on the support theorem, see [29]), but the systematic use of
topological dynamics would not be possible without restrictions.
This paper presents an overview of topological, smooth and control tech-

niques as they can be used in the study of deterministic and stochastic
perturbation systems. We concentrate on the study of global behavior and
the connection between topological and control techniques via parameter
dependence. An overview over the linearization approach, including spec-
tral concepts for perturbed systems, their associated linear subbundles and
invariant manifolds, will appear elsewhere. Most results in this paper are
not new. But we hope that our specific presentation of key concepts and
their interrelations provides new insights and encourages new research in
the area of stochastic dynamics.

2 Stochastic Systems, Control Flows, and Diffusion
Processes: Basic Concepts

Perturbed systems, as we understand them in this paper, consist of two
components, namely the perturbation model and the system model. A nat-
ural framework for these systems are skew product flows, which we consider
the starting point of our theory. In this section we recall several classes of
perturbed systems and describe their relation to skew product flows. An
important aspect of our set-up is that all spaces and the dynamical systems
on them have topological properties which aid in the qualitative analysis
in the subsequent sections.
On the most abstract level, a perturbation model is given by a continuous

flow on a topological space U

θ : R× U → U , (1)

i.e. it holds that θt ◦ θs = θt+s and θ0 = id. (We will often write θt for the
map θ(t, ·).) Note that the flow (1) is defined on the two sided time interval
R, and hence θ−1t = θ−t for all t ∈ R. The model of a system perturbed
by θ is a continuous skew product flow on the topological product space
U ×M

Φ : R× U ×M → U ×M, Φt(u, x) = (θtu, ϕ(t, x, u)), (2)

whose first component, the perturbation (1), affects the system component
ϕ, but not vice versa. In particular, the ϕ–component itself is not a flow.
The skew product flow Φ is a prototype of a deterministically perturbed
system in continuous time. In a stochastic perturbation model one has,
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in addition to (2), a probability measure P on the Borel σ–algebra of U ,
which is invariant under the flow θ, i.e., θtP = P for all t ∈ R. This set–up
differs from the one treated by Arnold [3] in the way that we require U to
be a topological space and θ to be continuous, while Arnold’s perturbation
model is just measurable.
The specific perturbations treated in this paper are L∞–functions with

compact range. In the deterministic case (1) we consider the following set–
up:
Let U ⊂ Rm be compact and convex, with 0 ∈ int U , the interior of U .

Denote by U = {u : R→ U,measurable} the perturbation space, equipped
with the weak∗ topology of L∞(R,Rm) = (L1(R,Rm))∗. This space is
compact and metrizable ([14], Lemma 4.2.1). The flow θ is given by the
standard shift

θ : R× U → U , θt(u(·)) = u(t+ ·), (3)

resulting in a continuous dynamical system ([14, Lemma 4.2.4]). Some stan-
dard interpretations of the model (3) are time varying perturbations with
a given range, as they are used in robustness theory, or open loop control
functions, as they are common in control theory. In a stochastic perturba-
tion model we are also given a θ–invariant probability measure P on U .
One way to arrive at such a measure is given by the Kolmogorov construc-
tion for stationary processes: Let η : R×Ω→ U be a stationary stochastic
process on a probability space (Ω,F′, P ′), with continuous trajectories. Let
C(R, U) be the space of continuous functions in R with values in U , and F

the σ–algebra on C(R, U), generated by the cylinder sets. Then the process
η induces a probability measure P on (C(R, U),F), which is invariant un-
der the shift in C(R, U). We imbed C(R, U) into U , extend F to the Borel
σ–algebra F of U , and extend P to a measure P on F, which is invariant
under the shift θ in (3). Compare [22] for details on Kolmogorov’s construc-
tion. Note that the extension of the trajectory space to U allows us to use
topological properties of the flow θ in (3).
The specific systems treated in this paper are smooth systems with affine

perturbations. LetM be a paracompact C∞–manifold of dimension d <∞,
and let X0, X1, . . . Xm be C∞–vector fields on M . The system dynamics
are given by the ordinary differential equation

ẋ = X0(x) +
m∑
i=1

ui(t)Xi(x) on M. (4)

where u(·) ∈ U .
Since we restrict ourselves to global flows, we assume that (4) has a

unique solution ϕ(t, x, u) for all (u, x) ∈ U ×M with ϕ(0, x, u) = x, which
is defined for all t ∈ R. Sufficient conditions for this are, e.g., globally
Lipschitz continuous vector fields or compactness of M , since we assume U
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to be compact. Equation (4) together with the perturbation (3) define the
system flow

Φ : R× U ×M → U ×M, Φt(u, x) = (θtu, ϕ(t, x, u)), (5)

which is a continuous skew product flow, compare [14, Lemma 4.3.2]. The
topological study of (5) yields some of the basic ideas for the following
sections.
The rest of this introductory part is devoted to Markov diffusion systems

and to approaches for the analysis of their qualitative behavior. We start
from a stochastic perturbation given by a stochastic differential equation
on a C∞–manifold N (of finite dimension)

dη = Y0(η)dt+
H∑

j=1

Yj(η) ◦ dWj , (6)

where Y0, Y1, . . . YH are C∞–vector fields on N and ‘◦’ denotes the symmet-
ric (Stratonovich) stochastic differential. (We refer the reader to [2] and
[25] for basic facts on stochastic differential equations.) We assume that
Equation (6) admits at least one stationary Markov solution, see e.g. [28].
We force this solution to be the unique stationary Markov one by imposing
a Lie algebra rank condition of the form

dimLA{Y1, . . . , YH}(q) = dimN for all q ∈ N. (7)

In (7) we have used the following notation: Let X(N) be the set of vector
fields on N , and let Y ⊂ X(N) be a subset. LA(Y) denotes the Lie algebra
generated by Y in X(N), which induces a distribution ∆ (in the differential
geometric sense) in the tangent bundle TN . For q ∈ N , the vector space
LA{Y}(q) ⊂ TqN is the distribution ∆ evaluated at q. Condition (7) guar-
antees (see [31]) that Equation (6) has a unique stationary Markov solution
η∗t which we extend to all t ∈ R, compare [3]. We consider this process η∗t
as a background noise, which is mapped via a surjective function

f : N → U (8)

onto the perturbation space U ⊂ R
m, compare Lemma 3.17. Then ξt =

f(η∗t ) is a stationary stochastic process on U . Combining this perturbation
model with the system (4) we arrive at the Markov diffusion process

dη = Y0(η)dt+
H∑

j=1

Yi(η) ◦ dWj , η0 = η∗0 ,

ẋ = X0(x) +
m∑
i=1

fi(ηt)Xi(x)

(9)

on the state space N ×M .
The behavior of the system (9) can now be studied using a variety of

approaches:
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• Stochastic analysis, compare, e.g., the standard references [25] or [21],
• Stochastic flows, compare [3],
• Imbedding of the stationary process η∗t into the flow (5) as described
above,

• Connections with control theory via the support theorem of Stroock
and Varadhan [39].

In this paper we will use a combination of the last two approaches. To this
end we briefly describe a version of the support theorem that is suitable
for our purposes, compare [30], [32], [24] or [3].
Let L be a finite dimensional C∞–manifold and consider the stochastic

differential equation

dz = Z0(z)dt+
r∑

k=1

Zk(z) ◦ dWk, (10)

with C∞ vector fields Z0, . . . , Zr. Denote by Cp(R+, L) the space of con-
tinuous functions w : [0,∞) → L with w(0) = p ∈ L, equipped with the
topology of uniform convergence on compact time intervals. For the ini-
tial value p ∈ L, the stochastic differential equation induces a probability
measure Pp on Cp(R+, L) which, intuitively, assigns to each Borel set B in
Cp(R+, L) the probability that the functions in B appear as trajectories of
the solution of (10). Stroock and Varadhan [40] associate with (10) formally
a control system of the form

ż = Z0(z) +
r∑

k=1

wk(t)Zk (11)

with control functions w ∈ W = {w : [0,∞)→ R
r,piecewise constant}. We

denote by ψ(·, p, w) the solutions of (11) with initial value ψ(0, p, w) = p,
and by Ψp = {ψ(·, p, w), w ∈ W} ⊂ Cp(R+, L) the set of all such solutions.
The support theorem now states

supp Pp = cl Ψp, (12)

where ‘supp’ denotes the support of a measure (i.e. the smallest closed
subset of full measure), and the closure ‘cl’ is taken in Cp(R+, L). In the
form (12) the support theorem is not yet suitable for the study of (9) with
L = N ×M , because it refers only to fixed initial conditions, the control
functions in W are taken to be piecewise constant, and we would have to
choose controls with values in RH to first analyze the η–, and then the x–
component of (9). However, Kunita [31] shows that under the Lie algebra
rank condition dimLA{Z1, . . . , Zr}(p) = dimL for all p ∈ L we have

cl Ψp = Cp(R+, L). (13)
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This, together with an appropriate concept of controllability regions, will
allow us to reduce the control analysis to the system (4) with control func-
tions in U , and hence to the study of the skew product flow (5).

3 Attractors, Invariant Measures, Control, and
Chaos

Global analysis of dynamical systems deals with limit sets, connections
between limit sets, and the behavior of the system on limit sets. This infor-
mation is pieced together to obtain a global picture of the system behavior
for t → ∞ and t → −∞. As it turns out, limit sets can be rather compli-
cated, particularly for systems with time varying perturbations, such as (4)
and (9). Therefore it is useful to study more robust concepts, such as ver-
sions of recurrence or attractors that do allow a global analysis for larger
classes of systems. In our context of perturbed systems it will turn out
that some control theoretic concepts simplify the study of recurrence and
of attractors, and that one obtains a fairly complete picture for Markov
diffusion models. We develop this theory stepwise, starting with general
recurrence concepts, the study of the perturbation model (3), and of the
system model (5), before we proceed to stochastic systems.

3.1 Concepts from Topological Dynamics
Throughout this section we avoid questions about the existence of limit
sets by assuming that the state space M of the system is compact. Gen-
eralizations of the basic results to the noncompact case can be found, e.g.
in [14]. Let S be a compact metric space and let Ψ : R × S → S be a
continuous flow. For V ⊂ S we denote the ω-limit set by ω(V ) = {x ∈ S,
there are xk ∈ V and tk → ∞ with Ψ(tk, xk) → x}, and similarly for the
α-limit set ω∗(V ), using tk → −∞.
Definition 3.1. The flow Ψ is called topologically transitive if there exists
x ∈ S with ω(x) = S, and topologically mixing if for any two open sets
V1, V2 ⊂ S there exists t > 0 with Ψ(−t, V1) ∩ V2 �= ∅.
Note that a topologically mixing flow is topologically transitive. These

topological concepts are based on the trajectories of the flow and on limit
sets. One obtains more robust concepts by considering chains instead of
trajectories.

Definition 3.2. For x, y ∈ S and ε, T > 0 an (ε, T )–chain from x to y is
given by a number n ∈ N, points x0 = x, x1, . . . , xn = y in S and times
t0, . . . , tn−1 ≥ T such that d(Ψ(ti, xi), xi+1) < ε for i = 0, . . . , n− 1.
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For V ⊂ S we denote the chain limit set by Ω(V ) = {x ∈ S, for all ε, T >
0 there exists y ∈ V and an (ε, T ) − chain from y to x}. Using chains one
can formulate the following recurrence concepts.

Definition 3.3. A subset V ⊂ S is chain transitive, if for all x, y ∈ V we
have x ∈ Ω(y). A point x ∈ S is chain recurrent if x ∈ Ω(x). We denote
the set of all chain recurrent points by R.

One can show that a closed subset V ⊂ S is chain transitive iff it is
chain recurrent and connected. Furthermore, the connected components of
the chain recurrent set R coincide with the maximal chain transitive subsets
of R.
Finally, we introduce Morse decompositions of the flow (S,Ψ).

Definition 3.4. A Morse decomposition of (S,Ψ) is a finite collection
{Mi, i = 1 . . . n} of nonvoid, pairwise disjoint compact invariant sets such
that

(i) For all x ∈ S we have ω(x), ω∗(x) ⊂ ⋃n
i=1Mi,

(ii) Suppose there are Mj0 , . . . ,Mj� and x1, . . . , xH ∈ S\⋃n
i=1Mi with

ω∗(xi) ⊂ Mji−1 and ω(xi) ⊂ Mji for i = 1, . . . , S, then Mj0 �= Mj� .

The sets of a Morse decomposition are called Morse sets. A Morse decom-
position induces an order on the Morse sets through the relation Mi 7 Mj

if there exists x ∈ S with ω∗(x) ⊂ Mi and ω(x) ⊂ Mj.

Morse decompositions describe the flow Ψ via its movement from Morse
sets that are smaller (w.r.t. the order 7) to ones that are greater. This
gives a fairly complete global picture of the flow Ψ if it has a finest Morse
decomposition. The following result clarifies the relation between Morse
decompositions and chain recurrence.

Proposition 3.5. The flow (S, ψ) admits a finest Morse decomposition iff
the chain recurrent set R consists of finitely many connected components.
In this case, the Morse sets coincide with the (chain recurrent) components
of R and the flow restricted to each Morse set is chain transitive and chain
recurrent.

For the proof of this result and for further discussions of the concepts
above see, e.g. [1], [27], [36], or Appendix B in [14].

3.2 Deterministic Perturbed Systems
In the next step we apply the recurrence concepts 3.1 – 3.4 to the pertur-
bation model (3), compare [14], Proposition 4.2.7.

Proposition 3.6. Consider the shift system θ : R×U → U as defined in
(3). This flow is topologically mixing, topologically transitive, and chain
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transitive. In particular, (U , θ) admits only the trivial Morse decomposition
{U}.
As a corollary we obtain that the shift (U , θ) is also topologically chaotic

in the sense of Devaney [19].

Definition 3.7. A continuous flow (S,Ψ) is called topologically chaotic, if

(i) Ψ is topologically mixing,

(ii) Ψ has a dense set of periodic points,

(iii) Ψ has sensitive dependence on initial conditions, i.e. there exists δ >
0 such that for all x ∈ S and neighborhoods N of x there are y ∈ N
and t > 0 such that d(Ψ(t, x),Ψ(t, y)) > δ.

Corollary 3.8. The shift system θ : R × U → U from (3) is topologically
chaotic, if U consists of more than one point.

The proof of Corollary 3.8 uses the fact that the periodic functions are
dense in U (see [14, Lemma 4.2.2], which together with topological transi-
tivity implies sensitive dependence on initial conditions ([14, Prop. B.2.6]).
Our next step is the study of the system flow Φ : R×U ×M → U×M as

defined in (5). The global behavior of this flow can be much more intricate
than the one of the perturbation alone. It turns out that control theoretic
concepts help in the analysis of Φ and we introduce the basic ideas next.
Consider the system dynamics (4) as a control system with state space

M and admissible control functions u ∈ U . We impose a nondegeneracy
condition on (4) which implies that M is the ‘right’ state space:

dimLA{X0 +ΣuiXi, u ∈ U}(x) = dimM for all x ∈M. (14)

Condition (14) implies that the positive (and negative) orbits from each
point have nonvoid interior, i.e. int O+(x) �= ∅ for all x ∈M , where O+(x) =
{y ∈ M , there exist t ≥ 0 and u ∈ U with y = ϕ(t, x, u)}, and similarly
for the negative orbit O−(x) using times t ≤ 0. We remark that the orbits
are finite time objects of a control system (‘steering x to y in time t with
an appropriate control’), but for any u ∈ U it also holds that the limit
set ω(u, x) of the trajectory ϕ(·, x, u) in M is contained in clO+(x), the
closure of the positive orbit. Furthermore, we have the following result,
which is an easy consequence of the continuous dependence of the solution
of a differential equation on the right hand side.

Lemma 3.9. For each point x ∈ M the closure clO+(x) of its forward
orbit agrees with the closure of the forward orbit defined via piecewise con-
tinuous, piecewise constant, continuous, or C∞ controls. The same holds
for clO−(x).
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For further information on control theoretic ideas see, e.g., [26] or Ap-
pendix A in [14]. We now define the basic objects that are useful for the
global analysis of perturbed systems.

Definition 3.10. A set D ⊂M is called a control set of the system (4) if

(i) for all x ∈ D there exists u ∈ U with ϕ(t, x, u) ∈ D for all t ≥ 0,
(ii) for all x ∈ D one has D ⊂ clO+(x),
(iii) D is maximal (w.r.t. set inclusion) with the properties (i) and (ii).

A control set C is called invariant if clC = clO+(x) for all x ∈ C, and
D ⊂M is a main control set if it is a control set with intD �= ∅.
Note that according to Lemma 3.9 control sets are independent of the

class of control functions listed in the lemma.
In order to obtain a complete picture of the global behavior of control

systems, we introduce two concepts related to control sets:
The domain of attraction of a control set D is defined as

A(D) = {y ∈M, clO+(y) ∩D �= ∅}. (15)

The reachability order on the control sets of (4) is given by

D 7 D′ if D ∩A(D′) �= ∅. (16)

The following result characterizes the global behavior of control systems
on compact spaces, compare [14, Chapter 3]for the noncompact case.

Theorem 3.11. Consider the control system (4) on the compact space M
and assume the Lie algebra rank condition (14).

(i) There exist at least one closed main control set C and one open main
control set C∗.

(ii) A main control set is closed iff it is invariant. The closed main control
sets are exactly the maximal sets under the order 7.

(iii) The open control sets are exactly the minimal sets under the order 7.

(iv) There are finitely many closed and finitely many open main control
sets.

This theorem is an easy consequence of [14, Th. 3.15]. Theorem 3.11
describes the ‘flow’ of a control system from the minimal, open control sets
to the maximal, closed ones along the order 7. Hence if suffices to know
the control sets and their order to obtain the picture of the global behavior
w.r.t. the orbits of a control system. The study of the global behavior of
the individual trajectories requires some knowledge about the system flow
(5), compare Proposition 3.22 below.
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The closures of the positive and negative orbits contain all limit sets of
trajectories in M (see the remark after (14)). However, limit sets are not
necessarily contained in the closures of main control sets. Therefore, we
need an analogue of control sets, but defined via chains.

Definition 3.12. Fix x, y ∈ M and pick ε, T > 0. A controlled (ε, T )–
chain ζ from x to y is given by n ∈ N, x0 = x, x1, . . . , xn = y in M ,
u0, . . . , un−1 in U and t0, . . . , tn−1 ≥ T such that d(ϕ(tj , xj , uj), xj+1) < ε
for all j = 0, . . . , n− 1.
Definition 3.13. A set E ⊂M is called a chain control set of (4) if

(i) for all x ∈ E there exists u ∈ U with ϕ(t, x, u) ∈ E for all t ∈ R,

(ii) for all x, y ∈ E and ε, T > 0 there is a controlled (ε, T )–chain from
x to y,

(iii) E is maximal (w.r.t. set inclusion) with the properties (i) and (ii).

For basic properties of chain control sets see [14, Section 3.4].
With these control theoretic preparations we are ready to study the flow

(5) of a perturbed system. We lift the main control sets D and the chain
control sets E from the state space M to the product space U ×M :

D = cl{(u, x) ∈ U ×M,ϕ(t, x, u) ∈ intD for all t ∈ R}, (17)
E = {(u, x) ∈ U ×M,ϕ(t, x, u) ∈ E for all t ∈ R}. (18)

Theorem 3.14. Consider the system flow (5) and assume the Lie algebra
rank condition (14). Let D ⊂ U ×M be compact such that the projection
πMD = {x ∈M , there exists u ∈ U with (u, x) ∈ D} has nonvoid interior.

(i) D is maximal topologically mixing iff there is a main control set D ⊂
M whose lift in the form (17) agrees with D.

(ii) Statement (i) remains true for D maximal topologically transitive.

(iii) If U contains more than one point, then for any lift D of a main
control set the flow (D,Ψ|D) is topologically chaotic.

For the proof of this theorem see [14, Prop. 4.3.3, Th. 4.3.8, Cor. 4.3.9].
Theorem 3.14 establishes for perturbed systems the correspondence of con-
trollability, topological transitivity, and topological chaos. The reachability
order between control sets induces an order between the topologically tran-
sitive components of the perturbation flow. A similar relationship holds for
the chain transitive components.

Theorem 3.15. Consider the system flow (5). Then E ⊂ U × M is a
maximal invariant chain transitive set iff πME is a chain control set. In
this case the lift of πME is equal to E.
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A proof of this result can be found in [14, proof of Th. 4.3.11]. Combining
Theorem 3.15 with Proposition 3.5 we obtain the following consequence.

Corollary 3.16. Assume that the control system (4) has finitely many
chain control sets E1, . . . , Ek. Then the lifts {E1, . . . ,Ek} are the (unique)
finest Morse decomposition of the system flow (U ×M,Φ). Furthermore,
the order on this Morse decomposition (compare Definition 3.4) induces an
order between the chain control sets of (4).

The results 3.14 – 3.16 show two pictures of the global topological behav-
ior of the system flow (5), one with respect to controllability and topolog-
ically chaotic components, the other one with respect to chain recurrence
and Morse decompositions. Under an additional assumption we will merge
these two pictures into one in the next section.

3.3 Global Behavior of Markov Diffusion Systems
The rest of this section is devoted to consequences of the theory above
for stochastically perturbed systems, including a discussion of invariant
measures and attractors. Obviously, the global behavior of a stochastic
system, i.e. a system with an additional θ–invariant probability measure
P on the perturbation flow (3), has to follow the lines of the topological
results above. However, depending on the support and the specific form of
the measure P a multitude of specific patterns is possible. Therefore we
begin this discussion with the Markov diffusion model (9), which shows a
particularly simple behavior, completely described by the control theoretic
results on the system (4).
We need two preparatory results. Consider the control system associated

with (9) in the sense of Stroock and Varadhan (compare (10), (11)), i.e.

η̇ = Y0(η) +
∑H

j=1 wj(t)Yj(η) on N

ẋ = X0(x) +
∑m

i=1 fi(η(t))Xi(x) =: X(x, η) on M (19)

where f : N → U is of the form (8), w ∈ W = {w : [0,∞) → R
H,

piecewise constant}, and assume the Lie algebra rank condition (7) for
the η–component. Furthermore, we assume the weaker Lie algebra rank
condition for the pair system

dimLA
{(Y0+ΣwjYj

X(x,η)

)
, w ∈ RH

}(
η
x

)
= dimN + dimM

for all
(
η
x

) ∈ N ×M. (20)

This condition implies, in particular, that (14) holds for the x–component.

Lemma 3.17. Let f : N → U be a continuous map such that there exists
a closed, connected subset L ⊂ N with f |L is C1 and Df(η) has full rank
for all η ∈ L with f(η) ∈ intU . Then for all (η, x) ∈ N ×M the orbits
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O+(η, x) of the system (19) are of the form clO+(η, x) = N × clO+(x),
where O+(x) is the positive orbit of the system (4) from x ∈ M . In par-
ticular, the invariant control sets Ĉ of (19) correspond one–to–one to the
invariant control sets C of (4) via Ĉ = N × C.

Proof. We start with the following two observations: By Kunita’s Theorem
(compare (13)), the Lie algebra rank condition (7) for the η–system implies,
that for all η ∈ N every continuous function in Cη(R+, N) can be approxi-
mated by trajectories starting in η with controls w ∈ W. Furthermore, by
boundedness of f , the x–components of the trajectories of the system (19)
satisfy ϕ(t, η, x, w)→ x for t→ 0, uniformly for w ∈ W.
In order to show that for x ∈ M and η ∈ N one has N × clO+(x) ⊂

clO+(η, x), consider (η1, x1) ∈ N × O+(x) with x1 = ϕ(T, x, u) ∈ O+(x),
where T > 0. We may assume that u(t) ∈ intU for all t ∈ [0, T ] and
that u ∈ U is a continuous control (compare Lemma 3.9). By the Implicit
Function Theorem one finds t0 := 0 < t1 < . . . < tn = T , open sets Vi ⊂ U ,
and C1 maps hi : Vi → N such that f ◦ hi = id on Vi and [ti, ti+1] ⊂
{t ∈ [0, T ];u(t) ∈ Vi} for all i. Thus hi(u(t)), t ∈ [ti, ti+1], is continuous.
Clearly, for all k ∈ N there is a continuous function on [0, 1k ] connecting η
and h0(u( 1k )); furthermore, there are continuous functions on [ti+1− 1

k , ti+1]
connecting hi(u(ti− 1

k )) and hi+1(u(ti+1)); and, finally, there are continuous
functions on [tn − 1

k , tn] connecting hn−1(u(tn − 1
k )) and η1. Together, we

have constructed continuous functions on [0, T ] starting in η and ending in
η1. The two introductory observations imply that this construction yields
trajectories of the coupled system (19) establishing (η1, x1) ∈ clO+(η, x).
The converse inclusion is obvious. Now the final assertion on the invariant
control sets is a direct consequence of their definition.
If dimN = 1, it suffices to assume that the restriction of f to a connected

subset of N is continuous and bijective onto U .

According to Lemma 3.17 the global control structure of the x–compo-
nent (4) determines the control structure of the pair system (19). As we
will see, it is sufficient for the global analysis of the Markov diffusion model
to understand the invariant control sets of (4) and the corresponding mul-
tistability regions.

Definition 3.18. A point x ∈M is called multistable for the system (4) if
there exist invariant control sets C1, C2 ⊂ M such that x ∈ A(Ci) for i =
1, 2. (Compare (15) for the definition of the domain of attraction A(C).)
The set of all multistable points will be denoted by MS.

The set of multistable points is nonempty iff the system (4) has at least
two invariant control sets. Furthermore, there exist finitely many control
sets D1, . . . , Dk such that MS =

⋃k
i=1A(Di). For further information on

multistable points and on the characterization of the sets D1, . . . , Dk see
[14, Section 3.3].



194 F. Colonius and W. Kliemann

The next result characterizes the global behavior of the Markov diffusion
model (9). We work on the canonical probability space Ω̂ = C(R+, N ×M)
with the induced measures P̂(q,x) for fixed initial conditions (q, x) ∈ N×M .
By P̂(η∗,x) we denote the measure corresponding to the stationary Markov
solution {η∗t , t ≥ 0} in the η–component. Its marginal distribution on Ω =
C(R+,M) will be denoted by Px, x ∈M . The trajectories of the pair process
are (η(t, q, ω), ϕ(t, (q, x), ω)) for (q, x) ∈ N × M , and the x–component
under the stationary solution {η∗t , t ≥ 0} will be written as ϕ(t, x, ω), x ∈
M . Finally, for a set A ⊂ M we introduce the first entrance time of the
x–component from x ∈M as

τx(A) = inf{t ≥ 0, ϕ(t, x, ω) ∈ A}. (21)

With these notations we obtain the following characterization.

Theorem 3.19. Consider the Markov perturbation model (9) under the
Lie algebra rank conditions (7) and (20).

(i) The control system (4) has finitely many invariant control sets C1,
. . . , Ck.

(ii) For each x ∈M there exist numbers pi(x) ≥ 0, i = 1 . . . k with∑k
i=1 pi(x) = 1 and pi(x) = Px{τx(Ci) <∞}.

(iii) We have pi(x) > 0 iff x ∈ A(Ci), the domain of attraction of Ci
(compare (15)), and pi(x) = 1 iff x ∈ A(Ci)\MS.

(iv) Each invariant control set is invariant for the process {ϕ(t, x, ω), t ≥
0}, i.e. Px{ϕ(t, x, ω) ∈ Ci for all t ≥ 0} = 1 for x ∈ Ci, i = 1 . . . k.

(v) Set C :=
⋃k
i=1 Ci, then τx(C) has finite expectation for x ∈M .

Proof. Part (i) is [14, Theorem 3.2.8]. By Lemma 3.17 the invariant control
sets (19) are of the form N × Ci, i = 1 . . . k. Hence we have τx(Ci) =
inf{t ≥ 0, (η∗t , ϕ(t, x, ω)) ∈ N × Ci} =: τ̂x(N × Ci) for all x ∈ M , and
Px{τx(Ci) < ∞} = P̂(η∗,x){τ̂x(N × Ci) < ∞}. Denote C =

⋃k
i=1 Ci and

observe thatN×C is a disjoint union of (η∗(t), ϕ(t))–invariant sets, see (iv).
Therefore P̂(η∗,x){τ̂x(N ×C) <∞} =∑k

i=1 P̂(η∗,x){τ̂x(N ×Ci) <∞}. But
for all (q, x) ∈ N×M we have P̂(q,x){τ̂x(N×C) <∞} = 1 (see [29]), hence
P̂(η∗,x)(N ×C) <∞} = 1, which proves (ii). Part (iii) follows immediately
from the support theorem (13), Proposition 3.22 below and the fact that
the distribution of η∗0 has a C

∞–density with support equal to N . To show
(iv) it suffices to prove that for all i = 1 . . . k the sets N×Ci are (η∗t , ϕ(t))–
invariant. Since by Lemma 3.17 the sets N × Ci are the invariant control
sets of (19), they are (η(t, q, ω), ϕ(t, (q, x), ω))–invariant for all (q, x) ∈
N×Ci, compare [29]. Hence they are (η∗t , ϕ(t, x, ω))–invariant for all x ∈ Ci.
Finally, (v) is a standard argument using [20, Lemma 4.3], compare [29].
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Theorem 3.19 characterizes the global behavior of the Markov diffusion
model (9): The system enters from any initial value x ∈ M the invariant
control sets of (4) in finite time and and stays there for the rest of its
life. The invariant set C =

⋃k
i=1 Ci is completely determined by control

analysis, as is the question of pi(x) = 0 or = 1, i.e. whether the system
reaches the set Ci from x ∈M and whether this happens with probability
1. Therefore, these facts are independent of the specific background noise η∗t
and of the map f , as long as the Lie algebra rank conditions are satisfied
and f is surjective. Of course, if pi(x) ∈ (0, 1), then this quantity does
depend on η∗t and on f . Hence one can consider the invariant control sets
as ‘limit sets’ for the Markov diffusion model.

3.4 Invariant Measures
It remains to investigate the behavior of the system on the limit sets, i.e. in-
variant measures and ergodicity. In the Markovian context we are interested
in invariant Markov measures: Denote by P̂t the Markovian semigroup of
(9) on C(R+, N ×M), a probability measure µ on N ×M (with the Borel
σ–algebra) is called an invariant Markov measure of (9) if

P̂tµ = µ for all t ≥ 0. (22)

Theorem 3.20. Consider the Markov perturbation model (9) under the
Lie algebra rank conditions (7) and (20).

(i) There exists a unique invariant Markov measure ν on N for the η–
component of (9) with supp ν = N .

(ii) For each invariant control set Ci, i = 1 . . . k of the system (4) there
exists a unique invariant Markov measure µi for the pair process (9)
with supp µi = N ×Ci. Furthermore, the marginal of µi on N is the
given measure ν.

(iii) The law of large numbers holds for all measures µi, i.e. one has for
all g ∈ L1(µi) and for µi–almost all (q, x) ∈ N ×M

P̂(q,x){ lim
T→∞

1
T

∫ T

0
g(η(t), ϕ(t))dt =

∫
N×Ci

g(p, y)µi(d(p, J))} = 1.

(iv) Under the stationary solution {η∗t , t ≥ 0} in the η–component we have
for all x ∈ M : (η∗t , ϕ(t, x, ω)) ⇒

∑k
i=1 pi(x)µi as t → ∞, where ⇒

denotes convergence in distribution.

(v) For each i = 1 . . . k the x–component has a unique stationary solution
x∗i (t) on Ci, which is stationarily connected with η∗t , i.e. (η∗t , x

∗
i (t))

is a stationary Markov solution of (9).
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Furthermore, all invariant measures admit C∞–densities.

Proof. The results (i) – (iii) and the existence of C∞–densities for the in-
variant measures were proved in [29]. To show (iv) we note first of all that
the law of large numbers also holds for P̂(η∗,x) =

∫
N
P̂(q,x)dν. Now the claim

follows via standard arguments, see e.g. [29], from Theorem 3.19, if the µi,
i = 1 . . . k are the only invariant Markov measures of (9). But invariant
Markov measures of (9) have support on the invariant control sets of (19)
and these are exactly the sets of the form N × Ci according to Lemma
3.17. Now the uniqueness part of (ii) shows that µi, i = 1 . . . k are the
only invariant Markov measures of (9). Part (v) follows from the fact that
η∗t –stationary solutions of the x–component are in one–to–one correspon-
dence to the invariant Markov measures of the pair process (ηt, xt), since
components of stationary processes are stationary.

As the results above show, Markov diffusion theory is basically a state space
theory in the sense that the qualitative behavior of the Markov perturbation
model (9) (stationarity, ergodicity, convergence of the distributions) can be
described using state space concepts inM and in N×M . The properties of
the associated system flow (5) (compare the remarks after (9)) did not enter
into our discussion. However, Theorems 3.19 and 3.20 have some immediate
consequences for the limit behavior of the trajectories.

Corollary 3.21. Under the assumptions of Theorem 3.19 and 3.20 we
have

(i) For all x∈M there exists a Px–a.s. finite random variable τx (with
finite expectation) such that Px{ϕ(t, x, ω) ∈ C =

⋃k
i=1 Ci for all t ≥

τx} = 1.

(ii) For µi–almost all (q, x) ∈ N ×Ci we have P̂q,x{πM ω̂(q, x) = Ci} =
1, where ω̂(q, x) denotes the ω–limit set of the trajectory (η(t, q, ω),
ϕ(t, (q, x)ω)), t ≥ 0.

These almost sure statements for the Markov diffusion model have as
counterparts topologically generic statements for the system flow (5):

Proposition 3.22. Consider the system flow under the Lie algebra rank
condition (14).

(i) The set {(u, x) ∈ U ×M , there exists T > 0 such that for all t ≥ T

ϕ(t, x, u) ∈ C =
⋃k
i=1 Ci} is open and dense in U ×M .

(ii) For each i = 1 . . . k the set {(u, x) ∈ U × Ci, πMω(u, x) = Ci} is
residual in U × Ci, i.e. it contains a countable intersection of open
and dense subsets of U × Ci.
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For a proof of this proposition see [14, Section 4.6]. In the real analytic
case we even obtain a generic set in U independent of x ∈ M , i.e. the set
{u ∈ U , for all x ∈ M there exists T > 0 such that ϕ(t, x, u) ∈ C} for all
t ≥ T is open and dense in U . In this case, a stochastic system satisfies
the corresponding property w.p.1., if the θ–invariant measure P on U puts
probability one on the generic set, which, of course, is in general difficult
to verify. However, some general statements can be made about the limit
behavior of perturbed stochastic systems, which we summarize below. For
this we need some facts on invariant measures and recurrence.

Definition 3.23. A point x ∈ S is called recurrent for a flow Ψ on S if
x ∈ ω(x). A probability measure µ on the Borel σ–algebra of S is called
invariant for Ψ if Ψtµ = µ for all t ∈ R, and ergodic if µ(A∆Ψ−tA) = 0
for all t ∈ R implies µA = 0 or µA = 1. Here ∆ denotes the symmetric
difference of two sets.

Poincaré’s Recurrence Theorem states that on a separable metric space
S we have µ{x ∈ S, x �∈ ω(x)} = 0 for any Ψ–invariant measure µ, in other
words, µ–almost all points are recurrent (compare, e.g. [33, Prop. I.2.1]).
Hence the support of any ψ–invariant measure is contained in the closure
of the set R# of ψ–recurrent points. However, the union of the supports
of all invariant measures need not be dense in clR#, compare, e.g. [34,
Sec. VI.3].
For the flows (5) of perturbed systems the situation is simpler, as the

following results show. Here we denote by PΦ the set of Φ–invariant mea-
sures on U ×M . This set is nonempty, convex, weakly compact, and the
extremal points are ergodic measures, compare [27, Lemma 4.1.10].

Proposition 3.24. Consider the system flow (5) under the Lie algebra
rank condition (14).

(i) For every (u, x) ∈ U ×M there exists a chain control set E of (4)
such that ω(u, x) ⊂ E, the lift of E, and hence πMω(u, x) ⊂ E.

(ii) For all (u, x) ∈ U ×M we have supp µu,x ⊂ ω(u, x), where µu,x is
the Krylov–Bogolyubov invariant measure from (u, x), compare, e.g.
[34, Th. VI.9.05].

(iii) If (u, x) ∈ U ×M is Φ–recurrent, then there exists a control set D of
(4) with x ∈ D.

(iv) If D is a main control set of (4), then for every x ∈ D there exists
u ∈ U such that (u, x) is Φ–recurrent.

These results follow from [14, Cor. 4.3.12, Prop. 4.4.1, 4.4.2, Th. 4.4.6].
As a consequence we obtain a characterization of the possible supports of
all Φ–invariant measures.
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Theorem 3.25. Consider the system flow (5) under the Lie algebra rank
condition (14). For a control set D of (4) denote the positive lift by D+ =
cl {(u, x) ∈ U ×M , ϕ(t, x, u) ∈ D for all t ≥ 0} and set D# =

⋃{D+, D is
control set}.

(i)
⋃{supp µ, µ ∈ PΦ} ⊂ clD#.

(ii) If all control sets of (4) are contained in the closure of main control
sets, then cl

⋃{D,D is main control set} = πMcl
⋃{supp µ, µ ∈

PΦ} = πMR#, the projection of all Φ–recurrent points.

(iii) For each Φ–invariant ergodic measure µ there exists one control set
D of (4) such that supp µ ⊂ D+.

This result (compare [14, Cor. 4.4.7, 4.4.8]) concerns the existence and
location (supports) of Φ–invariant measures as well as their relation to
recurrent points. In particular, all projections of recurrent points and of
control sets are contained in the closures of control sets. In general, a system
flow (5) will have many invariant measures, even over the same control set.
Consider now the stochastic perturbation model (5) with a given θ–

invariant probability measure P on U . It is easy to see that a measure µ on
U ×M is Φ–invariant iff µ(du, dx) = µu(dx)P (du), where P is θ–invariant
and µu = Φ(t, u, ·)µθ(t,u). Measures of this type are studied, e.g. in [3] and
[15]. The existence of an invariant family {µu, u ∈ U} is always guaranteed
over invariant control sets of (4) (recall that we assume M to be compact,
hence any invariant control set C is compact and U × C is Φ–invariant
for t ≥ 0). The existence of invariant families over noninvariant control
sets D boils down to the question whether Φ(t, u, ·) leads out of D with
positive P–probability. We discuss one set of conditions under which this is
true. The condition is modelled after the support theorem, which was the
crucial tool in the Markov diffusion case above (but for Markov invariant
measures).
Let {η(t), t ∈ R} be a stationary stochastic process with trajectory space

U and θ–invariant measure P . Denote by supp Pη(0) the support of the
distribution of η(0) in U . We use the following assumption (compare [5,
p. 16]).

There exists y0 ∈ supp Pη(0) such that for all δ > 0 and all
u : [0, T ]→ U continuous with u(0) = y0
we have P{max0≤t≤T |η(t)− u(t)| < δ} > 0. (23)

Theorem 3.26. Consider the system flow (5) with stationary stochastic
perturbation satisfying (23). Assume the Lie algebra rank condition (14).

(i) For any point x ∈ D, some control set of (4), we have for all ε > 0
and all T > 0 that P{d(ϕ(t, x, ω), x) < ε for some t ≥ T} > 0.
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(ii) Any Φ–invariant measure µ with marginal P on U satisfies πM suppµ
∩C �= ∅, where C =

⋃k
i=1 Ci is the union of the invariant control sets

of (4).

Proof. Part (i) was proved in [5, Prop. 3.6]. Part (ii) follows from Proposi-
tion 3.22 (i) and the ‘real noise tube method’ in [5, p. 18].

Under further conditions on the control structure of (4) one can obtain
stronger results.

Corollary 3.27. Under the conditions of Theorem 3.26 assume that all
invariant control sets Ci, i = 1 . . . k of (4) are isolated, i.e. for all i there
exists α > 0 such that the open α–neighborhood B(Ci, α) does not intersect
any other control set. Then any ergodic invariant measure µ satisfies πM
supp µ ⊂ Ci for some i = 1 . . . k.

Note that by Kunita’s theorem (13) the Markov diffusion model (9) sat-
isfies the condition (23). In fact, this model satisfies (23) for all y0 ∈ U .
Hence we obtain

Corollary 3.28. Consider the system flow (5) for the Markov diffusion
case (9) under the Lie algebra rank conditions (7) and (20). Then any Φ–
invariant measure µ with marginal P on U satisfies πM supp µ ⊂ C, where
again C is the union of the finitely many invariant control sets Ci, i =
1 . . . k of (4). Furthermore, each ergodic Φ–invariant measure has support,
whose projection lies in one of the Ci.

The result forces us to study the relation between the invariant Markov
measures (22) and the invariant measures of the system flow. Each invariant
Markov measure induces a Φ–invariant measure, but, in general, the system
flow may have many more invariant measures, compare [15] for a thorough
discussion of this topic. Even if a Φ–invariant measure µ is induced by a
Markov measure, the study of its family {µu, u ∈ U} reveals additional
detail information that cannot be seen from the state space density of the
Markov measure. These families are studied in detail in [3] and results for
specific systems are presented, e.g. in [17], [37], and [4], where the last two
articles contain mainly numerical results.

3.5 Attractors
We conclude this section with a brief discussion of attractors in perturbed
systems. The starting point are again some results for continuous flows
Ψ : R× S → S on compact metric spaces.

Definition 3.29. A compact invariant set A ⊂ S is an attractor of (S,Ψ)
if it admits a neighborhood N such that ω(N) = A. A repeller is a compact
invariant set R ⊂ S which has a neighborhood N∗with ω∗(N∗) = R. For
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an attractor A the set A∗ = {x∈ S, ω(x) ∩ A= ∅} is a repeller, called the
complementary repeller, the pair (A,A∗) is called an attractor–repeller pair.

The relation between attractors and Morse decompositions, see Defini-
tion 3.4, is described in the next result.

Lemma 3.30. A finite collection {M1, . . . ,Mn} of subsets of S is a Morse
decomposition iff there is a strictly increasing sequence of attractors

φ=A0 ⊂ A1 ⊂ . . . ⊂ An=S such that Mn−i=Ai+1∩A∗i for 0 ≤ i ≤ n−1.

Hence the attractor-repeller pairs can be reconstructed once all Morse
decompositions are known. The relation between attractors and the chain
recurrent set, compare Definition 3.3, is as follows (see [14, Prop. B.2.24
and Th. B.2.25]).

Lemma 3.31. (i) For V ⊂ S the chain orbit Ω(V ) is the intersection of
all attractors containing ω(V ).

(ii) The chain recurrent set R satisfies R = ∩{A∪A∗, A is an attractor}.
Hence if the flow (S,Ψ) has a finest Morse decomposition {M1, . . . ,Mn},
then the Morse sets are the components of R and each such component is
the intersection of unions of attractor–repeller pairs.

Note that the flow (S,Ψ) has at most countably many attractors (see
[36, Lemma 9.1.7].
We apply these results to the flow (5) of perturbed dynamical systems.

Note first of all that the perturbation model (3) has only the trivial attrac-
tors ∅ and U . Hence the attractors of the system flow (5) result from the
skew component ϕ. For systems with finitely many chain recurrent compo-
nents the chain transitive attractors are the most important ones since, by
the results above, they form the nuclei of attractor sequences. For the flows
of perturbed systems these attractors are given by certain chain control
sets, compare [14, Prop. 4.3.19].

Theorem 3.32. Consider the system flow (5) and the associated control
system (4).

(i) Let (A,A∗) be an attractor–repeller decomposition of (U ×M,Φ) such
that A is a chain recurrent component. Then there exists a chain control
set E, maximal w.r.t. the order 7 defined in Corollary 3.16, such that

A = E and A∗ = A(E)c, (24)

where E is the lift of E from (18), and A(E) = {(u, x) ∈ U ×M,ω(u, x) ⊂
E}.

(ii) If the number of chain control sets of (4) is finite, then for every
maximal (w.r.t. 7) chain control set E there is an attractor–repeller pair
(A,A∗) such that (24) holds for the lift E of E.
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Note that without the finiteness assumption part (ii) of the theorem is
false. According to this theorem, maximal chain control sets inM and chain
recurrent attractors in U ×M coincide (under the finiteness assumption),
and hence these ‘minimal’ attractors (which do not contain other attractors
except for the empty set) can be characterized in the state space M of
the perturbed system. This is, in general, not true for other attractors,
as the existence of multistable points shows. Under the Lie algebra rank
condition (14), Proposition 3.22 shows that for attractors ∅ �= A1 ⊂ A2 ⊂
U ×M , A1 �= A2 the set A2\A1 is topologically thin, i.e. contained in the
complement of an open and dense set.
For stochastically perturbed systems the appropriate concept of a ‘sto-

chastic attractor’ is not so obvious. Recall that the ω–limit set of V ⊂ U×M
is defined via sequences in time and in U ×M , with the consequence that
cl(∪{ω(x, u), (u, x) ∈ V }) ⊂ ω(V ). Hence it is not obvious, how to combine
the given θ–invariant measure P on U with sequences (un,xn) in V . One
possibility is to think of a ‘stochastic attractor’ as a set in the state space
M that contains all ω–limit sets of random trajectories starting in some
neighborhood if this set. We refer the reader to [16] and [7] for concepts
and results along these lines. In any case, if the stochastic perturbation
process is sufficiently nondegenerate, a result analogous to Theorem 3.32
should hold. These and other problems concerning the characterization of
‘stochastic attractors’ seem to be open at this moment.

Remark 3.33. (On numerical methods). The results presented in this sec-
tion require the numerical computation of main and chain control sets, their
lifts, and of limit sets if the theory is to be applied to concrete examples. For
the computation of main control sets several algorithms are available: based
on the numerical solution of families of ordinary differential equations [23],
based on the solution of time optimal control problems (see [14, Appendix
C.3]), and based on subdivision techniques [40], which were developed for
dynamical systems by Dellnitz and Hohmann. Since chain control sets are
‘almost always’ the closures of main control sets (compare Theorem 4.2 be-
low) these algorithms also serve for chain control sets. The computation of
objects in U×M and their u–wise projection onto M requires algorithms for
time–varying differential equations, whose limit sets are, in general, fairly
complex. We refer to [6] and to [4] in this volume for a discussion of several
approaches in the stochastic context.

In this section we saw that the global behavior of Markov diffusion sys-
tems is determined by the orbit structure, i.e. the trajectories of the as-
sociated control system. In contrast, the limit sets, supports of invariant
measures, and attractors of general perturbed flows follow the topologi-
cal chain structure of these flows. In general, these two structures can be
different. However, in the next section we show that under an inner pair
condition the structures agree ‘almost always’. Hence the study of Markov
diffusion systems can be related to the topology of the corresponding per-
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turbed flow (2).

4 Global Behavior of Parameter Dependent
Perturbed Systems

This section serves mainly two purposes: to clarify the relation between the
control and the chain control structure of the system flow (5), and to study
the global picture that was developed in Section 3 under the variation of
system parameters. We concentrate on the topological properties of the
flow (5), the consequences for stochastically perturbed systems follow from
a direct application to the stochastic results in Section 3. None of the results
in this section is new, the proofs can be found in [14], Chapters 3. and 4.,
primarily in Section 4.7. The model of perturbed systems, as introduced
in Section 3, can basically depend on parameters in two ways: The vector
fields in the system equation (4) may depend on a parameter α ∈ I ⊂ Rp,
and the perturbation range U ⊂ Rm may vary. Therefore, we consider the
following family of perturbed systems on the compact C∞–manifold M ,
parametrized by (α, ρ) ∈ I × [0,∞)

ẋ = X0(x, α) +
m∑
i=1

ui(t)Xi(x, α) = X(x, u, α), α ∈ I,

u ∈ Uρ = {u : R→ Uρ,measurable} (25)
Uρ = ρ · U for ρ ≥ 0, U ⊂ Rm convex and compact with 0 ∈ intU.

which leads to a continuous system flow

Φα,ρ : R× Uρ ×M → Uρ ×M, Φt(u, x) = (θtu, ϕ(t, x, u)).
(26)

In the case of a stochastic perturbation model the shift invariant measure P
may also depend on a parameter, e.g., if the vector fields of the background
noise (6) on N are parameter dependent. We do not consider this situation
in the current paper, except for the fact that we vary the noise range, i.e.
for the Markov diffusion model we consider a family of maps f : N → Uρ

as in (8) and Lemma 3.17.
We continue to deal with regular systems and assume a Lie algebra rank

condition (compare (14)) of the form

dimLA{X0(α) + ΣuiXi, u ∈ Uρ}(x)=dimM for all x ∈M, α ∈ I, ρ > 0.
(27)

The following results require a relation between the limit sets of the system
flow Φα,ρ and the control sets of (25)α,ρ. For this we impose a so–called
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inner pair condition:

Fix α∈I. For all ρ, ρ′∈ [0, ρ∗) with ρ < ρ′ and all chain control
sets Eρ of (25)α,ρ every (u, x) ∈ Eρ ⊂ Uρ ×M satisfies:
There exists T (u, x) > 0 such that ϕ(T, x, u)∈ intO+,ρ′(x),
the positive orbit of x ∈M under the control range Uρ′ .

(28)

This condition says that the trajectories in chain control sets of (25)ρ enter
the interior of the corresponding orbits of (25)ρ

′
for ρ′ > ρ. In fact, Con-

dition (28) is too strong for many of the results below, and we refer the
reader to [14, Chapter 4] for weaker versions and for sufficient conditions
which imply (28).
Our first result shows that, depending on (α, ρ), control sets and chain

control sets enjoy complementary semicontinuity properties in the Haus-
dorff topology on subsets of M .

Theorem 4.1. Consider the system flow (26)α,ρ under Assumptions (27)
and (28). Assume that the vector fields X0, . . . , Xm in (26)α,ρ have C∞–
dependence on α.

(i) For (α0, ρ0) ∈ int I×(0,∞) let Dα0,ρ0 be a main control set of (25)α,ρ.
Then there are unique control sets Dα,ρ such that the map (α, ρ) �→
cl Dα,ρ on I × (0,∞) is lower semicontinuous at (α0, ρ0).

(ii) Pick (α0, ρ0) ∈ I × [0,∞) and consider for a sequence (αk, ρk) →
(α0, ρ0) chain control sets Eαk,ρk . Then there exists a chain control
set Eα0,ρ0 such that

lim sup
(αk,ρk)→(α0,ρ0)

Eαk,ρk :=

{x ∈M, there are xk ∈ Eαk,ρk with xk → x} ⊂ Eα0,ρ0 ,

i.e. the map (α, ρ) �→ Eα,ρ on I × [0,∞) is upper semicontinuous.

In general, one cannot expect the maps in Theorem 4.1 to be continuous,
even if α or ρ are fixed. However, for α fixed these maps are continuous
almost everywhere in ρ.
Fix α∈ I and consider the interval [ρ∗, ρ∗]⊂ [0,∞). Let Eρ∗ be a chain

control set of (25)ρ and define the maps into the compact subsets K(M) of
M

[ρ∗, ρ∗)→ K(M), ρ �→ Eρ with Eρ∗ ⊂ Eρ (29)
(ρ∗, ρ∗]→ K(M), ρ �→ clDρ with Eρ∗ ⊂ Dρ (30)

Theorem 4.2. Consider the system flow (26)ρ for fixed α ∈ I under As-
sumptions (27) and (28).

(i) The map (29) is well defined, increasing, and right continuous.
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(ii) The map (30) is well defined, increasing, and left continuous.

(iii) For ρ∗ ≤ ρ < ρ′ ≤ ρ∗ we have Dρ ⊂ Eρ ⊂ intDρ′ .

(iv) The continuity points of (29) and (30) agree and at each continuity
point ρ we have clDρ = Eρ. Furthermore, there are at most countably
many points of discontinuity.

According to this theorem, under the inner pair condition (28) the chain
control sets are ‘almost always’ closures of main control sets. This clari-
fies the connection between the chain structure and the orbit structure of
perturbed systems that was used in Section 3 for the study of Markov diffu-
sion systems. To complete the analysis of the relation between the control
structure and the chain control structure of control systems, we study the
different orders that were defined in (16) and Corollary 3.16.

Theorem 4.3. Consider the system flow (26)ρ for fixed α ∈ I under (27)
and (28), and assume that (26)ρ∗ has finitely many chain control sets
Eρ∗
1 , . . . , Eρ∗

k .

(i) If Eρ∗
i 7 Eρ∗

j , then Dρ
i 7 Dρ

j for all ρ ∈ (ρ, ρ∗].
(ii) If there are ρn ↓ ρ∗ with Dρn

i 7 Dρn
j for all n ∈ N, then Eρ∗

i 7 Eρ∗
j .

(iii) For ρ > ρ∗, ρ − ρ∗ small enough the invariant control sets of (25)ρ

correspond uniquely to the maximal (w.r.t. 7) chain control sets of
(25)ρ∗ .

These results open the door for a global analysis of parameter dependent
perturbation systems. For the moment, fix α ∈ I and consider the system
(25)α,ρ, (26)α,ρ with varying perturbation range Uρ, ρ ≥ 0. We start from
the unperturbed system (i.e. ρ = 0)

ẋ = X0(x, α) on M, Φ0 : R×M →M, (31α)

and assume that (31α) has a finest Morse decomposition {M1, . . . ,Mn}.
As ρ increases from 0, chain control sets (and hence main control sets) form
around the Mi (note that the map (29) is continuous at ρ = 0), preserving
the order given by the Morse decomposition. In particular, invariant con-
trol sets form around the maximal Morse sets. However, it is not true, in
general, that the number of (main) control sets, even for ρ > 0 small, agrees
with the number of Morse sets of (31α), compare [14, Example 4.7.8]. At a
discontinuity point of the maps (29) and (30) the size of the (chain) control
sets jumps, often through the merging of different control sets. Note that by
the existence of multistability regions MS (compare Definition 3.18) two
invariant control sets can only merge for ρ > 0 if their union also includes
a set that was a noninvariant control set for ρ′ < ρ. Concrete results for
specific systems can be found, e.g., in [14, Chapters 8, 9, and 13]. For the
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Markov diffusion model the situation seems to be relatively simple, because
its invariant measures and stationary solutions live exactly on the invari-
ant control sets, compare Theorem 3.20 and Corollary 3.28. In fact, for
systems satisfying Assumptions (27) and (28) the parameter dependence
of the support of the invariant Markov measures is described through the
results above, compare [11], [9], [13] for several concrete examples. However,
a study of the families {µu, u ∈ Uρ} of the induced flow invariant measures,
compare Corollary 3.28 and the discussion thereafter, is still missing (com-
pare, however, [18] for the one–dimensional white noise case). This is true,
even more so, for the general stochastic perturbed model.
Finally, let us consider the parametric system flow (26)α,ρ depending

on α and ρ. For a given bifurcation scenario (in α ∈ I) of the Morse
sets of the unperturbed system (31α), Theorems 4.1 to 4.3 show that this
scenario can be recovered by a two parameter approximation in α and
ρ ↓ 0 through perturbation systems of the type (26)α,ρ, compare [12] for
the one–dimensional and [14, Sec. 9.2] for the Hopf bifurcation case. Along
the same lines one studies the continuity of the support of invariant Markov
measures. The field for a further analysis of stochastic perturbation models
is wide open.

Acknowledgement The authors acknowledge the help of the Bremen group
in preparing this manuscript, and we thank the referees for their construc-
tive criticism.

5 References
[1] E. Akin. The General Topology of Dynamical Systems. Amer. Math.

Soc., Providence, R.I., 1993.

[2] L. Arnold. Stochastic Differential Equations: Theory and Applica-
tions. Wiley, 1974. Original German language edition 1973 by Olden-
bourg Verlag, München; English edition reprinted by Krieger, Malaba
(Florida), 1992.

[3] L. Arnold. Random Dynamical Systems. Springer-Verlag, Berlin Hei-
delberg New York, 1998.

[4] L. Arnold, G. Bleckert, and K. R. Schenk-Hoppé. The stochastic Brus-
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Perturbation Methods for
Lyapunov Exponents
Volker Wihstutz1

ABSTRACT In order to investigate the long term behavior of a linear
dynamical system under the impact of multiplicative mean zero noise, the
top Lyapunov exponent associated with the system is studied with its de-
pendence upon the noise intensity and other parameters of the (mostly
2-dimensional) systems. The perturbation methods, most singular, are sur-
veyed systematically, which yield (a) asymptotic expansions of the Lya-
punov exponents in terms of small and large intensities of different kinds of
noise; (b) a comparison of white and real noise and (c) a characterization
of stabilizing noise.

1 Introduction

The top Lyapunov exponent as tool for studying the impact of
noise
In many situations it is of interest to investigate the behavior of the linear
system

ẋ (t) = A0x (t) , x (0) = x0 ∈ Rd , (1)

under the impact of noise or random perturbation, that is

ẋσt = A0x
σ
t + σ (Bξt (ω))xσt , x

σ
0 = x0 ∈ Rd, (2)

where A0 and B are d×d-matrices, σ ≥ 0 and ξt is white noise
(
ξt = Ẇt

)
or

a stationary and ergodic stochastic process, called real noise. In this paper
we Restrict ourselves to diffusion processes ξt. This means that we work in
a Markovian situation for which the whole apparatus of Markov semigroups
and their generators is available. As will be seen, the perturbation methods
exposed here, are developed from perturbing these generators. Diffusion
processes, in addition, have continuous paths. As to Markov processes with

1Research supported in part by NSF # 9017702
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jumps we refer to the investigation of Pinsky [43], [44] and to the systematic
study of telegraphic noise by Arnold and Kloeden [8]. If, as above, the noisy
vector field x �→ (Bξt)x on the right-hand side is not constant, but depends
on the state x, the noise is often referred to as parametric excitation or
multiplicative noise (as opposed to additive noise).
Parametric excitation in linear systems arises in many contexts such as

stability of mechanical systems or electrical circuits (e.g. Ariaratnam and
Wei-Chau Xie [1], Arnold [2], Bellman, Bentsman and Meerkov [16], Kao
and Wihstutz [24], Kozin and Prodromou [31], Wedig [50]). Multiplicative
noise is used to model random media and investigate the propagation of
waves in these media (e.g. Kohler, Papanicolaou and White [30] and the
bibliography therein). It occurs as random potential in quantum mechanical
systems described by the Schrödinger operator (e.g. Gold’sheid, Molchanov
and Pastur [22], Molchanov [35], Figotin and Pastur [19] and the references
therein).
Of particular interest are the extremal cases, where the noise is very small

or very large. Is it possible that small noise (σ → 0) can cause a drastic
change of behavior? Which role remains to play for the systematic term
A0x, if the multiplicative noise is overwhelmingly large (σ →∞)?
To answer these questions, the first idea is to compare the fundamental

matrices Φσ(t, ω) and Φ(t) = Φ0 (t) which define the solutions x0 (t) =
x (t, x0) = Φ (t)x0 and

xσt = xσ (t, ω, x0) = Φσ (t, ω)x0 (3)

of (1) and (2), respectively. However, while Φ (t) = eA0t is explicitly given,
generally Φσ is not known, if σ > 0; one exception being the 1-dimensional
case where

Φσ (t, ω) = exp
{∫ t

0
aσ (s, ω) ds

}
, aσ (t, ω) = a0 + σbξt(ω).

This is because of the simple fact that for d > 1 matrix multiplication is
non-commutative and therefore, generally, eA+B �= eAeB .
So we have to resort to qualitative theory; that is read off the behavior

of the system directly from the differential equation without recurring to
the explicit form of the solution. If in the unperturbed situation ẋ = A0x
the spectrum of the constant matrix A0 is known, we know all we want to
know about the (long-term) behavior of the system. Is there a mathematical
object which for a time-variant matrix or matrix-valued function A (·) can
play the role of the spectrum? The answer is in the positive and goes back
to Lyapunov [32] who characterized the algebraic concepts of eigenvalue
and eigenspace in dynamical terms using the exponential growth rates of
the solutions x (t, x0) of (1), i.e.

λ (x0) = lim
t→∞

1
t
log ‖x (t, x0)‖ . (4)
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(If A0 is constant, then λ (x0) is the real part of one of the eigenvalues of
A0). It was Oseledets [38], who made Lyapunov’s ideas fruitful and gave it
its important role of today. With his celebrated Multiplicative Ergodic The-
orem he showed that Lyapunov’s theory can be applied to the stochastic
situation; more precisely, to a cocycle C (t, ω) like the fundamental matrix
Φσ (t, ω) in (3) which is associated to a measure preserving flow on the un-
derlying probability space (Ω,F , P ) . Roughly speaking, Oseledets’ theorem
guarantees for almost all ω ∈ Ω a decomposition of Rd =⊕p

k=1Ek (ω) into
p linear subspaces Ek (ω) , called Oseledets subspaces, which are associated
with the p possible exponential growth rates,

λk = lim
t→∞

1
t
logC (t, ω)x0, x0 �= 0 (k = 1, ..., p; 1 ≤ p ≤ d)

called Lyapunov exponents and forming the Lyapunov spectrum.
Under weak regularity conditions on the distribution of the noise the

Lyapunov exponents are stable in the sense that

lim
σ→0

λk (σ) = λk (0) = Re (e.v. A0)

(Young [55] and Ledrappier and Young [34]).
Top Lyapunov exponent. Under weak non-degeneracy conditions Oseledets’
theorem implies that P -almost all trajectories of the process xσt solving (2)
and being Markov (e.g. by starting with a deterministic initial condition
x0 �= 0), have the same exponential growth rate, namely the top Lyapunov
exponent λ (σ) = max1≤k≤p λσk . So, if one is only interested in Markov so-
lutions of (2), for comparison with (1) it suffices to study the top Lyapunov
exponent λ (σ) in its dependence upon the noise intensity σ ≥ 0. From Os-
eledets theorem follows that λ (σ) ≥ (trace A0) /d for all σ ≥ 0. Moreover,
due to stability,

lim
σ→∞λ (σ) = λ (0) = maxRe (e.v. A0) .

Mean zero noise. In order for the noise not to cause a systematic change
(since we want to study the impact of pure randomness), we require that
at any given x ∈ Rd, the noisy vector field has mean zero, in other words
the vector A0x+ σ (Bξt)x averages out to A0x, the right-hand side of the
unperturbed system (1). Noise of this kind is often referred to as random
vibration (see e.g. Bellman, Bentsman and Meerkov [16]). In case of white
noise we have automatically random vibration. For real noise the require-
ment means Ef (ξt) = 0.
It is worth noting that studying mean zero noise constitutes a task which

differs from the approach of Colonius and Kliemann ([18] and this volume).
If we view dWt or ξdt as control u (t) dt, we can say that our control averages
out to zero (in the long run), while Colonius and Kliemann admit controls
with values in σU , where U , open, is only required to contain zero. This
way they generate a larger spectrum which contains the Lyapunov spectrum
considered here.
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Set-up
Noise perturbed linear systems
Cartesian coordinates. We are going to study the top Lyapunov exponent
λ (σ) of the noise perturbed linear system

dx = A0x dt+ σ

r∑
k=1

Akx ◦ dF k
t , x0 ∈ Rd, (5)

where A0, A1, ..., Ar are constant d×d-matrices, σ ≥ 0 and ◦dF k
t a stochas-

tic differential whose interpretation depends on the type of noise.
In case of white noise, the ◦dF k

t = ◦dW k
t (k = 1, ..., r) are the Stratonovich

differentials of the independent Wiener processesW 1
t , ...,W

r
t over the prob-

ability space (Ω,F , P ) , and system (2) becomes the linear stochastic dif-
ferential equation

dx = A0x dt+ σ

r∑
k=1

Ak x ◦ dW k
t , x0 ∈ Rd.

In case of real noise we put ◦dF k
t = fk (ξt) dt, where ξt is a stationary and

ergodic diffusion process on an analytic manifold M satisfying

dξt = X0 (ξt) dt+
m∑
j=1

Xj (ξt) ◦ dW j
t (6)

with independent standard Wiener processesW 1
t , ...,W

m
t and analytic vec-

tor fields X0, X1, ..., Xm on M. To streamline the Representation, we as-
sume the rather strong condition that

M is compact and the generator of ξt, G is elliptic
self-adjoint with zero as isolated, simple eigenvalue.

(7)

Then the invariant measure ν with G∗ν = 0 has a constant density and
if we normalize the volume of M to 1 we may put ν (dξ) = dξ. We only
mention here that in many situations it suffices that the vector fields satisfy
the restricted Hörmander condition

dimLA {X1, ..., Xr} (ξ) = dimM, for all ξ ∈M (8)

where LA {F} is the Lie-algebra generated by the family F of vector fields
in { } .
In order to preserve the Markov property in the real noise situation, we

have to consider the pair (ξt, xt) , that is equation (1.7) together with

dxt =

[
A0 + σ

r∑
k=1

fk (ξt)Ak

]
x dt , x0 ∈ Rd.
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We will use the abbreviation Aσ = Aσ (ξ) = A0 + σ
r∑
.
fk (ξ)Ak and often

consider r = 1.
Polar coordinates. We expect that the exponential growth rate (of the ra-
dius ‖xt‖) depends, as generalized eigenvalue, on the direction or angle in
which xt is moving. This suggests working with the polar coordinates ρt :=
log ‖xt‖ and st := xt/ ‖xt‖ on the unit sphere Sd−1 =

{
x ∈ Rd; ‖x‖ = 1}

or, if we identify st and −st, on the projective space P = Pd−1 associated
with Rd. System (5) reads in polar coordinates

ds = h (A0, s) dt+ σ

r∑
k=1

h (Ak, s) ◦ dFkt , s0 ∈ P (9)

dρ = q (A0, s) dt+ σ

r∑
k=1

q (Ak, s) ◦ dFkt , ρ0 > 0 , (10)

where for any d× d-matrix A,

h (A, s) = hA (s) = As− (As, s) s, q (A, s) = qA (s) = (As, s)

and (·, ·) the inner product in Rd.
Non-degeneracy assumption. In order to discard too degenerate situations,
we adopt the following weak non-degeneracy conditions: In case of white
noise, Hörmander’s hypoellipticity condition

dimLA {hA0 , hA1 , ..., hAr} (s) = d− 1, for all s ∈ P, (11)

and in case of real noise, (8) or stronger (7), together with

dimLA {h (Aσ, ·) +X0, X1, ..., Xm} (ξ, s) = dimM + d− 1
(12)

for all (ξ, s) ∈M × P.
Generators for projections onto P. Under these non-degeneracy conditions
we obtain hypoellipticity of both the generator of (sσt ) in the white noise
case,

L (σ) = L0 + σ2L1, L0 = hA0 , L1 =
1
2

r∑
k=1

(hAk)
2 (13)

and the generator of (ξt, sσt ) in the real noise case,

L (σ) = L0 + σL1, L0 = (G+ hA0) , L1 =
r∑

k=1

fk (ξ)hAk (14)
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in Hörmander form.
Representation of the top Lyapunov exponent λ (σ)
The non-degeneracy condition allows for a representation of the top Lya-
punov exponent λ (σ) which is more treatable than definition (4). Let us
define the following functions on P or M × P, respectively
Q0 (s)=q (A0, s) ; Qσ (s)=Q0+σ2Q1 (s) , or Qσ (ξ, s)=Q0 + σQ1 (ξ, s) ,

(15)

where for white noise

Q1 (s)=
1
2

r∑
k=1

q1 (Ak, s) , q1 (A, s)=(As,As)+
(
A2s, s

)−2 (As, s)2;
(16)

and for real noise where

Q1 (ξ, s) =
r∑

k=1

fk (ξ) q (Ak, s) .

Integrating (10) over [0, T ], dividing by T and passing to the limit T →∞
yields the following theorem.

Theorem 1.1. Given system (5), or (9) and (10) in polar coordinates,
under the non-degeneracy conditions (12) or (8) together with (13) for
white or real noise, respectively, the following statements hold true.

(i) For any x0 �= 0 almost surely

λσ (x0) := lim
T→∞

1
T
log ‖xσ (T, ω, x0)‖ = λ (σ) ,

where λ (σ) is the top Lyapunov exponent in the Lyapunov spectrum.
(ii) There exists a unique invariant probability measure µσ = µ (σ) for sσt

on P or for (ξt, sσt ) on M×P, respectively, which satisfies the Fokker-Planck
equation

L∗ (σ)µ (σ) = 0, (17)

where ∗ denotes the formal adjoint of L (σ) from (14) or (15), respectively;
in case of real noise, any µ (σ) (σ ≥ 0) has the marginal

∫
P
µ (dξ, ds) =

ν (dξ) .
(iii) Moreover,

λ (σ) = 〈Qσ, µσ〉 , (18)

where Qσ is from (15), and 〈Q,µ〉 = µ (Q) =
∫
Qdµ, and the integral is

taken over P or M × P, respectively, that is in case of white noise

λ (σ) = 〈Q0, µ (σ)〉+ σ2 〈Q1, µ (σ)〉 , (19)

and in case of real noise

λ (σ) = 〈Q0, µ (σ)〉+ σ 〈Q1, µ (σ)〉 .
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For the proof see Arnold, Oeljeklaus and Pardoux [9], p. 135 and Arnold,
Kliemann and Oeljeklaus [7], p. 101.
The Furstenberg-Khasminskii type representation (19) (cf. Furstenberg

[20] and Khasminskii [27]) together with the Fokker-Planck equation (17)
form the starting point for studying λ (σ) . Doing so we will make heavy
use of the following two simple facts.

Remark 1.2. (i) Linear transformation of Rd. λ (σ) is preserved under
any linear transformation T (t) of Rd with limt→±∞ 1

t log
∣∣T±1 (t)∣∣ = 0;

thus, in particular, for a time-invariant linear transformation T.
(ii) Traces of the matrices A0, A1, ..., Ar. Since for any c ∈ R

q (A+ cI, s) = q (A, s) + c, q1 (A+ cI, s) = q1 (A, s) ,

(I = identity), and
∫
P
µ (dξ, ds) = ν (dξ) , Efk (ξ) = 0, we have for all real

numbers c0, c1, ..., cr :

λ (σ; A0 + c0I , Ak + ckI, k = 1, ..., r) = λ (σ; A0, Ak , k = 1, ..., r) + c0.

Trace zero assumption. So we assume without loss of generality traceA1 =
... = traceAr = 0. We may study further λ (σ) under the assumption trace
A0 = 0 and add after that c0 = 1

d trace A0.
Rotation numbers: On the side, for d = 2, we also consider another func-
tional of the solution xσ (t) = [xσ1 (t) , x

σ
2 (t)] of (5), where log ‖x‖ is replaced

by ϕ = arctan (x2/x1) , namely the rotation number

α (σ) := lim
t→∞

1
t
ϕσt

which counts the average number of full revolutions of xt per time unit and
generalizes the imaginary part of e.v.(A0) (see Arnold and San Martin [11]
for the concept in higher dimension). Analogously to (18) we have

α (σ) = 〈Hσ, µσ〉 ,
where respectively for white or real noise, Hσ = H0 + σ2H1 or Hσ =
H0 + σH1 with

H0=h(A0, s), H1(s)=
∑

h(Ak, s) or H1(ξ, s)=
∑

fk(ξ)h(Ak, s).
(20)

Organization of the paper
We now continue as follows. In Section 2 we introduce the basic perturba-
tion schemes which are used to study λ (σ) . In Section 3 we consider small
noise and compare the effect of real and white noise. We finish (Section 4)
with large noise and application to the problems of singling out stabiliz-
ing noise and estimating the stability radius. Open problems are listed in
Section 5.
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2 Basic Perturbation Schemes

Lyapunov exponent as Fredholm alternative
The representation (18) for λ (σ) suggests solving the Fokker-Planck equa-
tion (17). This is the approach taken by Arnold and Kloeden [8] for tele-
graphic noise. Formulas for the invariant measure µσ have been given early
by Khasminskii [27] for elliptic systems driven by white noise, then by Nish-
ioka [36] in case of one or two white noise sources; Auslender and Mil’shtein
[14] computed λ (σ) again for white noise with µσ on S1. However, these
formulas, given for more or less special cases, are rather complicated to
compute, and they are not very explicit, so that it is hard to study the de-
pendence upon σ. This holds all the more for the Lyapunov exponent λ (σ)
itself. Except for some special cases (see e.g. Leizarowitz [33] or (40) below)
exact values of λ (σ) are not known. However, two ways are known to find
satisfactory approximations for λ (σ) . One way is via stochastic numerics
or simulation (see Kloeden and Platen [29], Section 17.3, Talay [49] in this
volume, Wihstutz [53]). The other approach is with help of perturbation
theory or better (since classical regular perturbation theory can only sel-
domly be applied) with help of singular perturbation methods which will
be represented here. Both approaches complement each other (see e.g. Sec-
tion 4.3). While simulation produces, in principle, the values of λ (σ) for all
σ, the perturbation methods yield asymptotic results for small and large
σ. But the strength of the latter is that it exhibits the dependence upon σ
and other parameters of the system.
If σ = ε > 0 is small, the Fokker-Planck equation

L∗ (ε)µ (ε) = (L∗0 + εL∗1)µ (ε) = 0

may be regarded as a small perturbation of L∗0µ0 = 0 with

µ (ε) = µ0 + εµ1 + ...+ εNµN + ... (21)

which, when equating coefficients of equal powers of ε leads to the pertur-
bation scheme

L∗0µ0 =0 (with marginal µ0(dξ) = ν(dξ) in case of real noise)

L∗0µk =− L∗1µk−1
∫
µk (ds) = 0 , k = 1, . . . , N. (22)

However, it is not obvious that a typical solution µ0 such as the Dirac
measure δs0 (ds) together with its derivatives µk produces a good approx-
imation for µ (ε) which is smooth under our hypoellipticity assumption.
In order to prove convergence (in a suitable sense), and find the order of
convergence in (21) it turns out that it is more successful to consider the
adjoint problem of solving

LεFε = f − γε. (23)
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This equation is solvable, if f−γε is in the image of Lε which, heuristically
(if Lε were a nice operator), is orthogonal to the kernel kerL∗ε = span
(µε) , that is if 〈f − γε, µ

ε〉 = 0 or γε = 〈f, µε〉 . So, for f = Qε (or Hε)
we obtain the Lyapunov exponent γε = λ (ε) (or rotating number α (ε))
as Fredholm alternative. Guided by this consideration we try to solve (23)
simultaneously for

Fε =F0 + εF1 + ...+ εNFN + εN+1RN (ε) and

γε =γ0 + εγ1 + ...+ εNγN + εN+1rN (ε)
(24)

(compare Papanicolaou [39]).
The rigorous treatment of these ideas is based on the following simple

observations.

Lemma 2.1. Given the connected smooth manifold M, let for ε≥0 L(ε)=
L0 + εL1 be differential operators and µ (ε) smooth probability measures
on M with L∗ (ε)µ (ε) = 0; and let f be a smooth function on M. If for
N ∈ N∪{0} , there are real numbers γ0, γ1, ..., γN and (possibly generalized)
functions F0, F1, ..., FN on M such that

L0F0 =f − γ0

L0Fk =− L1Fk−1 − γk , k = 1, 2, ..., N
(25)

and if, in addition,

sup
ε>0

|〈L1FN , µ (ε)〉| <∞, (26)

then

〈f, µ (ε)〉 = γ0 + εγ1 + ...+ εNγN +O
(
εN+1

)
. (27)

Proof. By (25) f=L0F0 + γ0, thus with L∗ (ε)µ(ε)=(L0 + εL1)∗µ (ε) = 0

〈f, µ (ε)〉= 〈L0F0+γ0, µ (ε)〉=γ0+〈(L0 + εL1)F0, µ (ε)〉+ε 〈−L1F0, µ (ε)〉
= γ0 + ε 〈−L1F0, µ (ε)〉

Keep using (25) and replace −L1F0 by L0F1+γ1 etc. to obtain 〈f1µ (ε)〉 =
γ0+εγ1+ ...+εNγN +εN+1 〈−L1FN , µ (ε)〉 .With (26), the expansion (27)
follows.

Remark 2.2. (i) For M = P or M =M ×P , L (ε) the generator of (sεt )
or (ξt, sεt ) , respectively for white or real noise, and f = Qε, f = Hε, (27) is
the expansion of the Lyapunov exponent λ (ε) or the rotation number α (ε) .

(ii) We obtain the numbers γk and functions Fk by the following algo-
rithm.

Solve L∗0µ0 = 0; define γ0 = 〈f, µ0〉 ;
solve L0F0 = f − γ0; define γ1 = 〈−L1F0, µ0〉 ;
solve L0F1 = −L1F0 − γ1; define γ2 = 〈−L1F1, µ0〉 ; etc. (28)
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(iii) To assure the boundedness conditions (26), it suffices to know that
L1FN is a bounded function on M, since uniformly

∫
M dµ (ε) = 1 for

all ε ≥ 0. L1FN is bounded, if M is compact and FN is smooth; or, for

instance, if supξ,s |L1FN (ξ, s)| ≤
n∑
l=1

gl (ξ)Cl for some n ∈ N, gl ∈ L1 (ν)

and Cl <∞.
(iv) If M is compact and L (ε) is hypoelliptic, thus µε (z) = pε (z) dz

with C∞-density pε, we may solve the Poisson equations (25) in the distri-
butional sense with respect to smooth test functions on M such as pε.

Homogenization. Lemma 2.1 immediately provides a way how to average
out one coordinate in a differential operator (generator of a Markov pro-
cess), while doubling the order of differentiation with respect to the re-
maining coordinates.
With Fε from (24), by (25) we have for N = 2:

LεFε = f − [
γ0 + εγ1 + ε2γ2 + ε3L1F2

]
.

Consider the productM =M1×M2 of two smooth manifolds M1 and M2
and the generator Gε = G0 + εG1 on M1 ×M2, where G0 is a generator
on M1 only, with G∗0ν = 0, ν a probability measure on M1; let f (p1, p2) =
const = 0, thus γ0 = 〈f, ν〉 = 0. By Lemma 2.1 with L0 = G0, L1 = G1, we
obtain

Lemma 2.3. Given a function g0 (p2) on M2 only (thus satisfying G0g0 =
0), assume there are functions gk (p1, p2) on M1 ×M2, (k = 1, 2)with γ1 =
−G1g0 := 〈−G1g0, ν〉 = 0 and γ2 = −G1g1 := 〈−G1g1, ν〉 such that

G0g1 = −G1g0 , G0g2 = −G1g1 − γ2 ,

then

(G0 + εG1)
(
g0 + εg1 + ε2g2

)
= ε2

(−G1g1)+ ε3G1g2. (29)

The meaning of (29) is that by averaging, the generator (G0 + εG1)if
restricted to functions g0 ofM2, can be approximated by an operator which
depends only on p2 and which is of 2nd order, with respect to p2, if G1 is
of 1st order:

(G0 + εG1) g0 ≈ ε2
(−G1g1) = ε2

(
G−10 G21

)
g0.

This well-known device, called homogenization, will be used to reduce real
noise perturbation to white noise perturbation.

Expansion of the invariant measure µε(dξ, ds). Another variation of Lemma
2.1 concerns the invariant measure µε(dξ, ds) onM =M×P : we substitute
f̃k (ξ), which is constant in s, for γk.
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Lemma 2.4. Suppose that µ0, µ1, ..., µN solve (22) and, given a smooth
function f (ξ, s) on M = M × P, assume that there are functions f̃k (ξ)
and Fk (ξ, s) , k = 0, 1, ..., N solving (25) with γk replaced by f̃k (ξ) . If, in
addition, the boundedness condition (26) is satisfied, then〈

f, µε − [
µ0 + εµ1 + ...+ εNµN

]〉
= O

(
εN+1

)
. (30)

Proof. By (25), f = L (ε)Fε+ f̃ε− εN+1L1FN , where f̃ε = f̃0+ ε f̃1+ ...+
εN f̃N depends on ξ only. Substituting this expression for f in (30), using
L∗ (ε)µ (ε) = 0, the equations (22),

∫
M

f̃εµ
ε (dξ, ds) − ∫

M
f̃εµ0 (dξ, ds) =∫

M

f̃ε [ν (dξ)− ν (dξ)] = 0 and
∫
M

f̃ε (ξ)µk (dξ, ds) = 0 for k = 1, ..., N, we

obtain

〈
f, µε − [

µ0 + εµ1 + ...+ εNµN
]〉
= −εN+1

〈
N∑
k=0

εkFk, L
∗
1µN

〉

+εN+1
〈
L1FN ,

N∑
k=0

εkµk

〉
− εN+1 〈L1FN , µ (ε)〉 .

Again by (22) and (25) the sum of the first two terms on the right hand
side vanishes, and (30) follows from (26). (Compare Arnold, Papanicolaou
and Wihstutz [10], p. 432).

Note that (30) establishes weak convergence of µε ⇒ µ0 for a fixed smooth f
(rather than the family of bounded continuous functions). We are interested
in f = Qε and f = Hε.

3 Asymptotics of Lyapunov Exponents

Small white noise perturbation
In order to expand the top Lyapunov exponent λ (ε) of the white noise
perturbed system

dx = A0x dt+ ε

r∑
k=1

Akx ◦ dW k
t , x0 ∈ Rd , ε→ 0 (31)

we apply Lemma 2.1 to f = Qε and the generator of the projection st =
xt/ ‖xt‖,

L (ε) = L0 + ε2L1, L0 = hA0 , L1 =
1
2

r∑
k=1

(hAk)
2
.
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We assume the hypoellipticity condition (11). The algorithm (28) calls for
solving L∗0µ0 = 0, computing λ0 = 〈Q0, µ0〉, solving L0F1 = −L1F0 +
Q1 − λ1, etc., and verifying the boundedness property (26). Since all these
Poisson equations are controlled by hA0 , and since for any d× d-matrix A,
h (A, s0) = 0 iff As0 = a s0, in which case q (A, s0) = a and q2 (A, s0) =
0, different methods of solving these equations are required for different
spectra of A0. Further, due to the stability, small noise causes only a small
perturbation of the eigenvalues of A0. So, we organize the investigation
along the spectral properties of A0. For details see [40], [44], and [45]. The
ideas are the following.
Since the picture is complete for d = 2, and since the impact of noise can

be studied essentially already in the 2-dimensional situation, we restrict
our representation mostly to dimension 2. Introducing the angle ϕ by s =
s (ϕ) = [cosϕ, sinϕ]∗ and identifying S1 with [0,2π] and P with [0,π], we
define the π-periodic functions h̃k (ϕ) = h̃ (Ak, ϕ) , where for A = (aij)

h̃ (A,ϕ) = h (A, s (ϕ)) (32)
= a21 cos2 ϕ+ (−a11 + a22) cosϕ sinϕ− a12 sin2 ϕ

q̃ (A,ϕ) = q (A, s (ϕ)) = (a12 + a21) cosϕ sinϕ+ a11 cos2 ϕ+ a22 sin2 ϕ.

According to the four Jordan forms of A0, there are four cases to be con-
sidered.
(i) For A0 = aI, I = d× d-identity, h̃0 (ϕ) = const = 0, thus L0 = 0 and

the invariant measure does not depend on ε ≥ 0: µ (ε) = µ with L∗1µ = 0.
Therefore, immediately from (19) and (20)

λ (ε) = a+ ε2 〈Q1, µ〉 , α (ε) = 0 + ε2 〈H1, µ〉 . (33)

If r=1, then due to hypoellipticity, A1 =
[
0 −b1
b1 0

]
(w.l.o.g. trace A1=

0), whence Q1=0, H1=0 and λ (ε)=a, α(ε)=0, which in this case can also
be seen from the explicit form of the solution xε(t)=exp {A0t+ εA1Wt}x0.
In the other 3 cases, in order to solve L0F0 = h0F

′
0 = Q0 − λ0, say, in

principle we have to integrate F ′0 = (Q0 − λ0) /h0, where ′ ≡ ∂/∂ϕ.

(ii) If A0 =
[
0 −b
b 0

]
, b �= 0, then h̃0 (ϕ) = b does not vanish, µ0 (dϕ) =

1
πdϕ on P=̂[0, π[ and all Poisson equations in (25) have smooth solutions.
So it is only a question of patience to compute the coefficients λk =
〈−L1Fk, µ0〉 (or αk) in the expansion (27). The higher dimensional cases
can also be treated this way. However, if d− 1 is even, hA0 (s) always does
vanish for some s (see e.g. Boothby [14], p. 117). The result is (34) and
(35).

(iii) In case of A0 =
[
a 0
0 −a

]
, a > 0, the situation is harder.

h̃0 (ϕ) = −2a cosϕ sinϕ
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vanishes at ϕ0 = 0 and at ϕ1 = π/2, and L∗0µ0 = 0 is solved by the Dirac
measures δϕ0and δϕ1 . In order to obtain the boundedness (26) one has to
choose δϕ0 which is associated with the maximum eigenvalue of A0.
Moreover, while the first zero of h̃0, ϕ0, is taken care of by the Fredholm

alternative λ0 = 〈Q0, δϕ0〉 = Q0 (ϕ0) , the quotient (Q0 − λ0) /h̃0 has a non-
integrable pole of order 1/ (ϕ− ϕ1) at ϕ1 = π/2. Therefore the Poisson
equation can only be solved in the distributional sense (with π-periodic
smooth functions as test functions). The solutions Fk are pseudofunctions
in the sense of Schwartz [48] which can be viewed in the following way.
Since log |ϕ− ϕ1| is integrable in a given neighborhood V of ϕ1, this

function can be regarded as a distribution. As generalized function it has
the property that away from ϕ1 = π/2, its kth distributional derivative,
denoted by [log |ϕ− ϕ1|](k) = (−1)k+1 1

k! [1/ (ϕ− ϕ1)]
(k)

, can be identified
with the ordinary function const/ (ϕ− ϕ1)

k (whence the term pseudofunc-
tion). Therefore, although being a product of two generalized functions, the
Fredholm alternative λk = 〈−L1Fk, δϕ0〉 = (−L1Fk) (ϕ0) is defined, and
the task remains to show that supε>0 |〈L1FN , pε〉| < ∞, where pε is the
smooth π-periodic density of µ̃ε (dϕ) . The product in question is defined,
and since L1FN is smooth outside V = V (ϕ1) , one has to be concerned
about boundedness only with respect to V . Integrating by parts sufficiently
often (in the distributional sense) yields the function

∫
...

∫
L1FN which is

bounded on V , therefore (roughly) 〈L1FN , pε〉V =
〈∫

...
∫
L1FN , p

(n)
ε

〉
V
is

bounded in ε (〈·, ·〉V integration over V ), if supε>0,ϕ∈V
∣∣∣p(n)ε (ϕ)

∣∣∣ <∞. This
can be shown with help of the Fokker-Planck equation, if pε|V (ϕ)→ 0 suffi-
ciently fast - which is a question of large deviation. On the one-dimensional
manifold S1 Freidlin’s and Wentzell’s [21] estimate can be generalized to
our non-elliptic situation using the action functional introduced in Azen-
cott [15] and Priouret [47]. The result is the expansion (36) below. Also
due to large deviation is the surprising fact that α (ε) > 0.
(iv) This distributional approach fails in the fourth case with

A0 =
[
0 b
0 0

]
, b �= 0;

since in this case h̃0 (ϕ) = −b sin2 ϕ has a double zero at ϕ0 = 0, µ0 = δϕ0 ,
and if F0 is a pseudofunction with “pole” at ϕ0, then λ1 = 〈−L1F0, µ0〉 is
not defined. The way out is here to stretch S1 around ϕ0 in an ε-dependent

way by linearly transforming R2 with Tε =
[
ε2/3 0
0 1

]
which maps h̃(A,ϕ)

to h̃(TεAT−1ε , ϕ), thus yielding the new generator

L̂ε = (ε2/3b sin2 ϕ)Dϕ +
1
2
ε2

{[
(a112/ε

2/3) cos2 ϕ+ higher order
]
Dϕ

}2
= ε2/3Lw0 + higher order terms,
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where

Lw0 = (b sin
2 ϕ)Dϕ +

1
2
[
(a121 cos

2 ϕDϕ

]2
, Dφ ≡ ∂/∂ϕ,

is the generator associated to the white noise driven system.

dx =
[
0 b
0 0

]
xdt+

[
0 0
a112 0

]
x ◦ dWt

With this stretching device, for b �= 0 and a112 �= 0, we are in a smooth
situation similar to (ii) and obtain the result (3. 7), where the expansion
is in a fractional power of ε, namely ε2/3.
We remark that this approach works also for d-dimensional nilpotent

matrices A0 and that the fractional power depends on d (see [39]). While
(iv) is reduced to (ii), unfortunately, there is no uniform method for all
three cases. Case (iii) cannot be treated in this way, since if we stretch S1

for instance around ϕ0 to smoothen δϕ0 we worsen the situation at ϕ1.
We summarize the finding in the following theorem.

Theorem 3.1 (Perturbation by small white noise). Let (31) repre-
sent a 2-dimensional linear system with A0 as specified below and Ak =(
akij

)
i, j = 1, 2, k = 1, ..., r. Then under the hypoellipticity condition (11)

the top Lyapunov exponent λ (ε) and the rotation number α (ε) of (31) have
the following asymptotic expansions.

(i) If A0 = aI, I = id, then (33).

(ii) If A0 =
[
a −b
b a

]
, b �= 0, has 2 conjugate complex eigenvalues, then

λ (ε) = a+ε2
{
1
8

r∑
k=1

[(
ak22−ak11

)2
+
(
ak21+a

k
12
)2]}

+ε4λ2+O(ε6),
(34)

where

λ2 = − 1
8πb

r∑
k,j=1

∫ π

0
h̃2 (Ak, ϕ) Q̃′1 (ϕ) dϕ ,

and

α (ε)=b+ ε4

 1
16πb

∫ π

0

 r∑
k,j=1

(
h̃2 (Ak, ϕ)

)′2dϕ
+O

(
ε6
)
.

(35)

(iii) If A0 =
[
a1 0
0 a2

]
has the 2 distinct real eigenvalues a1 > a2, then

λ (ε) = a1 + ε2

{
1
2

r∑
k=1

ak21a
k
12

}
+ ε4λ2 +O

(
ε6
)
, (36)
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where

λ2 =
1

4 (a1 − a2)

r∑
k,j=1

[(
ak22 − ak11

) (
aj22 − aj11

)
ak21a

j
12 −

(
ak21

)2 (
aj12

)2]
,

and α (ε) �= 0 is of order less than or equal to exp
(−k/ε2) (k > 0) .

(iv) If A0 =
[
0 1
0 0

]
(and r = 1), then

λ (ε) = ε2/3
∣∣a121∣∣2/3 λ̂+O

(
ε4/3

)
, α (ε) = ε2/3

∣∣a121∣∣2/3 α̂+O
(
ε4/3

)
,

where

λ̂ =
∫ π

0

[
q̃ (A0, ϕ) +

1
2
h̃
(
Â1, ϕ

)
q̃1 (B,ϕ)

]
p̂ (ϕ) dϕ > 0 (37)

α̂ = −πp̂ (π/2) < 0

are the Lyapunov exponent and rotation number, respectively, associated
with

dx = A0x+ Â1 ◦ dWt , Â1 =
[
0 0
1 0

]
,

and p̂ the corresponding invariant density.

Corollary 3.2. For A0 =
[
0 1
−c 0

]
, A1 =

[
0 0
1 0

]
, r = 1, we have

(i) in case c > 0 (harmonic oscillator, ordinary physical pendulum with
vibrating suspension) the destabilizing effect of white noise,

λ (ε) = 0 +
1
8c
ε2 + 0 +O

(
ε6
)

(38)

α (ε) = −√c− 5
128 c5/2

ε4 +O
(
ε6
)
;

(ii) in case c < 0 (inverted pendulum,indexinverted pendulum vibrating
base) the stabilizing effect

λ (ε) =
√−c− 1

8 (−c)ε
2 − 5

128 (−c)5/2
ε4 +O

(
ε6
)

(39)

α (ε) = rε

where rε �= O is of order less than or equal to exp
{−k/ε2} , k > 0;

(iii) in case c = 0 (free particle perturbed by multiplicative white noise),
for all ε ∈ [0,∞) exactly

λ (ε) = ε2/3λ̂ (40)
α (ε) = ε2/3α̂

where λ̂ > 0, α̂ < 0 are from (37).
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Proof. If c > 0, the linear transformation T =
[ √

c 0
0 1

]
maps A0 to

TA0T
−1 =

[
0

√
c

−√c 0

]
. If c < 0, TA0T−1 =

[ √−c 0
0 −√−c

]
with

T =
√
1− c

2
√−c

[ √−c 1√−c −1
]
, T−1 =

1√
1− c

[
1 1√−c −√−c

]
.

Noise induced rotation. It is worth noting that even in the hyperbolic situ-

ation A0 =
[
0 1
1 0

]
(that is for

··
y −y = 0, x = [y , ẏ]∗) under white noise,

although the coefficients of ε, ε2 etc. in the expansion of α (ε) vanish, the
rotation number α (ε) does not vanish, however small ε > 0. This supports
and illustrates the observation of Ochs [37] that the Oseledets space Eε

1 (ω)
converges to the eigenspace E◦1 not almost surely, but only in probability.
Eε
1 (ω) will be far apart from E◦1 infinitely often, since s

ε
t (ω) = Sd−1∩Eε

1 (ω)
rotates - albeit with a very small rotation number.

Asymptotic versus analytic expansion. For deriving the expansion of λ (ε)
one does not need complete knowledge of the domains of the generators
L (ε) , it suffices to know that the domain contains the smooth functions.
In some real noise situations such as the underdamped harmonic oscillator,
one can impose a domain D common to all operators L (ε) = L0+ εL1 and
use classical perturbation theory (Kato [26]) for obtaining a real-analytic
expansion (Wihstutz [51]). However, this is not possible in the white noise
case as has been proved recently by Imkeller and Lederer[23].

Small real noise perturbation
Again, we exhibit here the main ideas. For details see [40], [45], and [46].
We consider

ẋ (t) = Aε (ξt)x (t) , Aε (ξ) = A0 + ε

r∑
k=1

fk (ξ)Ak, x (0) = x0 ∈ R2

where (ξt) is a stationary and ergodic diffusion process satisfying (6) and the
non-degeneracy condition (7). In order to preserve the Markov property, one
has to consider the pair (ξt, xt) and (ξt, ϕt) , rather than xt and ϕt alone,

and deal with the vector fields Aε (ξ)x and h̃0 (ϕ) + ε
r∑

k=1
fk (ξ) h̃ (Ak, ϕ)

depending on 2 variables. Since the smooth functions fk and h̃ (Ak, ·) are
bounded on S1, the type of the spectrum is not changed by the perturba-
tion, if A0 has 2 distinct (complex or real) eigenvalues, provided ε ≥ 0 is
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small enough. However, this is not the case, if A0 is nilpotent with double
eigenvalue 0.
In case of 2 distinct eigenvalues of A0, we assume that ε ≥ 0 is small

enough and proceed as follows. We choose the coordinate system such that

the trace zero matrix A0 is of the form
√
c

[
0 1
−1 0

]
or
√
c

[
0 1
1 0

]
, c >

0. Given this representation, we expand µ (ε) by solving (22) (rather than
solving only L∗0µ0 = 0 as in (28)), prove the convergence (30) for f =
Q̃ε (ξ, ϕ) and f = H̃ε (ξ, ϕ) = Hε (ξ, s (ϕ)) along the lines of Lemma 2.4
and compute

λ (ε) =
〈
Q̃0, µ0

〉
+ ε

[〈
Q̃1, µ0

〉
+

〈
Q̃0, µ1

〉]
+ε2

[〈
Q̃1, µ1

〉
+

〈
Q̃0, µ2

〉]
+O

(
ε2
)
.

If A0 =
√
c

[
0 1
−1 0

]
has 2 conjugate complex eigenvalues, we are in a

smooth situation with Q̃0 (ϕ) = const = 0, µ0 (dϕ) = 1
πdξdϕ on M ×P, µ1

smooth, and
〈
Q̃1 (ξ, ϕ) , µ0

〉
= 0, since

〈
fk, ν

〉
= 0, entailing that only

ε2
〈
Q̃1, µ1

〉
contributes to the first terms of the expansion of λ (ε) (besides

the trace of A0 possibly added later). For ε→ 0, the result is (3.22 ) below.

In case of 2 real eigenvalues, A0=
√
c

[
0 1
1 0

]
, putting Ak=

[
ak ak12
ak21 −ak

]
we obtain h̃0 (ϕ) =

√
c (cos 2ϕ) which vanishes at ϕ0 = π/4, L0 = G +

[
√
c (cos 2ϕ)]Dϕ, and

µ0 (dξ, dϕ) = dξ · δϕ0 (dϕ)

µ1 (dξ, dϕ) =

[
r∑

k=1

rk1 (ξ)

]
dξ · δ′ϕ0

(dϕ)

µ2 (dξ, dϕ) =

[
r∑

k=1

rk21 (ξ)

]
dξ · δ′ϕ0

(dϕ) +

[
r∑

k=1

rk22 (ξ)

]
δ′′ϕ0

(dϕ)

where

rk1 (ξ) = βk1
[
G− 2√c]−1 (fk) , βk1 =

1
2
(
ak21 − ak12

)− ak

rk21 (ξ) = βk21
[
G− 2√c]−1 (fkrk1) , βk21 = ak21 + ak12

rk22 (ξ) = βk22
[
G− 4√c]−1 (fkrk1) , βk22 = βk1

yielding
〈
Q̃0, µ0

〉
=
√
c,

〈
Q̃1, µ0

〉
=

〈
Q̃0, µ1

〉
= 0 and

λ2 =
〈
Q̃1, µ1

〉
+

〈
Q̃0, µ2

〉
=

r∑
k=1

[(−2ak)− βk1
]
βk1

∞∫
0

e−2
√
ctCk (t) dt,
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where Ck (t) = E
[
fk (ξ0) fk (ξt)

]
; hence (47) below.

In case of a double eigenvalue, A0 =
[
0 1
0 0

]
, for any ε > 0 however

small, the perturbed matrix Aε (ξ) exhibits for suitable ξ’s each type of
spectrum: 2 complex eigenvalues, 2 distinct real eigenvalues as well as a
double eigenvalue. In other words, all three cases which we so far carefully
have kept apart, now are “mixed”. In the white noise situation each of these
three cases had to be treated separately, since so far no unified method has
been found. However, in presence of real noise, by means of the homoge-
nization device, Lemma 2.3, one can reduce this “mixed” situation to the
“pure” white noise case (iv) of Theorem 3.1.
For this purpose we consider the generator

L (ε) = L (ε) +QεDρ , L (ε) =
1
ε
G+HεDϕ (41)

of the full triple (ξεt , ϕ
ε
t , ρ

ε
t )with L (ε) , Q

ε and Hε from (14), (15) and (20),
respectively (ε = σ), Dϕ = ∂/∂ϕ and Dρ = ∂/∂ρ , and represent the
Lyapunov exponent as

λ (ε) = 〈L (ε) [gε (ξ, ϕ) + ρ] , µ (ε)〉 (42)

which gives us an extra degree of freedom, since in view of Lµ (ε)µ (ε) = 0
we may take any smooth function gε of ξ and ϕ. This flexibility is combined
with a suitable choice of the coordinate system. If we transform R

2 by

TC =
[
C 0
0 1

]
, C = C (ε) , (41) becomes

LC (ε) = G+
ε

C

∑
k

fk (ξ)
[
h̃ (Ak, ϕ)Dϕ + q̃ (Ak, ϕ)Dρ

]
+C

[
h̃ (A0, ϕ)Dϕ + q̃ (A0, ϕ)Dρ

]
. (43)

Choose C such that (ε/C)2 = C = ε2/3, apply Lemma 2.4 to G0 = G and
G1 =

∑
k

fk (ξ) [...] , that is to the ξ-dependent terms of LC (ξ) in (43), then
for

gε + ρ = [g0 (ϕ) + ρ] + ε1/3g1 (ξ, ϕ) + ε2/3g2 (ξ, ϕ) ,

g1, g2 as in Lemma 2.3, (ε replaced by ε1/3 and r = 1 for simplicity), we
obtain

LC (ε) = ε2/3
{
LW g0 (ϕ) +QW

}
+O (ε) , (44)

where

LWQW = h (A0, ϕ)Dϕ +
σ21
2
[h (A1, ϕ)Dϕ]

2 +QW ,
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σ21 = 2
〈−f1G−1 (f1) , ν〉 , is the generator of (ϕWt , ρWt

)
, corresponding to

the white noise driven system

dxW = A0x
W dt+ σ1A1x ◦ dWt.

Under our non-degeneracy assumption, we can solve

LW g0 = −QW + λW , λW =
〈
QW , µW

〉
> 0,

(
LW

)∗
µW = 0,

whence from (44)
λ (ε) = ε2/3λW +O (ε) .

We remark that this procedure, unfortunately, does not provide a uniform
method to reduce all real noise cases to the corresponding white noise
cases. (However, averaging of ξ is involved at any rate; in case of 2 dis-
tinct eigenvalues of A0 averaging occurs in assuring the convergence (30)).
Summarizing we obtain

Theorem 3.3 (Perturbation by small real noise). Let (31) be the lin-
ear system perturbed by real noise ξt satisfying (6) and the non-degeneracy
condition (7). Let Ck (t) = E

[
fk (ξ0) fk (ξt)

]
, a = 1

2 trace A0 and Ak =(
akij

)
, i, j = 1, 2 (k = 1, ..., r) .

If A0 =
√
c

[
a011 1
−1 a022

]
, then

λ (ε) = a+ ε2

{
1
8

r∑
k=1

[(
ak11 − ak22

)2
+

(
ak12 + ak21

)2]× (45)

×
∞∫

−∞
cos

(
2
√
ct
)
Ck (t) dt

+O
(
ε3
)
.

If A0 =
√
c

[
a011 1
1 a022

]
, then

λ (ε) = a+
√
c+ ε2

{
1
8

r∑
k=1

[(
ak11 − ak22

)2 − (
ak12 − ak21

)2]
(46)

×
∞∫

−∞
e−2

√
ctCk (t) dt

+O
(
ε3
)
.

If A0 =
√
c

[
0 1
0 0

]
, r = 1,

λ (ε) = ε2/3λW (c) +O (ε) (47)
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where λW (c) is the top Lyapunov exponent of the white noise driven system

dxW =
[
0 1
0 0

]
xW dt+ σ1

[
0 0
1/
√
c 0

]
xW ◦ dW.

The pendulum. For the ordinary or inverted pendulum, A0=
[
0 1
−c 0

]
,

A1 =
[
0 0
1 0

]
, using the linear transformation T =

[ √|c| 0
0 1

]
which

maps A0 to TA0T−1=
√|c|

[
0 1
±1 0

]
and A1 to TA1T−1= 1√

|c|

[
0 0
1 0

]
,

we obtain the following. In case of c > 0

λ (ε) = ε2
{
1
8c

∫ ∞

−∞
cos

(
2
√
ct
)
C1 (t) dt

}
+O

(
ε3
)

(48)

α (ε) = −√c+ ε2
{
1
2c

∫ ∞

0
sin

(
2
√
ct
)
C1 (t) dt

}
+O

(
ε3
)
;

and in case of c < 0

λ (ε) =
√−c+ ε2

{
− 1
8 (−c)

∫ ∞

−∞
e−2

√
ctC1 (t) dt

}
+O

(
ε3
)
.

(49)

Comparing white and real noise
Let σf ◦ dWt be the white noise limit which corresponds to the real noise
f (ξt) dt in the sense of the Central Limit Theorem (CLT),∫ t

0

1√
∆
f
(
ξτ/∆

)
dτ → σfWt, or

1√
∆
f
(
ξt/∆

)→ σf ◦ dWt

as ∆→ 0, where

σ2f = 2
〈−fG−1 (f) , ν〉 = 2πf̂ (0) = ∫ ∞

−∞
Cf (t) dt, (50)

Cf (t) = E [f (ξ0) f (ξt)] the correlation function and f̂ the spectral density
of f (ξt). Pinsky [43], [45] observed that white noise perturbs the Lyapunov
exponent of the harmonic oscillator in stronger way than real noise. This
holds in general for two-dimensional systems, as one can easily see from
comparing (34) and (46) as well as (36) and (47). One only has to take

into account that the linear transformation T =
(√
1 + c/2

√
c
) [ 1 1

1 −1
]

which maps A0 =
√
c

[
0 1
1 0

]
to TA0T−1 =

√
c

[
1 0
0 1

]
, also maps A1 =
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akij

)
to TA1T−1 =

(
akij

)
with 1

2a
k
21a

k
12 =

1
8

[(
ak11 − ak22

)2 − (
ak21 − ak12

)2] ;
and that for both Γ (t) = cos (2

√
ct) and Γ (t) = e−2

√
ct,Γ (t) ↑ 1 as t ↓ 0.

Therefore

∞∫
−∞

Γ (t)
1
∆
Cf (t/;) dt =

∞∫
−∞

Γ (∆τ)Cf (τ) dz ↑
∞∫

−∞
Cf (τ) dz = σ2f

as ∆ ↓ 0. In particular, for the ordinary pendulum (c > 0) , comparing (48)
and (38),

λ0 + ε2λreal2 ↑ λ0 + ε2λwhite2 = ε2
σ2f
8c

(∆ ↓ 0),

and for the inverted pendulum (c < 0) , comparing (49) and (39),

λ0 + ε2λreal2 ↓ λ0 + ε2λwhite2 =
√−c− σ2f

8 |c| , (∆ ↓ 0) .

That is to say:
White noise has a stronger impact than the corresponding real noise with

respect to both destabilizing and stabilizing.

4 Large Noise and Application to Stability
Problems

Large noise intensity
If the noise is very intensive

(
σ = 1

ε

)
, that is

dx = A0xdt+
1
ε

r∑
k=1

Akx ◦ dW k
t , x0 ∈ Rd, (51)

then the spectrum of A0 does no more provide any information for the
asymptotics of the Lyapunov exponent

λ (ε) =
1
ε2
〈Q1, µε〉+ 〈Q0, µε〉 . (52)

Orientation now comes from the leading term L1 = 1
2

r∑
k=1

[h (Ak, s)Dϕ]
2 of

the generator of sεt ,

L (ε) = L0 +
1
ε2
L1 =

1
ε2

(
L1 + ε2L0

)
, L0 = h (A0, x)Dϕ ,
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and we consider ε2L∗ (ε)µε = 0 as perturbation of L∗1µ0 = 0. If the issue
is λ (ε) bounded versus λ (ε)→∞ as ε→ 0, then considering

1
ε2

{(
L1 + ε2L0

) (
F0 + ε2Rε

)}
=
1
ε2

{(
Q1 + ε2Q0

)− (
λ1 + ε2rε

)}
one may stop the algorithm (28) after step 0 to obtain

L∗1µ0 = 0, λ1 = 〈Q1, µ0〉 , L0F0 = Q1 − λ1, rε = 〈−L0F0 +Q0, µε〉 .

Hence

λ (ε) =
1
ε2
〈Q1, µ0〉+ 〈−L0F0, µε〉+ 〈Q0, µε〉 .

If we have symmetry with respect to the diffusion in the sense that the
matrices A1, ..., Ar are simultaneously skew-symmetric (in a suitable coor-
dinate system), then Q1 ≡ 0, F0 ≡ 0 and λ (ε) = 〈Q0, µε〉 → 〈Q0, Leb〉 =
(trace A0) /d, as ε → 0. Here the limit is finite and completely deter-
mined by the (small) drift matrix A0 only. A slight deviation from skew-
symmetry, however, can cause 〈Q1, µ0〉 > 0, thus λ (ε) ∼ 1

ε2 〈Q1, µ0〉 → ∞
as 1

ε2 , and A0 plays a very subordinate role. This happens, for instance, if

r = 2, A1 =
[
0 −1
1 0

]
and A2 =

[
α 0
0 −α

]
with 0 < α however small.

In this example the restricted Hörmander condition

dimLA {hA1 , ..., hAr} (s) = d− 1 for all s ∈ P (53)

is satisfied. If the restricted Hörmander condition does not hold, there exists
– for dimension 2 – an angle ϕ0 such that h̃ (Ak, ϕ0) = 0 for all k =
1, ..., r, µ0 = δϕ0 and 〈Q1, µε〉 → 〈Q1, µ0〉 = Q1 (ϕ0) = 0. That means
that λ (ε) tends to infinity as ε → 0, but slower than 1/ε2. (See Pardoux
and Wihstutz [41]).

Theorem 4.1. Under the hypoellipticity condition (11), for the linear SDE
(51) with large white noise the following holds:

(i) λ (ε) is bounded as ε → 0 iff A1, ..., Ar are simultaneously skew-
symmetric (in a suitable coordinate system). In this case: λ (ε) → (trace
A0)/d as ε→ 0.

(ii) If A1, ..., Ar are not simultaneously skew-symmetric, then under (53):
λ (ε) ∼ 1

ε2 〈Q1, µ0〉 → ∞, while in case (53) does not hold, -for dimension
2- we have λ (ε)→∞, but ε2λ (ε)→ 0 as ε→ 0.

Stabilizing noise
In view of λ (σ) ≥ (trace A0) /d for all σ ≥ 0, we say that the noise dF ε

t in

dx = A0xdt+A1x ◦ dF ε
t (54)
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is stabilizing, if λ (ε) → (trace A0)/d as ε → 0. In order for large noise to
be stabilizing, by virtue of (52), it is necessary that 〈Q1, µε〉 → 0 faster
than 1/ε2 → ∞ as ε → 0. If the noise is white, dF ε

t =
1
εdWt, this is only

possible for skew symmetric diffusion in which case Q1 = const = 0, thus
〈Q1, µε〉 = 0 for all ε ≥ 0. Is there stabilizing noise in the presence of
non-symmetric diffusion? We cannot hope for large real noise, since

1
ε
f (ξt/ε) =

1√
ε
· 1√

ε
f (ξt/ε) ≈ 1√

ε
σf ◦ dWt, (55)

σf from (50), behaves asymptotically like white noise.
In order to show the ideas, we discuss here the simple example of an

inverted pendulum. For general companion form systems of arbitrary di-
mension see [24] and [25]. Consider

··
y +2β

·
y −ay = 0, a > 0, (56)

β > 0 damping and y(t) the angle measuring the deviation from the vertical

line together with the trace-zero system for x =
[
y,

·
y
]∗
,

·
x= A0x, A0 =

[
0 1
a 0

]
, a = a+ β2. (57)

Allowing only random vibration of the supporting base, we study (54) with

A1 =
[
0 0
1 0

]
. (58)

When searching for stabilizing noise, in order to stay in the Markovian
framework on one hand, but to include white and real noise on the other
hand, we consider dF ε

t given by the semi-martingale

F ε
t = F0 +

1
ε

∫ t

0
f0

(
ξτ/ε

)
dτ +

1√
ε

r∑
k=1

∫ t

0
fk

(
ξτ/ε

) ◦ dW k
τ , EFt = 0,

(59)

where ξt is stationary and ergodic from (6).
Stabilizing noise is now singled out via perturbation in the following way.

We first represent λ (ε) in the form (42) that is as

λ (ε) = 〈L (ε) [gε + ρ] , µ (ε)〉 , gε = g0 (ϕ) + εg1 (ξ, ϕ) + ε2g2 (ξ, ϕ) ,

where L (ε) is the generator of (ξt/ε, ϕεt , ρεt) and gε arbitrary, but smooth;
we linearly transform R2 with TC =

[
C 0
0 1

]
, C = ε−1/3, and then aver-

age out f0, f1, ..., fr (applying Lemma 2.4) to obtain

λ(ε) = ε−1/3
〈
LW (K)g0 +QW (K), µ(ε)

〉
+ . . . ,
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where, putting N =
[
0 1
0 0

]
,

LW (K) = K
[
h̃(A1, ϕ)Dϕ

]2
+ h̃(N,ϕ)Dϕ,

QW (K) = K h̃(A1, ϕ)Dϕq̃(A1, ϕ) + q̃(N,ϕ)

and
K = lim

t→∞(varFt/
√
t) ≥ 0

the limit variance in the CLT. If K > 0, LW (K) is the generator of a white
noise driven linear system such that

LW (K)g0 = −QW (K) + λW , λW > 0,

is solvable for a smooth function g0 on S1. It follows that λ(ε) → ∞, as
ε→ 0, unless the limit variance K vanishes. So, together with EFt = 0, we
obtain

lim
t→∞E(F

2
t /t) = 0 (60)

as necessary condition for dF ε
t to be stabilizing.

It turns out that (58) is also sufficient (Kao and Wihstutz [24]). If (58)
holds, then F ε

t = Ψ
(
ξt/ε

)
is a smooth function of ξt/ε, rather than only

a functional, thus stationary and ergodic, and limt→±∞ 1
t log

∣∣(T εt )±1∣∣ = 0
for T εt = I +F ε

t A1, so that z
ε = T εt x

ε has the same Lyapunov exponent as
xεt . But

żεt =

[
B0 +

2∑
k=1

Ψk
(
ξt/ε

)
Bk

]
zεt ,

where

B0 =
[
0 1
c 0

]
, c = c (β) = β2 + a− Σ2, a− Σ2 < 0, Σ2 = E

[
Ψ2 (ξ)

]

B1 =
[
1 0
0 −1

]
, B2 =

[
0 0
1 0

]
, Ψ1 = Ψ, Ψ2 = −Ψ2 +Σ2,

is a linear system driven by fast real noise of mean zero. With help of an
averaging principle (Kao and Wihstutz [25]) one can show

The inverted pendulum (54) with A0 and A1 from (57) and (58) is sta-
bilized by dF ε

t form (59) iff condition (60) holds.
This is only a special case of the more general situation which is derived

from the d-th order differential equation

y(d) − a1y
(d−1) − · · · − ady = 0,
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and where we allow parametric excitation only in a physically meaningful
way, i.e. random perturbance of the coefficients a1, . . . , ad. That is to say,
for the d-dimensional system (54) with

A0=


0 1 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 1
a1 a2 . . . ad

 , A1=

 0 . . . 0
...

. . .
...

u1 . . . ud

 (61)

(where A0 is of companion form) one can prove

Theorem 4.2. In order for dF ε
t from (59) to stabilize system (54) with A0

and A1 from (61) in the above defined sense, it is necessary and sufficient
that Ft satisfy (60).

The unstable equilibrium becomes almost exponentially stable for suffi-
ciently small ε > 0 if and only if, in addition, traceA0 < 0.

Stability radius
Here we continue our case study of the inverted pendulum (56). Given the
damping β > 0, by numerically computing λ(β, ε), the top Lyapunov expo-
nent of the associated trace-zero system with (57) and (58), as a function
of β and ε we want to estimate the stability radius ε0 (β) of (54), that is the
largest number ε0 with the property that for all 0 < ε ≤ ε0 : −β+λ (β, ε) <
0. This can be done with help of a stochastic Euler scheme (Wihstutz [54])
similar to the one described by Talay [49] in this volume, although

(
ξt/ε, s

ε
t

)
has a non-elliptic generator. However, since the zero-level curve (β, ε0 (β))
starts at (0, 0), that is with zero damping and infinite noise intensity 1/ε,
this curve cannot be made visible near the origin. Therefore we cannot just
single-out the curve that starts at (0, 0) and follow it. For small damping
this does not matter too much, since in that case the level curves for λ > 0
and λ < 0 are very close to each other. But for large β, the positive and
negative level curves are far apart and ε0 (β) could be anything ≥ 0. In
order to be able to zoom in at the appropriate ε-level for finding ε0 (β)
we estimate ε0 (β) with help of the white noise limit of (59) using (55). In
other words, we consider

dzW = B0z
W dt+

√
εBW

1 zW ◦ dWt , B
W
1 =

[
σ1 0
σ2 −σ1

]
,

σ2k = 2
〈−ΨkG−1Ψk, ν〉 from (50), k = 1, 2. If β >>

∣∣a− Σ2∣∣ , use the
linear transformation T =

(√
1 + c/2

√
c
) [ 1 1

1 −1
]
, to get from (36)

λW (β, ε) = −β + (
β2 + a− Σ2)1/2 + ε

[
1
2
σ21 −

1
8c (β)

σ22

]
+O

(
ε3/2

)
.
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Hence, due to the σ21-term in the brackets (which does not occur in (38),
where only the σ22 term is exhibited),

εW0 (β) ≈ ∣∣a− Σ2∣∣ / (2σ21β) ∼ 1/β → 0 as β →∞.

Although the destabilizing effect of real noise is less strong, and therefore
ε0 (β) ≥ εW0 (β) , if, for large β, we zoom in at the ε-level of order 1/β, we
find

ε0 (β) ∼ εW0 (β) ∼ 1/β.
The corresponding estimate for small β ∈ (

0,
∣∣a− Σ2∣∣) is given by (34),

- after a transformation with T =
[ √

c 0
0 1

]
λW (β, ε) = −β + ε

[
1
2
σ21 +

1
8 |c (β)|

]
+O

(
ε3/2

)
, |c (β)| = ∣∣β2 + a− Σ2∣∣ ,

so:
ε0 (β) ∼ εW0 (β) ∼ β (β → 0) .

5 Open Problems

Asymptotic results for Lyapounov exponents obtained by perturbation
methods are, by now, only available in the Markovian context. This is
the reason why, for example, the class of stabilizing noise has been char-
acterized inside the Markov set-up, although the class is larger. Sufficient
conditions for stabilizing noise can be formulated and proven in the ergodic
theoretical framework (see [24]). But perturbation methods for Lyapunov
exponents in a purely ergodic theoretical context are missing.
More urgent is knowledge about the asymptotics of Lyapunov exponents

for dimension d > 2. Although there are results for matrices of special
structure (such as nilpotent matrices [44] or companion form [25]), for
general d× d-matrices the problem is still open.
Related to the two problems above is the question of perturbation of the

other elements λσi in the Lyapunov spectrum, not being maximal. Their
sums, λσ1 + · · ·+λσk , 2 ≤ k ≤ d, can be treated, in principle, as exponential
growth rates of k-dimensional volumes (rather than a 1-dimensional volume
= length of a vector) in a Markov set-up. But this is not the case for the
individual members λσi . (for their representation see Arnold and Imkeller
[5].)
The maximal Lyapunov exponent as considered here is a pathwise or,

more precisely, an almost sure limit. Under weak non-degeneracy conditions
it can also be represented as the derivative at p = 0 of the p-th moment
Lyapunov exponent

g(p;σ) = lim
T→∞

1
T
E‖xσ(T, ω, x0)‖p, p ∈ R.
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(see Arnold et al. [7], Proposition 5.1 and [8] Theorem 2.1). Although this
function is loaded with information about the long term behavior of the
stochastic system in question, not too much is known about its asymptotics
with respect to σ. Arnold, Doyle and Sri Namachchivaya [3] gave an ex-
pansion for small σ and p near zero (d = 2), but many questions related
to the asymptotics of g(p;σ) as a function of p remain still open. This in-
cludes the second zero of g(·, σ), p = 0 being the first one, or stability index
introduced in Arnold and Khasminskii [6] and Khasminskii and Moshchuk
[28].
In concluding, we recall that there is the vast and with respect to pa-

rameter expansion very open field of Lyapunov exponents associated with
a non-linear stochastic differential equation

dx = X0(x)dt+ σ

m∑
k=1

Xk(x) ◦ dW k
t

and its linearization along the solution xσt ,

dv = DX0(xσt ) v dt+ σ

m∑
k=1

DXk(xσt )v ◦ dW k
t ,

DXk the Jacobian associated with the vector field Xk on a manifold M
(e.g. M = Rd), k = 0, 1, . . . ,m. Here

λ(σ) = lim
T→∞

1
T
log ‖v(T, ω, x0, v0)‖,

if existing.
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The Lyapunov Exponent of the
Euler Scheme for Stochastic
Differential Equations
Denis Talay

ABSTRACT In this paper we review some results about the approxima-
tion of the upper Lyapunov exponents λ of linear and nonlinear diffusion
processes X. The stochastic differential system solved by X is discretized
by the Euler scheme. Under appropriate assumptions, the upper Lyapunov
exponent λ̄ of the resulting approximate process X̄ is well defined and can
be efficiently computed by simulating one single trajectory of X̄ during a
time long enough. We describe the mathematical technique which leads to
estimates on the convergence rate of λ̄ to λ. We start by an elementary ex-
ample, then we deal with linear systems, and finally we consider nonlinear
systems.

1 Introduction

This paper deals with the upper Lyapunov exponents of processes which are
obtained by time discretizations of linear or nonlinear stochastic differential
systems. The objective is to determine sufficient conditions for which these
exponents exist and converge, when the discretization step tends to 0, to
the exponents of the exact solutions; the convergence rates are also desired.
The author has been motivated to study these questions by an engineer-

ing problem: the numerical study of the stability of a helicopter blade in a
turbulent environment. This study gave him the opportunity to discover the
wonderful works on the Lyapunov exponents due to colleagues in Bremen
or coming from Bremen. Indeed, any bibliographical research on Lyapunov
exponents for Random Dynamical Systems converges exponentially fast
and almost surely to Ludwig Arnold’s list of publications!
Let (Xt(x)) be the solution to the bilinear stochastic differential system

in Rd

Xt(x) = x+
∫ t

0
AXs(x)ds+

r∑
i=1

∫ t

0
BiXs(x) ◦ dW i

s , (1)

where {(W i
t ); 1 ≤ i ≤ r} are mutually independent standard Wiener pro-
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cesses, A and the Bi’s are d × d matrices. Suppose the existence of the
upper Lyapunov exponent:

∃λ ∈ R \ {0}, ∀x ∈ Rd \ {0}, λ = lim
t→+∞

1
t
log |Xt(x)| a.s. (2)

Then the norm of Xt(x) tends to 0 (respectively, to infinity) almost surely
when t tends to infinity if λ is strictly negative (respectively, strictly pos-
itive): the system is stable if and only if λ < 0. In applications like the
helicopter blade problem mentioned above, the model (1) is related to the
design of an equipment submitted to random forces. Different technological
choices, or random forces acting in different ways, are modelled through a
parametrization of the matrices A and Bi, and one has to determine the
stability region: for which values of the parameters in the model is λ strictly
negative? As a result, one has to compute the upper Lyapunov exponents of
several systems of the type (1), which motivates the construction of efficient
algorithms.
Similar questions also hold for nonlinear systems. Let M stand for Rd

or a d-dimensional C∞ connected compact manifold, and let (xt) be the
solution to

dxt = A(xt)dt+
r∑
j=1

Bj(xt) ◦ dW j
t , (3)

x0 = x,

where A and the Bj ’s are smooth vector fields onM. This system defines
a stochastic flow of diffeomorphisms (xt(x)) (cf., e.g., Ikeda and Watan-
abe [14]). Let TxM denote the tangent space to M at x. If (Txt(x)) :
TxM→ Txt(x)M is the linear part of xt at x, and if the vector fields TA,
TBj are the linearizations of A, Bj , then the mapping Txt from TM to
TM defined by (x, v)→ (xt(x), (Txt(x))v) is a flow on the tangent bundle
TM :=

⋃
x∈M{x} × TxM, and this flow is generated by the system

dTxt = TA(Txt)dt+
r∑
j=1

TBj(Txt) ◦ dW j
t . (4)

Suppose that there exists a real number λ such that, for any (x, v) in TM
with v �= 0,

λ = lim
t→+∞

1
t
log |Txt(x)v| a.s. (5)

In this context, if λ is negative, then a small perturbation on the initial
condition x leads to a perturbation which decreases exponentially fast when
t goes to infinity on the trajectory t→ xt. As for linear models, to determine
the stability region may be an important issue in applied studies.
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Except in very particular cases (as in, e.g., Leizarowitz [15]), the exact
value of λ is unknown. In some situations it can be approximated by simple
means. For example, in the linear case, for a two dimensional process (Xt)
and in the presence of a small noise, Auslender and Milshtein [4], Pardoux
and Wihstutz [16] have given asymptotic expansions of λ in powers of the
intensity of the noise.
Consider the general case. As recalled below (see Theorem 3.1 and the

paragraph which follows Theorem 4.1), the Lyapunov exponent defined
in (2) (in (5), respectively), can also be represented as the integral of
an explicitly known function with respect to the solution of a stationary
Fokker–Planck equation on the projective space1 Pd−1 (linear systems) or,
more generally, on the projective bundle M× PM (of course, the coeffi-
cients of the Fokker–Planck equation and the function to integrate depend
on all the coefficients of (1) or, respectively, of (3)). Thus, the numerical
computation of λ can follow two completely different strategies: either one
simulates one single path of (Xt) (of (Txt), respectively) and for t large
enough one computes (1/t) log |Xt(x)| ((1/t) log |(Txt(x))v|, respectively);
or one solves a Fokker–Planck equation numerically. The second strategy
seems to have an often much larger computational cost, especially because
in applied situations the dimension d is usually large: for example, in ran-
dom mechanics the system under consideration describes the dynamics of
the pair (position, velocity), and thus d = 6; the numerical resolution of a
parabolic problem on P5 is time consuming. This consideration makes the
probabilistic numerical procedure attractive. But it involves two difficul-
ties: first, one has to simulate an approximated path of (Xt) or of (Txt);
second, one has to choose T to stop the computation. In this paper, we fo-
cus our attention to the question of the approximation of (Xt) or of (Txt).
We also briefly discuss the practical determination of T .
For a fuller information on discretization issues, for extensions to the

approximation of the Lyapunov spectrum, and for the complete proofs of
the results given in the sequel, we refer to Talay [18] and to Grorud and Ta-
lay [13]. The proofs use results due to Arnold, Oeljeklaus and Pardoux [1],
Arnold and San Martin [2], Baxendale [7], Carverhill [11] for the continu-
ous time processes (cf. also the papers in the volume published by Arnold
and Wihstutz [3]), and results due to Bougerol [8, 9] for the discrete time
approximating processes.
For a review of recent results on the discretization of stochastic differen-

tial systems and different applications, see Talay [19, 20].
Finally, the couple of results recalled below must be seen as a preliminary

study of the numerical approximation of Lyapunov exponents of random
dynamical systems.

1Sd−1 = {x ∈ Rd ; |x| = 1} denoting the unit sphere of Rd, the projective space
P d−1 of Rd is the quotient of Sd−1 by the relation: u ∼ v iff u = −v.
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2 An elementary example and objectives

Consider the one dimensional stochastic differential equation written in
Stratonovich form

Xt(x) = x+
∫ t

0
aXs(x)ds+

∫ t

0
bXs(x) ◦ dWs, (6)

where (Wt) is a standard one dimensional Brownian motion, and a and b
are real numbers. The solution is Xt(x) = x exp(at + bWt). The Iterated
Logarithm Law implies that Wt

t tends to 0 as t goes to infinity. Thus, for

any x �= 0 one has that
1
t
log |Xt(x)| converges almost surely to a when t

goes to infinity.
The Euler scheme with step h > 0 for the linear equation (6) is, for

p ∈ N,

X
h

p+1(x) =
(
1 + b∆h

p+1W +
(
a+

b2

2

)
h

)
X
h

p(x), (7)

where
∆h
p+1W :=W(p+1)h −Wph,

and X
h

0 (x) = x a.s. Observe that the coefficient of h is not equal to a: the
Euler scheme applies to stochastic differential equations written in the Itô
sense, so that we first have transformed Equation (6) in its Itô version

Xt(x) = x+
∫ t

0

(
a+

b2

2

)
Xs(x)ds+

∫ t

0
bXs(x)dWs. (8)

As

E

∣∣∣∣1 + b∆h
p+1W +

(
a+

b2

2

)
h

∣∣∣∣ < C

for some C uniform in p, the Strong Law of Large Numbers implies that

∃λh ∈ R, ∀x ∈ Rd \ {0}, λh = lim
N→+∞

1
Nh

log |Xh

N (x)| a.s. (9)

How large is λ− λ̄h? Observe that for any x in R \ {0},

∃Ch ∈ R, 1
p2h2

E(log |Xh

p(x)|)2 < Ch, ∀p ∈ N \ {0}.

Therefore, the sequence
(
1
ph log |X

h

p(x)|
)
is uniformly integrable and λ

h

satisfies
∀x ∈ R \ {0}, λh = lim

N→+∞
1
Nh

E log |Xh

N (x)|.
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For h small enough and all p, one has

E log |Xh

p(x)| − log |x| = pE log
∣∣∣∣1 + b∆h

1W +
(
a+

b2

2

)
h

∣∣∣∣ .
Set

Y := b∆h
1W +

(
a+

b2

2

)
h,

and observe that

E log |1 + Y | = E

[
Y − Y 2

2
+
Y 3

3

]
+E

[
ll|Y |<1

(
log(1 + Y )− Y +

Y 2

2
− Y 3

3

)]
+E

[
ll|Y |≥1

(
log |1 + Y | − Y +

Y 2

2
− Y 3

3

)]
=: D1 +D2 +D3.

Clearly, Cauchy–Schwarz inequality implies that there exist C > 0 and
α > 0 such that, for all h small enough,

|D3| ≤ C exp
(
−α

h

)
.

For D2, expand log(1 + Y ): it comes that |D2| = O(h2). Finally, one gets
λ
h
= a+O(h).
Now, consider the multidimensional case. The Euler scheme for Equa-

tion (1) is defined by

X
h

p+1(x) =

Id+
r∑
j=1

Bj∆h
p+1W

j + Ãh

X
h

p(x), (10)

where Id stands for the d× d Identity matrix, and where we have set

Ã := A+
1
2

r∑
i=1

B2i . (11)

Two natural questions arise. Does the Euler scheme satisfy (9) in the mul-
tidimensional case? In such a case, is the convergence rate given by

|λ− λ
h| = O(h)?

In view of the linear case, the nonlinear models lead to the following
problem: construct a numerically efficient procedure to simulate a discrete
time process (T x̄hp) approximating (Txt) and satisfying the following two
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conditions: first, there exists a real number λ
h
such that, for any (x, v) with

v �= 0,

λ̄h = lim
N→+∞

1
Nh

log |T x̄hN (x)v| a.s.; (12)

second, as in the linear case, it holds that

|λ− λ
h| = O(h).

3 The linear case

Let (st) be the process on Pd−1 defined as follows: st is the equivalence
class of Xt

|Xt| . The process (st) is the solution of the following Stratonovich
stochastic differential equation, describing a diffusion process in Pd−1:

dst = h(A, st)dt+
r∑
j=1

h(Bj , st) ◦ dWj(t), (13)

where, for any d× d-matrix C,

h(C, s) := Cs− (Cs, s)s, s ∈ Pd−1. (14)

Let Λ be the Lie Algebra generated by the set of vector fields

{h(A, ·), h(B1, ·), . . . , h(Bk, ·)},
i.e. the smallest vector space of differential operators containing the oper-
ators ∑

i

hi(A, ·)∂i,
∑
i

hi(Bj , ·)∂i (j = 1, . . . r),

and closed under the bracket operation [P1, P2] = P1 ◦ P2 − P2 ◦ P1. For s
in Pd−1, let Λ(s) denote the space obtained by considering all the elements
of Λ with all the coefficients of the operators frozen at their value in s.

Hypothesis 1. dimΛ(s) = d− 1, ∀s ∈ Pd−1.
In Arnold, Oeljeklaus and Pardoux [1] the following theorem (see also

Bougerol and Lacroix [10]) is proved:

Theorem 3.1. Suppose that Hypothesis 1 holds. Then the process (st) on
P
d−1 has a unique invariant probability measure ν and

(i) there exists a real number λ such that for any x in Rd \ {0},

λ = lim
t→+∞

1
t
log |Xt(x)| a.s.
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(ii) Moreover, λ satisfies:

λ =
∫
Pd−1

Q(s)dν(s),

where for s ∈ Pd−1

Q(s) := (As, s) +
1
2

r∑
i=1

[
(B2i s, s) + |Bis|2 − 2(Bis, s)2

]
.
(15)

For a technical reason which will appear below, we slightly modify the
definition of the Euler scheme, and we now consider the scheme

X
h

p+1(x) =Mh
p+1X

h

p(x), X̄
h
0 (x) = x,

with

Mh
p+1 := Id+

r∑
j=1

BjU
j
p+1

√
h+ Ãh, (16)

the random variables U j
p+1 satisfying the following hypothesis whose part

(ii) excludes the choice
√
hU j

p+1 = ∆
h
p+1W but, nevertheless, is not restric-

tive from a numerical point of view.

Hypothesis 2. (i) The (U j
p+1)’s are i.i.d. and the following conditions on

the moments are fulfilled:

E[U j
p+1] = E[U j

p+1]
3 = E[U j

p+1]
5 = 0,

E[U j
p+1]

2 = 1,

E[U j
p+1]

4 = 3,

E[U j
p+1]

n < +∞ ∀n > 5. (17)

(ii) The common law of the (U j
p+1)’s has a continuous density w.r.t. the

Lebesgue measure; the support of this density contains an open inter-
val including 0 and is compact.

Theorem 3.2. Under Hypothesis 2 (i) and Hypothesis 1, one has:

(i) For any h small enough, there exists a real number λ
h

satisfying

∀x ∈ Rd \ {0}, λh = lim
N→+∞

1
Nh

log |Xh

N (x)| a.s. (18)

(ii) Moreover,

∀x ∈ Rd \ {0}, λh = lim
N→+∞

1
Nh

E log |Xh

N (x)|. (19)
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Sketch of the proof. The proof of (i) is an application of the Furstenberg
Theorem which we now recall. Let Gl(Rd) be the set of invertible real d×d
matrices. A given subset S of Gl(Rd) is called irreducible if there does not
exist a proper linear subspace V of Rd such that

∀M ∈ S, M(V ) = V.

Let (Mn) be a sequence of independent random matrices in Gl(Rd) with
common distribution ν such that

(i) E log+ |M1| < +∞ and E log+ |M−1
1 | < +∞.

(ii) The smallest subgroup of Gl(Rd) containing the support of ν is irre-
ducible.

Then there exists a real number γ such that, for any x in Rd \ {0},

γ = lim
n→+∞

1
n
log |Mn . . .M1x| a.s.

Suppose that, for any stepsize h0, there exists h < h0 such that the
smallest semi-group of Gl(Rd) containing the support of the law of Mh

1
defined in (16) is not irreducible. Then it can be shown that there exists a
proper linear subspace V such that

A(V ) ⊂ V and Bj(V ) ⊂ V (j = 1, . . . , r). (20)

This assertion cannot be true under Hypothesis 1 which implies that the
semigroup of (st) leaves no submanifold of dimension less than d − 1 in
P d−1 invariant (see Section 1 of Arnold, Oeljeklaus and Pardoux [1]). ✷

Hypothesis 1 ensures the existence of the upper Lyapunov exponent. We
reinforce this hypothesis to be able to analyze the Euler scheme Lyapunov
exponent.
Define the functions h(C, s) on Sd−1 as in (14) with s ∈ Sd−1, and

consider the system (13) on Sd−1.

Hypothesis 3. The infinitesimal generator L of the process (st) on Sd−1

is uniformly elliptic , i.e there exists a strictly positive constant α such that,
for any x in Sd−1 and any vector ξ in the tangent space TSd−1(x),

r∑
i=1

(h(Bi, x), ξ)2 ≥ α|ξ|2.

An example where Hypothesis 3 is fulfilled is the case r = 1 and

B :=
[
0 −1
1 0

]
.

Under Hypothesis 3, part of Theorem 3.1 can be reformulated as follows.
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Theorem 3.3. Suppose that Hypothesis 3 holds. Then the process (st) on
Sd−1 has a unique invariant probability measure µ, and the upper Lyapunov
exponent λ defined in (2) satisfies

λ =
∫
Sd−1

Q(s)dµ(s), (21)

where Q is defined as in (15) which must now be understood for all s ∈
Sd−1.

Theorem 3.4. Suppose that the system (13) satisfies Hypothesis 3. Sup-
pose that Hypothesis 2 holds. Then, for all h > 0 small enough, the Lya-
punov exponent λ

h
of (X

h

p) satisfies

|λ− λ
h| = O(h).

Sketch of the proof. In view of Theorem 3.3, we first seek an expression for
λ
h
in terms of the invariant measure of an ergodic process on Sd−1.
We write X̄h

p instead of X̄
h
p (x). By linearity, one has

1
Nh

log |X̄h
N | =

1
Nh

N−1∑
p=0

log |Mh
p+1s

h
p |, (22)

where

shp :=
X
h

p

|Xh

p |
.

Under Hypothesis 2, it is easy to prove that the process (shp) on Sd−1

is ergodic: as it is a Feller process on a compact metric space, it has at
least one invariant measure; besides, by classical arguments, the absolute
continuity of the law of U j

p ’s implies that the invariant measure is unique.
Let µh be this unique invariant probability measure. As the law of U j

p has
compact support, for all h small enough the function

Q̄h(s) :=
1
h
E log |Mh

1 s| (23)

is bounded on Sd−1. Thus, from the ergodic theorem one has

λ
h

= lim
N→∞

1
Nh

N−1∑
p=0

log |Mh
p+1s

h
p | =

∫
Sd−1

1
h
E log |Mh

1 s|dµh(s)

=
∫
Sd−1

Q̄h(s)dµh(s).

Therefore, by an uniform integrability argument, one also has

λ
h
= lim

N→∞
1
Nh

N∑
p=1

EQ̄h(shp). (24)
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We now compute an expansion of EQ̄h(shp) in terms of h. To this aim,

we observe that the Euler scheme (X
h

p) satisfies, for any smooth function
φ:

Eφ(X
h

p+1) = Eφ(X
h

p) + ELφ(X
h

p)h+ Eψφ(X
h

p + θ(X
h

p+1 −X
h

p))h
2,

where ψφ is a function which can be expressed as a sum each term of which
is a product of polynomial functions (w.r.t the Euclidean coordinates) and
of derivatives of the function φ, and θ is in (0, 1). Observe that the function
θ ∈ Rd → E log |M1

hθ| is smooth with bounded derivatives on a neighbor-
hood of Sd−1. Besides, it takes value 0 for h = 0 and θ ∈ Sd−1. Thus, a
Taylor expansion around s̄hp shows that

E log |Mh
p+1s

h
p | = EQ(shp)h+Rhp+1h

2,

with Rhp+1 uniformly bounded in p ∈ N and in h small enough. Therefore,

1
Nh

N∑
p=1

EQ̄h(shp)| =
1
N

N∑
p=1

EQ(shp) +
1
N

N∑
p=1

Rhph,

from which, by taking the limit for N going to infinity and in view of (24),
one has

λ
h
=

∫
Sd−1

Q(s)dµ̄h(s) +O(h).

Owing to (21), the conclusion follows from Lemma 3.5 below. ✷

Lemma 3.5. Suppose that the assumptions 3 and 2 are satisfied. Then,
for any x in Rd \ {0}, for any smooth function φ : Sd−1 → R,∣∣∣∣∫

Sd−1
φ(s)dµ(s)−

∫
Sd−1

φ(s)dµ̄h(s)
∣∣∣∣ = O(h) a.s. (25)

Sketch of the proof. The proof follows the same guidelines as for the ap-
proximation of the invariant measure of an ergodic diffusion in the whole
space by the invariant measure of the Euler scheme. Define the smooth
function u(t, x) on R+ × Sd−1 by

u(t, x) := Eφ(st(x)).

Denote x
|x| by x̃.

In order to be able to compute Taylor expansions, we need local charts.
Let Ux the set of points of Sd−1 whose geodesic distance from x is less than,
e.g., 4π3 (2π is the maximal geodesic distance on Sd−1). Let y �→ ρx(y),
y ∈ Ux stand for the stereographic projection of pole x∗, where x∗ stands
for the antipodal point of x. Under Hypothesis 2, for any h small enough,
almost surely shq+1(x̃) takes values in Ushq (x̃), for all integer q.
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A Taylor expansion up to order 4 of the function

θ �→ u
(
t, ρ−1

shq (x̃)
(θ)

)
implies that, for all integers q and j,

Eu(jh, shq+1(x̃))=Eu(jh, s
h
q (x̃))+ELu(jh, shq (x̃))h+rhj,q+1h2, (26)

where the remainder term rhj,p+1 is a sum of terms, each one being of the
form

constant× E
[
ψI(γ)∂Iu(jh, ρ−1shq (x̃)(δ))

]
,

where

• ψI is a continuous function of the coordinates θ1, . . . , θd−1, and there-
fore is bounded in ρshq (x̃)(Ushq (x̃)),

• δ and γ are in ρshq (x̃)(Ushq (x̃)).

Suppose that we have shown: for any multi-index I, there exist strictly
positive constants ΓI and γI such that, for any x in Sd−1, any θ in ρx(Ux),
the spatial derivative ∂Iu(t, ρ−1x (θ)) satisfies

|∂Iu(t, ρ−1x (θ))| ≤ ΓI exp(−γIt). (27)

Then, using (27), one can check that the above remainder term satisfies

+∞∑
j=0

|rhj,q| ≤
C0

1− e−γh
≤ C

h
, (28)

for some strictly positive constants C0, C and γ uniform in q.
It is well known that{

d
dtu(t, y) = Lu(t, y),
u(0, y) = φ(y),

(29)

where L is the infinitesimal generator of (st). Therefore,

Eu((j + 1)h, shq (x̃))=Eu(jh, s
h
q (x̃))+ELu(jh, shq (x̃))h+r̃hj,qh2,

(30)

with a remainder term r̃hj,q which can be expressed in the same manner as
rhj,q, and therefore is such that

+∞∑
j=0

|r̃hj,q| ≤
C̃0

1− e−γ̃h
≤ C̃

h
, (31)



252 D. Talay

for some strictly positive constants C̃0, C̃ and γ̃ uniform in q.
Thus, in view of (26) and (30), one has

Eu(jh, shq+1(x̃)) = Eu((j + 1)h, s
h
q (x̃)) + (r

h
j,q+1 − r̃hj,q)h

2. (32)

Iterate this relation from j = 0 and q + 1 = p. It comes:

Eu(0, shp(x̃)) = u(ph, x̃) +
p−1∑
j=0

(rhj,p−j − r̃j,p−j−1)h2.

Remember that u(0, ·) = φ(·). Thus,

E
1
N

N∑
p=1

φ(shp(x̃))− E
1
N

N∑
p=1

φ(sph(x̃)) =
1
N

N−1∑
p=0

p∑
j=1

(rhj,p−j − r̃j,p−j−1)h2.

As the processes (shp) and (st) are ergodic, the left hand side tends to∫
Sd−1

φ(s)dµh(s)−
∫
Sd−1

φ(s)dµ(s).

Estimates (28) and (31) permit to get (25).
Thus, the proof is finished if one can establish (27). This is done in

Proposition 3.6 below. ✷

Proposition 3.6. Suppose that Hypothesis 3 holds. Define φ, u(t, x), µ,
Ux, ρx as above. Then there exist strictly positive constants Γ and γ such
that

∀x ∈ Sd−1, |u(t, x)−
∫
Sd−1

φ(s)dµ(s)| ≤ Γ exp(−γt), (33)

and, for any multi-index I, there exist strictly positive constants ΓI and
γI such that, for any x in Sd−1, any θ in ρx(Ux), the spatial derivative
∂Iu(t, ρ−1x (θ)) satisfies

|∂Iu(t, ρ−1x (θ))| ≤ ΓI exp(−γIt). (34)

The proof of inequality (33) is a direct application of Doeblin’s condition
(see Doob [12, p. 193], e.g.). Inequality (34) is not classical. The proof given
in [18] deeply uses the strong ellipticity of L (Hypothesis 3).

4 The nonlinear case

Here, we limit ourselves to systems (3) in the whole space. The case where
M is a smooth compact manifold can also be addressed in spite of addi-
tional technical difficulties, see [13].
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Denote by A′ and B′j the differential maps of A and Bj , and consider
the linearized system defined on Rd × Rd by

dxt(x) = A(xt(x))dt+
∑r

j=1Bj(xt(x)) ◦ dW j
t ,

dvt(x, v) = A′(xt(x, v))vt(x, v)dt+
∑r

j=1B
′
j(xt)vt(x, v) ◦ dW j

t ,

x0(x) = x, v0(x, v) = v.

Then, in view of (4), one has Txt(x)v = vt(x, v).

Hypothesis 4. The vectors fields A and Bj (j = 1, . . . , r) are of class C∞
and have bounded derivatives (for all order of derivation); the vector fields
Bj (j = 1, . . . , r) are bounded.

Hypothesis 5. Set
st :=

vt
|vt| .

The infinitesimal generator of the process (xt, st) is a uniformly strong
elliptic operator.

Combined with the assumptions 4 and 5, the next hypothesis ensures
that the process (xt) is ergodic.

Hypothesis 6. There exists a real number β > 0 and there exists a com-
pact K in Rd such that

∀x ∈ Rd \K, 〈x,A(x)〉 ≤ −β|x|2.
Set

Ã(x) := A(x) +
1
2

r∑
j=1

B′j(x)Bj(x),

and denote the differential map of Ã by Ã′. The Euler scheme is now defined
as

xhp+1(x) = xhp(x, v) + Ã(xhp(x))h+
∑r

j=1Bj(x
h
p(x))U

j
p+1

√
h,

x̄h0 (x, v) = x,

M
h

p+1 = Id+ Ã′(xhp)h+
∑r

j=1B
′
j(x

h
p)U

j
p+1

√
h,

vhp+1(x, v) = M
h

p+1v
h
p(x, v),

v̄h0 (x, v) = v.

(35)

Theorem 4.1. Under the assumptions 4, 5, 6, 2, there exist real numbers
λ and λ

h
(for any h small enough) such that, for any (x, v) in Rd×Rd\{0},

λ = lim
t→+∞

1
t
log |vt(x, v)| a.s., (36)

and
λ
h
= lim

N→∞
1
Nh

log |vhN (x, v)| a.s.
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Besides, one has

|λ− λ
h| = O(h). (37)

The existence of λ, under even much weaker assumptions, is due to
Arnold and San Martin [2]. For the rest of the statement, the proof fol-
lows the same steps as those seen in the preceeding section: one uses ir-
reducibility arguments to ensure the existence of λ

h
; one proves that the

processes (xt, st) and (x̄hp , s̄
h
p) with s̄hp := v̄hp/|v̄hp | are ergodic; one proves

a result similar to Proposition 3.6 for smooth functions φ on Rd × Sd−1

and for the invariant measure of (xt, st); one establishes a result similar to
Lemma 3.5 to estimate the convergence rate of the invariant measure of
(x̄hp , s̄

h
p) to the invariant measure of (xt, st); finally, one uses Baxendale’s

representation of λ (see [7]), which extends (21) to the nonlinear case, to
adapt the computations which follow (24).

5 Expansion of the discretization error

Consider the following stochastic differential equation:

Xt = X0 +
∫ t

0
f(Xs−)dZs, (38)

where X0 is an Rd-valued random variable, f(·) is a d × r-matrix valued
function of Rd, and (Zt) is an r-dimensional Lévy process, null at time 0.
The Euler scheme is defined as follows:

X̄h
(p+1)T/n = X̄h

pT/n + f(X̄h
pT/n)(Z(p+1)T/n − ZpT/n). (39)

When Z is a Brownian motion, Talay and Tubaro [21] have shown that
if f is smooth, then for any smooth function g with polynomial growth,
the error Eg(XT )− Eg(X̄h

T ) can be expanded with respect to n:

Eg(XT )− Eg(X̄h
T ) =

C

n
+O

(
1
n2

)
. (40)

Using Malliavin calculus techniques, Bally and Talay [5] have shown that
the result also holds for any measurable and bounded function g when the
infinitesimal generator of (Xt) satisfies a “uniform hypoellipticity” condi-
tion. In a subsequent work [6], Bally and Talay have also shown that, under
appropriate geometrical conditions on the function f , the density of the law
of X̄h

T (x) can also be expanded in terms of h: the first term of the expansion
is the density of XT (x), and the coefficients of the expansion are controlled
with exponential inequalities. The latter result holds in particular when
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the infinitesimal generator of (Xt) is strongly elliptic, and more generally
under a “local uniform hypoellipticity” condition.
When Z is a general Lévy process, Protter and Talay [17] have shown that

the expansion (40) also holds when the Lévy measure of Z has moments of
order large enough. If this is not the case, estimates can be given in terms
of the tail of the Lévy measure.
The main interest of establishing the expansion (40) rather than a bound

for the error is to justify the Romberg extrapolation technique: let X̄h/2

be the Euler scheme with step size h/2. Then, for some increasing function
K,

|Eg(XT )− {2Eg(X̄h/2
T )− Eg(X̄h

T )}| ≤ K(T )h2.

It appears that the numerical cost of the Romberg–Richardson procedure is
often much smaller than the cost corresponding to second (or higher order)
schemes. See [21, 19] for a discussion and illustrative numerical examples
for the case Z is a Brownian motion. Another advantage of the expan-
sion (40) is to justify adaptative control of the step size techniques when
an unstability due to a too large h is detected.
The expansion of the error also holds for the approximation of the in-

variant measure of an ergodic diffusion in the whole space by the invariant
measure of the Euler scheme: see Talay and Tubaro [21]. This suggests
that the expansion should also hold for the error λ − λ

h
. This is written

nowhere. But following the guidelines given in [20], one can adapt the proof
of Theorem 3.4 to get

Theorem 5.1. Under the assumptions of Theorem 3.4, it holds that

λ− λ
h
= C1h+O(h2),

where C1 is a constant which does not depend on h.

6 Comments on numerical issues

In the linear case, the approximation formula

λ
h ∼ 1

Nh
log |Xh

p |

is of poor interest in practice because it leads to numerical instabilities, the
process (|Xh

p |) decreasing to 0 or increasing to infinity exponentially fast.
One better has to use the approximation formula coming from (22):

λ
h ∼ 1

Nh

N∑
p=1

log |Mh
p+1s

h
p |.
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In practice, the algorithm is as follows. One chooses an initial condition
s̄h0 on the unit sphere Sd−1. One applies the Euler scheme to compute
Mh
1 s̄

h
0 , and the first estimate of λ

h
is log |Mh

1 s̄
h
0 |/h. The vector Mh

1 s̄
h
0 is

then projected on the sphere, providing s̄h1 . For p ≥ 0, at step p, one applies
the Euler scheme on one step from the value s̄hp . This provides the vector

Mh
p+1s̄

h
p , and the new estimate of λ

h
is computed from the previous one by

the transformation

λ �→
(
1− 1

p+ 1

)
λ+

log |Mh
p+1s̄

h
p |

(p+ 1)h
;

finally, one projects the vector Mh
p+1s̄

h
p in order to get s̄

h
p+1.

Of course, N needs to be large. The choice of N in terms of the global
accuracy of the method is related to the Central Limit Theorem which
describes the fluctuations of

√
T

{∫
Sd−1

φ(s)dµ(s)− 1
T

∫ T

0
φ(st)dt

}
.

Unfortunately, the variance of the Gaussian limit law is not easy to estimate
numerically: see [18] for a discussion. This question is of prime importance
and, of course, also holds in the nonlinear case. It is a part of what is needed
to be done for the numerical analysis of the long time behavior of random
dynamical systems.
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Towards a Theory of Random
Numerical Dynamics
Peter E. Kloeden, Hannes Keller, and Björn
Schmalfuß

ABSTRACT Random dynamical systems are intrinsically nonautonomous
and are formulated in terms of cocycles rather than semigroups. They con-
sequently require generalizations of the commonly used dynamical systems
concepts such as attractors and invariance of sets. This cocycle formalism
is reviewed here and then the approximation of such dynamical behaviour
by time discretized numerical schemes is discussed, outlining results that
have been obtained and those that remain to be resolved.

1 Introduction

The theory of random and stochastic dynamical systems, the foundations
of which are expounded by Ludwig Arnold in the recent monograph [1], is
a rich and profound synthesis of ideas, methods and results from ergodic
theory and stochastic analysis with those from the theory of deterministic
dynamical systems. During the developmental stages of this theory, which
is still far from complete, numerical simulations of specific random and
stochastic systems were used to obtain key insights into what could happen
and hence to motivate new theoretical understanding and developments.
Just as in deterministic numerical dynamics, such computations need to
be justified mathematically to ensure that the dynamics of the discretized
system faithfully replicate those of the original continuous time system.
Here we concentrate on nonautonomous and random counterparts of ba-

sic issues of autonomous numerical dynamics, specifically the approxima-
tion of attractors, in our case pullback attractors, the approximation of
stable and unstable manifolds of hyperbolic points of random dynamical
systems, and more generally the replication of the phase portrait under
discretization in a neighbourhood of such a hyperbolic point, referring the
reader to other articles in this Festschrift and to the monographs [20, 27]
and the references herein for a systematic exposition of stochastic numer-
ics and the approximation of quantities such as invariant measures and
Lyapunov exponents. Since the investigation of such long term dynamical
behaviour under discretization is still very much in its beginning phase,
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this article will be as much on what remains to be done as on what has
already been achieved. In particular, we will sketch results that are avail-
able to illustrate the type of results that are desired and the formalism and
mathematical machinery that can or should be used, as well as to make
transparent the restrictions and inadequacies of these results.
Interestingly, although such random numerical dynamics is itself a rela-

tively recent development, it has provided new concepts and results in the
numerical approximation of deterministic nonautonomous systems. Some
of these will also be considered here as background and also as a more grad-
ual introduction to the formalism that is required in the more complicated
random context.

2 Deterministic Numerical Dynamics

Appropriate assumptions on the mapping f : Rd → R
d on the right-hand

side of a deterministic autonomous ODE

ẋ = f(x) (1)

on Rd ensure the global existence of a unique solution x(t) = φ(t, x0) with
initial value x0 ∈ Rd at time t = 0. The solution mapping φ : R×Rd → R

d

has the properties

φ(0, x0) = x0, φ(t+ s, x0) = φ(t, φ(s, x0)), (2)

for all s, t ∈ R and x0 ∈ Rd, as well as continuity or smoothness in its
variables. The second of these properties says that the family of mappings
{φ(t, ·)}t∈R is a group and this property is often called the group evolution
property. Such a solution mapping defines an abstract continuous time
dynamical system on the state space Rd. More general is a semi–dynamical
system for which the time set is only R+ and the evolution property is then
only a semi–group property.
An explicit one–step numerical scheme with constant time step h > 0

for the ODE is often written as

xn+1 = Fh(xn) := xn + hfh(xn) (3)

with increment function fh given in, for example, the Euler scheme by
fh(x) = f(x) and in the Heun scheme by fh(x) = 1

2 (f(x) + f(x+ h f(x))).
Obviously, the mapping φh : Z+×Rd → R

d defined by φh(0, x0) := x0 and
φh(n, x0) := Fh ◦ . . . ◦ Fh︸ ︷︷ ︸

n times

(x0) for n ≥ 1 satisfies the properties

φh(0, x0) = x0, φh(n+m,x0) = φh(n, φh(m,x0))
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for m, n ∈ Z+ and x0 ∈ Rd, as well as inheriting the continuity or smooth-
ness of the mapping Fh. These are discrete time counterparts of properties
(2) and the mapping φh is said to generate a discrete time semi–dynamical
system on Rd.
Since explicit solutions of differential equations are rarely known, nu-

merical simulations are often used to approximate such solutions and to
give some insight into the behaviour of the dynamical system generated by
the differential equation. An implicit assumption here is that the dynamics
of the discrete time (semi–)dynamical system generated by the numerical
scheme faithfully replicates that of the continuous time dynamical system.
Such comparisons can be justified over a finite time interval [0, T ] by the
the global discretization error

|φ(nh, x0)− φh(n, x0)| ≤ CTh
p, 0 ≤ nh ≤ T, (4)

where p is a positive integer representing the order of the numerical scheme,
provided the time step h is sufficiently small. The constant CT ∼ eLT for
L > 0 here, so the estimate (4) is of little use for asymptotic compar-
isons which arise in important dynamical properties such as attractors,
hyperbolic points, and stable and unstable manifolds, as well as chaotic
behaviour. To proceed in these cases some additional assumptions about
the dynamical behaviour of the original dynamical system are needed. This
area of research is now known as numerical dynamics. A comprehensive ex-
position of the basic theory for the situation under discussion can be found
in the monograph by Stuart and Humphries [37] (see also [36] and the ref-
erences in both) and will be briefly sketched here as background and as a
lead into the nonautonomous and random cases in the following sections.
An equilibrium point x̄0 of an ODE (1), for which f(x̄0) = 0, represents

the simplest type of dynamical behaviour and the corresponding solution
φ(t, x̄0) ≡ x̄0 for all t ∈ R is a constant or steady state solution. Of par-
ticular interest is what happens to solutions which start nearby. Two basic
scenarios are of major importance. In the first, all such solutions asymptote
to x̄0 as t→ +∞ and the steady state solution is said to be asymptotically
stable and is called an attractor; a sufficient condition for the asymptotic
stability of x̄0 is that the eigenvalues of the Jacobian matrix ∇f(x̄0) all
have negative real parts. In the other case x̄0 is a hyperbolic point, defined
by none of the eigenvalues of ∇f(x̄0) having zero real parts, whence all
solutions starting on the stable manifoldMs converging towards x̄0 as t→
+∞, all those starting on the unstable manifold Mu converging towards
x̄0 as t → −∞, and all other solutions leaving some neighbourhood of x̄0
in a finite time in both positive and negative directions.
Of course, more complicated types of attractors are also possible, includ-

ing limit cycles and strange attractors. In general, a (global) attractor of a
dynamical system φ is a compact set A0 in Rd which is φ–invariant, i.e.

φ(t, A0) = A0, ∀t ∈ R,
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and attracts all bounded sets D of Rd, i.e.

H∗(φ(t,D), A0) = 0 as t→∞.

Here H∗denotes the Hausdorff separation or semi–metric in Rd defined by
H∗(X,Y )=supx∈X dist(x, Y ) where dist(x, Y )=infy∈Y |x−y| and the Haus-
dorff metric H is then defined by H(X,Y ) := max{H∗(X,Y ), H∗(Y,X)}.
In particular, A0 = {x̄0} for an asymptotically stable equilibrium point
and Γ0, the closed invariant curve corresponding to the image points of a
periodic solution representing a limit cycle. (In R2 the curve and its interior
form the global attractor, the curve Γ0 itself being only a local attractor
since any enclosed unstable fixed point is not attracted to it.)
A classical result of numerical analysis is that a pth order one–step nu-

merical scheme also has an steady state solution x̄h for sufficiently small h
> 0 which is asymptotically stable and satisfies

|x̄h − x̄0| ∼ O(hp)

whenever the ODE has an asymptotically stable steady state solution x̄0.
A sufficient condition to justify this and the global error estimate (4) above
is that the ODE mapping f is at least p + 1 times continuously differen-
tiable. (In fact, for most commonly used numerical schemes, x̄h ≡ x̄0, as
in the Euler scheme). A similar result holds for a limit cycle provided the
Hausdorff metric distance between the limit cycle Γ0 and the corresponding
asymptotically stable closed invariant curve Γh (which typically does not
consist of periodic solutions) of the numerical scheme is used.
W.–J. Beyn [7] has established an analogous result for hyperbolic equi-

librium points, with the numerical stable and unstable manifolds Ms
h and

Mu
h lying within Hausdorff metric distance O(h

p) of the respective sta-
ble and unstable manifolds Ms and Mu of the ODE system. The main
difference is in comparing trajectories that do not lie on these stable or
unstable manifolds, as it is then often necessary to modify the initial con-
dition x0 to x0,h to obtain an appropriate “shadowing” trajectory of the
other dynamical system resulting in an error estimate

|φ(nh, x0)− φh(n, x0,h)| ∼ O(hp)

for all n such that both trajectories lie within a prescribed neighbourhood
of the equilibrium point x̄0.

For arbitrarily shaped attractors the situation is more complicated and
has not been as satisfactorily resolved. Kloeden and Lorenz [19] used the
properties of a Lyapunov function V characterizing the uniform asymptotic
stability of an attractor A0 of the continuous time system φ to construct
an absorbing set

Λh :=
{
x ∈ Rd : V (x) ≤ η(h) ∼ O(hp)

}
of the numerical system φh. By this we mean a φh–positively invariant
set, i.e. with Fh(Λh)⊂Λh and hence φh(n,Λh)⊂Λh for all n∈Z+, which
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FIGURE 11.1. Stable and unstable manifolds of both the ODE and the corre-
sponding numerical system. The sample trajectory shows that an adjustment of
the initial condition x0 may be necessary to obtain a “shadowing” trajectory

absorbs arbitrary bounded subsets D⊂Rd in a finite number of time steps,
i.e. there exists an Nh,D ∈Z+ such that φh(Nh,D, D)⊂Λh. Since V (x)=0
if and only if x∈A0, we have A0⊂ intΛh, hence H(Λh, A0)→ 0 as h→ 0+.
However, the actual global attractor Ah of the numerical system φh is also
a proper subset of the absorbing set Λh and can be constructed by

Ah =
⋂
n≥0

φh(n,Λh).

But now, in general, only the upper semi continuous convergence

H∗(Ah, A0)→ 0 as h→ 0+

holds. With additional assumptions on the dynamics of φ within the original
attractor A0 it can be strengthened to continuous convergence, i.e. with H∗

replaced by the Hausdorff metric H, but counterexamples show that this
is not always possible. Note also that, in general, the order of convergence
here can usually not be determined explicitly.
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3 Random and Nonautonomous Dynamical
Systems

Random dynamical systems (RDS), generated for example by random or-
dinary differential equations or Ito stochastic differential equations, are in-
trinsically nonautonomous, i.e. with solutions depending explicitly on both
the present time t and the starting time t0 and not just on their difference
t − t0 as in autonomous systems. Consequently the group or semi–group
formalism of an abstract autonomous dynamical system is no longer appro-
priate in the nonautonomous setting, but a generalization involving cocycle
mappings can be used. In the following definition the time set T is either Z
or R depending on whether a discrete or continuous time system is under
consideration.

Definition 3.1. A nonautonomous dynamical system (NDS) on a state
space Rd and time set T consists of a pair of mappings (θ, φ) where

i) θ is an autonomous dynamical system on a nonempty parameter set P ,
i.e. satisfying

θt : P → P, θt ◦ θs = θt+s, θ0 = idP , (5)

for all s, t ∈ T;

ii) φ is a cocycle mapping on Rd, i.e. with φ : T+ × P × Rd → R
d and

satisfying the properties

φ(0, p, x0) = x0, φ(t+ s, p, x0) = φ(t, θsp, φ(s, p, x0)) (6)

for all s, t ∈ T+, p ∈ P and x0 ∈ Rd.
The second property in (6) generalizes the semi–group evolution prop-

erty of an autonomous semi–dynamical system and is called the cocycle
evolution property. The autonomous dynamical system θ on a parameter
set P in Definition 3.1 can be thought of as representing an underlying
driving mechanism. The meaning and significance of θ will be made clearer
through some examples. In general, wider applicability is achieved by as-
suming nothing about the continuity of θ or of φ in p, whereas the mapping
φ(·, p, ·) is typically assumed continuous for each fixed p ∈ P .
Consider a deterministic nonautonomous ODE

ẋ = f(t, x) (7)

on Rd with f : R×Rd → R
d that has globally defined solutions x(t) =

φ(t, t0, x0), where t ∈ R+ denotes the time elapsed since starting at x0 at
true time t0 ∈ R. Take P = R and let θ be the shift operator θts = t+s for
all s, t ∈ R. Then the pair (θ, φ) is a NDS as in Definition 3.1. Alternatively,
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a related formalism of skew–product flows proposed by Sell [34, 35] uses a
space F(Rd) of functions f(t, ·) : Rd → R

d for t ∈ R, which includes those
on the right-hand side of the ODE (7), as the parameter set P and the
functional shift operators θtf(s, ·) := f(t + s, ·) as θ. In both cases the
mapping π := (θ, φ) forms an autonomous semi–dynamical system on the
state space P × Rd.
For a nonautonomous difference equation

xn+1 = fn(xn)

on Rd with mappings fn : Rd → R
d for each n ∈ Z, the set Z can taken

as the P and θ as the corresponding shift mapping on Z. The mapping φ
defined by

φ(0, n0, x0) := x0, φ(n, n0, x0) := fn0+n−1 ◦ · · · ◦ fn0(x0)

for n ≥ 1, n0 ∈ Z and x0 ∈ Rd is a cocycle and the pair (θ, φ) is a discrete
time NDS.
If the nonautonomous difference equation comes from a one–step numer-

ical scheme (3) with variable time steps hn > 0, the parameter set P can be
taken as the space H of positive valued bi–infinite sequences h = {hj}j∈Z
which form divergent series in both directions with θ as the shift operator
on H, i.e. with h′ = θnh defined by h′j := hn+j for all j ∈ Z. In this case
the cocycle mapping φ is defined by

φ(0,h, x0) := x0, φ(n,h, x0) := Fhn−1 ◦ · · · ◦ Fh0(x0)

for n ≥ 1, h = {hj} ∈ H and x0 ∈ Rd.
For random systems on a probability space (Ω,F ,P) the parameter set

P is often taken to be the probability sample space Ω when this is chosen
as a canonical space of continuous functions containing the sample paths
of the driving noise process and θ is then chosen as an appropriate shift
operator on these paths such that θ is suitably measurable and P is ergodic
with respect to the θ. Two distinct types of random dynamical systems
are typically considered. The first involves random ordinary differential
equations [20], that is pathwise an ODE driven by a stationary (or ergodic)
process substituted into its coefficient terms, for which the solution paths
are absolutely continuous (in fact, often differentiable), while the other
involves Ito differential equations [20], for which the solution sample paths
are nowhere differentiable but continuous. In the first case the usual shift
θtω(·) := ω(· + t) defined on a space of sample paths is used, whereas in
the second Ω is a space of continuous functions ω : R → R with ω(0)
= 0, θ is defined by the Wiener shift θtω(·) := ω(· + t) − ω(t) for t ∈
R and P is a two-sided Wiener measure, which is ergodic w.r.t. θ, on the
associated Borel-σ-algebra F . Both types of equations with initial condition
x at time zero generate a solution operator φ(t, ω, x) which is measurable
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and at least continuous in t and x, and satisfies the cocycle condition (6).
In fact, φ(t, ω, ·) is often a diffeomorphism on Rd. In the Ito case the cocycle
property is an extension of the flow property of the solution operator (see
Kunita [26]), but a special version must be chosen so that the set of ω
for which sample paths exist does not depend on the initial value x0 (see
Arnold and Scheutzow [4]).
The NDS (θ, φ) in this context is called a random dynamical system

(RDS).
To be precise: An RDS consists of a flow θ on P = (Ω,F ,P) with (t, ω) �→
θtω is measurable such that P is ergodic w.r.t. θ and a cocycle satisfying
the properties (5), (6) which is measurable w.r.t. the associated σ-algebras.
Ludwig Arnold [2] has identified the above cocycle formalism of an RDS

as the third of the three fundamental historical gates in the development
of the theory of random dynamical systems, the first two being the devel-
opment of stochastic calculus and the discovery that the solution operators
form stochastic flows of diffeomorphisms. Another necessary major devel-
opment was Oseledets’ multiplicative ergodic theorem [31], which provides
the counterpart of linear algebra for RDS (see Section 6).

4 Pullback Attractors of NDS and RDS

It is too great a restriction of generality to consider as invariant for a
cocycle mapping φ just a single subset A0 of Rd for all p ∈ P , i.e. satisfying
φ(t, p, A0) = A0 for all t ∈ T+ and p ∈ P . Instead, a family Â = {Ap; p ∈ P}
of nonempty compact subsets of Rd will be called φ–invariant if

φ(t, p, Ap) = Aθtp, ∀t ∈ T+, p ∈ P.

For example, every trajectory of a nonautonomous ODE formulated as
an NDS with P = R is φ–invariant with each of the sets At0 consisting
of a single point of the trajectory, but those which attract nearby ones
in some sense are of particular interest. The mathematical challenge is
then how to formulate such attraction so that the resulting limit sets are
also φ invariant. The most obvious way (when P = R for the sake of
illustration) is to consider the omega limit set of the forwards trajectory
{φ(t, t0, x0)}t≥0 as t → ∞ for each fixed initial value (t0, x0), which now
depends on both the starting time t0 and the starting point x0. This has
been extensively investigated in [8, 10, 14], but has the disadvantage that
the resulting omega limit sets Λ+(t0, x0), or more generally Λ+(p, x0), are
usually not φ–invariant in the above sense.
Given a φ–invariant family Â = {Ap; p ∈ P} a natural alternative would

be the forwards running convergence

H∗(φ(t, p,D), Aθtp)→ 0 as t→∞ (8)
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for all bounded subsets D of Rd. However, the pullback convergence

H∗(φ(t, θ−tp,D), Ap)→ 0 as t→∞ (9)

for all bounded subsets D of Rd is preferable because it allows convergence
to a specific component set Ap for a fixed p ∈ P of the family Â. If we think
of p in (9) as representing the starting time t0 as in the nonautonomous
ODE example above, then (9) means that we are starting progressively
earlier at t0 − t (i.e. θ−tp) and taking the limit as t → ∞ with t0 (i.e.
p) fixed. This motivates the names pullback convergence for (9) and pull-
back attractor for the invariant family Â satisfying (9). Interestingly, M.A.
Krasnosel’skii [25] used such pullback convergence, although not the actual
name, in the 1960s to establish the existence of solutions of an ODE that
are bounded on the entire real time axis. On the other hand, nothing can
be said for general NDS about convergence forward in time.
Since the dynamical behaviour of a nonautonomous deterministic or ran-

dom dynamical system need not be uniform in the parameter p, it is too re-
strictive to use fixed bounded subsets D ⊂ Rd in the forwards and pullback
convergences above. Instead such attracted subsets should also be allowed
to depend on the parameter p, thus constituting a family of bounded sets
D̂ = {Dp; p ∈ P}. The set D should then be replaced by Dp in (8) and by
Dθ−tp in (9). To allow both local as well as global pullback attraction to
be considered, an NDS may have several distinct attracting universes, each
consisting of restricted choices of families D̂. An attracting universe is a
subset of families of sets P > p �→ Dp �= ∅ having the general property P.
In the random case considered below the property P means that we have
measurable families of sets with closed images. For consistency a family of
sets consisting of subsets of a family already belonging to given attracting
universe should also belong to that attracting universe, that is if ∅ �= D′

p ⊂
Dp for all p ∈ P , D′ has the property P and D̂ = {Dp; p ∈ P} ∈ D, then
D̂′ =

{
D′
p; p ∈ P

} ∈ D. This idea generalizes that of a basin of attraction
for an autonomous attractor and, naturally, a pullback attractor Â itself
will belong to its particular attracting universe D. For technical reasons
it is convenient to assume the constituent sets Dp are also closed as well
as nonempty and bounded. The following definition is due to Flandoli and
Schmalfuß [15] in a random setting; see also [11, 12, 23, 32].

Definition 4.1. A φ–invariant family Â = {Ap; p ∈ P} ∈ D of nonempty
compact subsets of Rd is called a pullback attractor of an NDS (θ, φ) on
P × Rd w.r.t. an attracting universe D if the pullback convergence

H∗(φ(t, θ−tp,Dθ−tp), Ap)→ 0 as t→∞
holds for every p ∈ P and D̂ ∈ D.

A pullback attractor Â is obviously unique within a given attracting uni-
verse D, but an NDS may have other pullback attractors corresponding to
other distinct attracting universes. For an RDS with P = Ω and D consist-
ing of families of measurable subsets (hence those of Â are measurable too),
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FIGURE 11.2. Symbolic drawing of the pullback convergence of D̂ ∈ D toward
the attractor Â.

then the pullback attractor Â is called a random attractor. For such RDS
pullback convergence (9) also implies the forwards convergence in proba-
bility, but not necessarily in the stronger pathwise sense.

Absorbing sets play a key role theoretically and practically in estab-
lishing the existence and location of attractors of autonomous dynamical
systems, e.g. see Hale [17]. This remains true for nonautonomous dynami-
cal systems and pullback attractors, but for wider applicability a family of
parameterized sets should be used.

Theorem 4.2. Let (θ, φ) be an NDS on P×Rd, suppose that x �→ φ(t, p, x)
is continuous for any t ∈ T+ and p ∈ P , and let D be an attracting universe.
If there exists a family of nonempty compact subsets B̂ = {Bp; p ∈ P} ∈
D and a Tp,D̂ ∈ Z+ for each D̂ ∈ D and p ∈ P such that

φ(t, θ−tp,Dθ−tp) ⊂ Bp ∀t ≥ Tp,D̂,

then the NDS (θ, φ) has the pullback attractor Â = {Ap; p ∈ P} w.r.t. D
with component sets defined for each p ∈ P by

Ap =
⋂
s>0

⋃
t>s

φ(t, θ−tp,Bθ−tp).

For an RDS Â is a random attractor if the D̂ ∈ D consist of measurable
sets.
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Proofs of Theorem 4.2 and similar theorems can be found in [15, 32,
33, 21, 22]; see also [11, 12]. Also, unlike skew–product flow theory, no as-
sumptions are made here on the compactness of the parameter set P or the
continuity of the mappings θ and φ in the parameter p. Such assumptions
are too strong for the RDS case.
As an illustrative example, we indicate how Theorem 4.2 can be applied

to a particular random differential equation

ẋ = F (x, θtω) (10)

on Rd for which the right-hand side has the special form (see [5])

F (x, ω) = f(x) + g(ω), (11)

The mapping f : Rd → R
d is globally Lipschitz continuous with Lipschitz

constant L and satisfies the dissipativity condition

(f(x), x) ≤ a− λ|x|2, ∀x ∈ Rd,
where λ, a > 0 and g : Ω→ R

d is such that the paths of the stationary ran-
dom process t �→ g(θtω) are locally integrable and satisfy a subexponential
growth condition, i.e.

lim
t→±∞ e−γ|t||g(θtω)| = 0

for any ω ∈ Ω and γ > 0, for which a sufficient condition (see [1], Chapter
4) is given by

E sup
τ∈[0,1]

log+ |g(θτω)| <∞. (12)

These structural assumptions ensure the global existence and uniqueness
of solutions φ(t, ω, x0) of the RDE (10) and that (θ, φ) generates an RDS
on Rd.

Theorem 4.3. The RDS (θ, φ) generated by the RDE (10) has a random
attractor with respect to the attracting universe D consisting of families D̂
= {Dω : ω ∈ Ω} of nonempty compact measurable sets such that

lim
t→±∞ e−γ|t| sup

x∈Dθtω

|x| = 0

for any γ > 0.

To see this note that Gronwall’s lemma gives

|φ(t, θ−tω, x)|2 ≤ |x|2e−λt +
∫ t

0
e−λ(t−τ)(2b+ C|g(θ−t+τω)|2) dτ

≤ |x|2e−λt + 2b
λ
+ C

∫ 0

−t
eλτ |g(θτω)|2 dτ, (13)
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where λ = a− c > 0 and the constant C > 0 is such that

2(x, g(θtω)) ≤ λ|x|2 + C|g(θtω)|2, ∀x ∈ Rd, t ∈ R, ω ∈ Ω.

Let Bω be the closed ball in Rd with center 0 and radius

Rω = 2
(
2b
λ
+ C

∫ 0

−∞
eλτ |g(θτω)|2 dτ

) 1
2

.

Hence ω �→ Bω is a measurable set valued mapping of nonempty compact
subsets. In addition, supx∈Dθ−tω

|x|2e−λ|t| → 0 as t → ∞ by the assumed
structure of D, so

sup
x∈Dθ−tω

|φ(t, θ−tω, x)|2 ≤ R2ω

for sufficiently large t. On the other hand by (13) B̂ = {Bω : ω ∈ Ω} is a
D–absorbing set for the RDS and an application of Theorem 4.2 yields the
desired conclusion.

5 Pullback Attractors under Discretization

The comparison of pullback attractors of an RDS or even of a general
nonautonomous ODE under constant or variable time step discretization
remains an open question, although particular cases with special structure
have been investigated. Two examples will be presented here as they are
illustrative of the formalism and ideas that are required. The first involves
the use of variable time steps in numerical schemes for an autonomous
ODE, as is typical in error control routines, particularly for stiff equations,
to ensure greater numerical stability and computational efficiency. The dy-
namical system generated by the numerical scheme is then nonautonomous
even though original ODE is autonomous. The second example to be con-
sidered involves the Euler scheme with variable time steps for the RDE
introduced in the previous section with the special right-hand side (10).

Variable time step discretization
Consider a deterministic autonomous ODE

ẋ = f(x) (14)

on Rd generating an autonomous dynamical system φ and an explicit one–
step numerical scheme with variable time step hn > 0

xn+1 = Fhn(xn) := xn + hnfhn(xn) (15)
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for this ODE. As was seen in Section 3, the numerical scheme (15) generates
a discrete time NDS (θ, ψ) on the state space on Rd with the space H of
positive valued bi–infinite sequences h = {hj} which form divergent series
in both directions as its parameter set, with the shift operator on H as θ,
and with the cocycle mapping ψ defined by

ψ(0, {hj}, x0) := x0, ψ(n, {hj}, x0) := Fhn−1 ◦ · · · ◦ Fh0(x0)

for all n ∈ Z+, {hj} ∈ H and x0 ∈ Rd. Subspaces Hδ of H consisting of
positive bi–infinite sequences h = {hj}j∈Z with 1

2δ ≤ hj ≤ δ, where δ > 0,
will be used as they allow stronger conclusions (the particular factor 1/2
here is chosen just for convenience).
By a similar construction to that in [19] a Lyapunov function charac-

terizing the uniform asymptotic stability of an attractor A0 for the au-
tonomous system φ can be used to construct a family Λ̂δ = {Λδh : h ∈ Hδ}
of nonempty bounded subsets Λδh which are absorbing sets for the numerical
cocycle ψ for sufficiently small δ with respect to an attracting universe Dδ

consisting of families of D̂δ = {Dδ
h : h ∈ Hδ} uniformly bounded nonempty

subsets of Rd. By an application of Theorem 4.2, the existence of a cocycle
attractor Âδ = {Aδh : H ∈ Hδ} ⊂ Λ̂δ then follows; see [21].

Theorem 5.1. Suppose the mapping f in the ODE (14) is uniformly Lips-
chitz and the corresponding autonomous dynamical system φ has an attrac-
tor A0. Then for sufficiently small δ > 0 the NDS (θ, ψ) with the parameter
set Hδ generated by the numerical scheme (15) has a pullback attractor Âδ

= {Aδh : h ∈ Hδ} of uniformly bounded compact subsets of Rd defined by

Aδh =
⋂
m>0

⋃
n>m

ψ
(
n, θ−nh,Λδθ−nh

)
such that

sup
h∈Hδ

H∗(Aδh, A0)→ 0 as δ → 0 + .

If the parameter space P is a compact metric space and the NDS map-
pings (θ, φ) are also continuous in p, then the existence of a forwards limit
set can also be established. Indeed, then [21, 32]

H∗(φ(t, p,Dp), AP )→ 0 as t→∞

where AP :=
⋃
p∈P Ap. Counterexamples show that AP cannot in general

be replaced by the smaller set
⋃
t∈Z+ Aθtp for each p ∈ P , e.g. see [18].

Returning to the numerical situation under discussion, note that for any
δ > 0 the space Hδ becomes a compact metric space with the metric

d(h1,h2) =
∞∑

j=−∞

1
2|j|

|h1j − h2j |.
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In addition, for any n ∈ N the mapping
ψ(n, ·, ·) : (Hδ, d

)× (
R
d, | · |) �→ (

R
d, | · |) ,

where ψ is the numerical cocycle generated by the variable time step scheme
(15), is continuous. Hence Theorem 5.1 can be strengthened as follows.

Theorem 5.2. Let the assumptions of Theorem 5.1 hold. Then

sup
h∈Hδ

H∗(ψ(n,h, Dh), Aδ)→ 0 as n→∞

and
H∗(Aδ, A0)→ 0 as δ → 0+,

where Aδ :=
⋃

h∈Hδ Aδh.

An interpretation of this last theorem in terms of step size control can
be found in [23].
As mentioned earlier, there is at present no general theorem on the dis-

cretization of pullback attractors of nonautonomous ODE, although some
results are available for such ODE with special structure (see e.g. [9, 24]). In
addition, a new class of Lyapunov functions characterizing pullback conver-
gence [18] may provide the necessary tool for establishing a general result.
Note that a counterpart of Theorem 5.2 is inappropriate for RDS since

usually no topological assumptions are made on the parameter set P = Ω
in probability theory.

Variable time step discretization of a random attractor
Consider the random differential equation (10) on Rd. Under the structural
assumptions there, this RDE generates a RDS (θ, φ) on Ω × Rd which by
Theorem 4.3 has a random attractor Â = {Aω : ω ∈ Ω} w.r.t. an attract-
ing universe D of nonempty compact subsets of Rd with non–exponential
growth. The corresponding Euler numerical scheme with constant step size
h > 0, i.e. xn+1 = Fh(xn, θnhω) with

Fh(x, ω) := x+ h (f(x) + g(ω)) , (16)

generates a discrete time RDS (θh, ψh) on Ω× Rd. However, some adjust-
ments are required if variable time steps are to be considered. Suppose that
the time step sequence h ∈ Hδ and denote the shift mapping on Hδ now by
Θ. Consider the parameter space P = Hδ ×Ω. Define a group of mappings
Θ̃ = {Θ̃n}n∈Z on this parameter set by

Θ̃n(h, ω) =


(Θnh, θ∑n−1

j=0 hj
ω), n ∈ N,

(h, ω), n = 0,

(Θnh, θ−∑−n
j=1 h−j

ω), −n ∈ N
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and the associated cocycle mapping Ψ̃ by

Ψ̃(n, (h, ω), x0) := Fhn−1

(
·, θ∑n−2

j=0 hj
ω
)
◦ · · · ◦ Fh0(x0, ω)

for n ≥ 2 with

Ψ̃(0, (h, ω), x0) := x0, Ψ̃(1, (h, ω), x0) := Fh0(x0, ω)

for Fh as in (16). Then (Θ̃, Ψ̃) is a discrete time NDS on the state space
R
d with parameter set P = Hδ × Ω.
To show that the numerical NDS (Θ̃, Ψ̃) also has a pullback attractor

for sufficiently small δ, an appropriate attracting universe Dδ is required.
This will consist of families D̂ = {D(h,ω) : (h, ω) ∈ Hδ ×Ω} of nonempty
closed subsets of Rd which are measurable for each fixed h and satisfy the
subexponential growth condition

lim
t→±∞ e−γ|t| sup

h∈Hδ

sup
x∈D(h,θtω)

|x| = 0

for any γ > 0. Hence in terms of Θ̃ it follows that

lim
n→±∞ e−γ|n| sup

h∈Hδ

sup
x∈DΘ̃n(h,ω)

|x| = 0

for any γ > 0.
In much the same way as in Theorem 4.3 for the random differential

equation (10) it can be shown that there exist positive constants C and D
depending on the structural coefficient λ, a, L of the RDE such that the
family B̂δ of closed balls B(h,ω) in Rd with center 0 and radii

R(h,ω) =

(
2
∞∑
i=1

h−i
(D + C|g(θ−∑ i

j=1 h−j
ω)|2)

(1 + λh−1) · . . . · (1 + λh−i)

) 1
2

is an absorbing set for the numerical NDS (Θ̃, Ψ̃) with respect to families
of sets in Dδ provided δ is sufficiently small. Moreover, B̂δ ∈ Dδ since

lim
t→±∞ e−γ|t| sup

h∈Hδ

R2(h,θ−tω) = 0

for any γ > 0. An application of Theorem 4.2 then yields

Theorem 5.3. Under the assumptions of Theorem 4.2 the numerical NDS
(Θ̃, Ψ̃) generated by the variable time step Euler scheme applied to the RDE
(10) where f(x) and g(ω) satisfy the above assumptions with step sizes
{hj}j∈Z ∈ Hδ has a random attractor Âδ = {Aδ(h,ω) : (h, ω) ∈ Hδ ×Ω} for
δ sufficiently small.
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The following lemma is needed for a comparison of the numerical pullback
attractor Âδ and the original pullback attractor Â of the RDE (10) as the
maximal the step size δ.

Lemma 5.4. For fixed t > 0 and h = {hj}j∈Z ∈ H, let N(t,h) be the
positive integer such that

h−1 + h−2 + · · ·+ h−N(t,h) ≤ t < h−1 + h−2 + · · ·+ h−N(t,h)−1

and consider a sequence (of sequences) hm ∈ Hδm with δm → 0 as m →
∞. In addition, we assume that t �→ g(θtω) is continuous for ω ∈ Ω . Then

Ψ̃
(
N(t,hm), Θ̃−N(t,hm)(hm, ω), xm

)
→ φ(t, θ−tω, x0) as m→∞

for any t ≥ 0 and xm → x0 ∈ Rd.
The proof is similar to related deterministic results in [9, 16], but note

that no smoothness with respect to ω of the right-hand side of the RDE
(10) can be assumed here.

Theorem 5.5. Let δm → 0 as m → ∞. Then

sup
hm∈Hδm

H∗
(
Aδm(hm,ω), Aω

)
→ 0 as m→∞

for each ω ∈ Ω.

Proof. The construction of a pullback attractor in terms of an absorbing
set gives Aδm(hm,ω) ⊂ B(hm,ω). By (12)

⋃
m∈NA

δm
(hm,ω) is contained in a ball

in Rd with center 0 and certain radius ρ(ω) satisfying the non–exponential
growth condition

lim
|t|→∞

e−γ|t|ρ(θtω)2 = 0

for all γ > 0.
Suppose that the assertion of the theorem is not true. Then there would

exist an ε > 0, an ω ∈ Ω and points am′ ∈ A
δm′
(hm′ ,ω)

for some integer
subsequence m′ → ∞ such that

dist (am′ , Aω) > ε

for all m′. By the boundedness of ρ(ω) there exists a convergent subse-
quence am′′ → a as m′′ → ∞. Hence

dist(a,Aω) ≥ ε. (17)

Now {B(0, ρ(ω)) : ω ∈ Ω} ∈ D, the attracting universe of Â, so
H∗(φ(s, θ−sω,B(0, ρ(θ−sω))), Aω) < ε (18)
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for s sufficiently large. By the invariance property of a pullback attractor,
Lemma 5.4 and equation (12) it follows that there exist

bm ∈ Aδm
Θ̃−N(s,hm)(hm,ω)

⊂ B(0, ρ(θ−sω))

for any m ∈ N such that

Ψ̃(N(s,hm), Θ̃−N(s,hm)(hm, ω), bm) = am.

The subsequence {bm′′} thus contains a subsequence converging to a point
b ∈ B(0, ρ(θ−sω)). Lemma 5.4 then gives

φ(s, θ−sω, b) = a,

which contradicts (17) and (18). This contradiction means that the asser-
tion of the theorem must be true.

6 Discretization of a Random Hyperbolic Point

The discretization of a random dynamical system with a hyperbolic point
has been investigated by Arnold and Kloeden [3]. The result is essentially
a random analogue of the result of Beyn [7] for autonomous ODE that
was described in Section 2 and, more generally, of a result of Aulbach and
Garay [6] for a nonautonomous ODE with a hyperbolic equilibrium point
(in fact, trajectory) defined in terms of an exponential dichotomy. The
proof in [3] is, however, considerably more complicated due to the need to
compare cocycle mappings rather than vector fields and to use Oseledets’
multiplicative ergodic theorem instead of linear algebra. The details will
be sketched here to indicate the mathematical machinery used and also to
make transparent the restrictive assumptions that were required.
As in Section 3, let

ẋ = F (x, θtω) (19)

be a nonlinear RDE on Rd which is driven by noise on a probability space
(Ω,F ,P) represented by a group {θt}t∈R of B(T)⊗F ,F measurable map-
pings with respect to which P is ergodic. Under appropriate regularity
assumptions on F , the pair (θ, φ) forms a nonlinear RDS, where φ is the
solution mapping of the RDE. Let F (0, ω) = 0, so x̄0(ω) ≡ 0 is a random
equilibrium point of (19) about which (19) can be linearized to yield the
linear RDE of variational equation

ẋ = A(θtω)x, A(ω) :=
(
∂Fi(x, ω)

∂xj

)∣∣∣∣
x=0

. (20)
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This linear RDE generates a linear RDS (θ,Φ) with a linear d × d matrix
valued cocycle Φ which is the linearization of φ about x = 0, i.e.

Φ(t, ω) :=
(
∂φi(t, x, ω)

∂xj

)∣∣∣∣
x=0

, Φ(0, ω) = I.

If
∫
Ω ‖A(ω)‖ dP(ω) < ∞ then the integrability assumptions of Oseledets’

multiplicative ergodic theorem are fulfilled, see Arnold [1] Example 3.4.15.
Hence we have the existence p ≤ d nonrandom numbers λ1 > · · · > λp
(Lyapunov exponents) and a random splitting of Rd = E1(ω)⊕· · ·⊕Ep(ω)
into Φ–invariant measurable linear subspaces (Oseledets spaces) such that

x ∈ Ei(ω) \ {0} ⇐⇒ lim
t→±∞

1
t
log ‖Φ(t, ω)x‖ = λi

for i=1, . . . , p. Here dimEi(ω)=di is nonrandom and d1 + · · · + dp = d.
(Actually, these assertions hold just for P almost all ω in a θ invariant set
of full P–measure, but this will not be repeated in what follows).
The random equilibrium point x̄0(ω) = 0 is called a random hyperbolic

point if all of the Lyapunov exponents satisfy λi �= 0. The corresponding
stable and unstable spaces are then defined, respectively, by

Es(ω) :=
⊕
λi<0

Ei(ω), Eu(ω) :=
⊕
λi>0

Ei(ω),

for which Es(ω)⊕Eu(ω) = Rd. Moreover, there exists a random norm ‖·‖ω
and a nonrandom constant β > 0 such that the corresponding operator
norms satisfy

‖ Φ(t, ω)|Es(ω) ‖ω,θtω ≤ e−βt, ‖ Φ(t, ω)−1∣∣
Eu(ω)

‖θtω,ω ≤ e−βt

for all t ≥ 0. This random norm is defined for all x = (xs, xu) ∈ Rd where
xs ∈ Es(ω) and xu ∈ Eu(ω) as |x|ω := max{|xs|(s)ω , |xu|(u)ω } with

‖xs‖(s)ω =
∫ ∞

0
eµτ |Φs(τ, ω)xs| dτ, ‖xu‖(u)ω =

∫ ∞

0
eµτ |Φu(−τ, ω)xu| dτ,

where 0 < µ < |λi| for i = 1, . . . , d. It is equivalent to the Euclidean norm
on Rd with random constants and is used, essentially, to absorb the non-
uniformities in Φ so as to allow nonrandom constants to be used in various
estimates. For interesting applications of random norms see Wanner [38].
Consider a one–step numerical scheme with constant nonrandom step

size h > 0,

xn+1 = Fh(xn, θnhω) := xn + hfh(xn, θnhω), fh(0, ω) = 0,
(21)
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corresponding to the RDE (19). Under appropriate regularity assump-
tions on fh (see [3]) the numerical scheme (21) generates a discrete time
RDS (θh, ψh) with nonlinear cocycle mapping ψh. Similarly its linearization
about the equilibrium point x̄0(ω) = 0,

xn+1 = xn + hAh(θnh)xn, Ah(ω) :=
(
∂fh,i(x, ω)

∂xj

)∣∣∣∣
x=0

generates a discrete time RDS (θh,Ψh) with a linear d × d matrix valued
cocycle Ψh.
This numerical scheme is assumed to satisfy a discretization error bound

of the form

‖φ(h, ω, x)− ψh(1, ω, x)‖θhω ≤ Kh1+α‖x‖ω
for all h ∈ (0, h0] and ‖x‖ω ≤ r and certain nonrandom positive constants
α, h0, K and r (this estimate is global for the linearized cocycles). It is
also assumed to be consistent in the sense that for each h ∈ (0, h0] and ε
> 0 there exists a ρ(h, ε) so that the mapping (Rd, ‖ · ‖ω) → (Rd, ‖ · ‖θhω)
determined by x �→ Ah(ω)x − fh(x, ω) is Lipschitz on ‖x‖ω ≤ ρ(h, ε) with
Lipschitz constant ε, i.e.

‖Ah(ω)x− fh(x, ω)−Ah(ω)x′ + fh(x′, ω)‖θhω ≤ ε‖x− x′‖ω
for all x, x′ with ‖x− x′‖ω ≤ ρ(h, ε).
The main theorem in [3] essentially says that such discretization repli-

cates the phase portrait of the (linear and) nonlinear RDS in a random
neighbourhood of a random hyperbolic point. It assertions are as follows.

1 (Hyperbolicity of numerical equilibrium point): There exists an
h∗ ∈ (0, h0) such that x = 0 is hyperbolic for linear and nonlinear numerical
cocycles Ψh and ψh for all h ∈ (0, h∗].

2 (Existence of numerical stable and unstable manifolds): For each
h ∈ (0, h∗] there exists a ρ(h) > 0 and random continuous mappings

ph,ωs : Ks
ρ(h)(ω)→ Eu(ω), ph,ωu : Ku

ρ(h)(ω)→ Es(ω)

with ph,ωs (0) = ph,ωs (0) = 0 such that the sets

Mh
s (ω) :=

{
(xs(ω), ph,ωs (xs(ω)) : xs(ω) ∈ Ks

ρ(h)(ω)
}

and
Mh
u (ω) :=

{
(ph,ωu (xu(ω)), xu(ω)) : xu(ω) ∈ Ku

ρ(h)(ω)
}

are the local stable and unstable invariant manifolds for the RDS with
cocycle ψh. Here

Ks
ρ(ω) :={xs∈Es(ω) : ‖xs‖ω ≤ ρ}, Ku

ρ (ω) :={xu∈Eu(ω) : ‖xu‖ω ≤ ρ}
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are balls of radius ρ > 0 in the stable and unstable subspaces.

3 (Comparison of original and numerical manifolds): If the lo-
cal stable and unstable manifolds Ms(ω) and Mu(ω) corresponding to the
cocycle φ provide similar graph representations in terms of the mappings

pωs : K
s
ρ(h)(ω)→ Eu(ω), pωu : K

u
ρ(h)(ω)→ Es(ω),

then

‖ph,ωs (xs(ω))− pωs (xs(ω))‖ω ≤ K∗hα, xs(ω) ∈ Ks
ρ(h)(ω),

‖ph,ωu (xu(ω))− pωu(xu(ω))‖ω ≤ K∗hα, xu(ω) ∈ Ku
ρ(h)(ω)

for some constant K∗.

4 (Shadowing of off–manifold trajectories): Given x0(ω) �∈ Ms(ω)
with ‖x0(ω)‖ω ≤ ρ(h) there exists a yh0 (ω) with ‖yh0 (ω)‖ω ≤ ρ(h) and a
positive integer N(h, ω) such that

‖φ(jh, ω, x0(ω))‖θjhω ≤ ρ(h), ‖ψh(j, ω, yh0 (ω))‖θjhω ≤ ρ(h)
(22)

and

‖φ(jh, ω, x0(ω))− ψh(j, ω, yh0 (ω))‖θjhω ≤ K∗hα (23)

for j = 0, 1, . . . , N(h, ω). Similarly, given such a yh0 (ω) there exists an
x0(ω) and N(h, ω) as above so that the inequalities (22) and (23) hold.

Since the negativity of all Lyapunov exponents implies pathwise expo-
nential asymptotic stability of the equilibrium point, an immediate corol-
lary is that the null solution is exponentially asymptotically stable for the
nonlinear RDE (19) and for the numerical scheme with step size h∈ (0, h∗]
(the domains of attraction being random neighbourhoods of 0) whenever
it is exponentially asymptotic stable for the linear RDE (20). For each of
the systems here the null solution constitutes the corresponding singleton
set random pullback attractor.
The above result appears at first sight to be a complete random analogue

of Beyn’s deterministic autonomous result [7] and in a sense it is, but
unfortunately only for a restricted class of random differential equations
such as those involving the small noisy perturbation of a deterministic linear
hyperbolic ODE [3]. The reason lies in the nature of the discretization error
bound and the structure of the proof in which the numerical linear stable
and unstable manifolds are required to remain close to their continuous time
linear counterparts. However, rotation albeit with very small probability is
possible as examples considered in [29] show, which means that although
the corresponding manifolds may spend long periods of time near each
other, they may undergo a sudden rotation before resuming this proximity.
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7 Open questions

The title of this article reflects the fact that at the time of writing only some
preliminary results are available on the numerical approximation of dynam-
ical behaviour of random dynamical systems, and even of nonautonomous
deterministic systems, described by cocycle mappings. The situation is fur-
ther advanced for the numerical approximation of invariant measures and
Lyapunov exponents for Ito stochastic differential equations, but this has
not been our topic here and the reader can find appropriate references in
[20, 27].
We have focused on the two major types of long term dynamical be-

haviour, concerning attractors and hyperbolic points. While the result on
the discretization of a random hyperbolic point seems the most general and
complete, as mentioned above it applies only to a very restricted class of
random dynamical systems and a generalization that takes into account
rotational effects and thus extends its applicability is an important open
problem. For pullback attractors the restrictions were more immediately
apparent, namely to the Euler scheme and the RDE (10) with its highly
dissipative structure and additive noise term. While the discussion was re-
stricted to the explicit Euler scheme, similar results can be shown to hold
for the implicit or semi–implicit Euler schemes, which often allow better
control over numerical instabilities and thus wider applicability in actual
calculations. Higher order schemes obviously seem more desirable for im-
proved computational efficiency, but given the lack of smoothness w.r.t.
the random parameter, and hence though the shift operators w.r.t. time,
it is not clear just which of the traditional higher order schemes for de-
terministic ordinary differential equations would retain their higher order
for a random ordinary differential equation. Similarly, the convergence of
the higher order schemes proposed in [20] for Ito stochastic differential is
not pathwise as is required in what we have been considering above. These
issues need clarification as do many other implementation matters, such
as error control, step size control and numerical stability. Of course, the
investigation of the discretization of pullback attractors should also be ex-
tended to much more general classes of random dynamical systems. Such
results are essentially perturbation results, if for rather atypical types of
perturbations, for which the methods that are traditionally used often need
for some kind of uniformity in the assumed behaviour under consideration.
For compact parameter sets and other nice topological properties, as is
assumed for the skew-product flow formalism of nonautonomous determin-
istic ODE, reasonable progress can be expected [9]. On the other hand,
for random dynamical systems where measurability rather than continuity
reigns supreme, some very deep and challenging theoretical analysis seems
to be required. Results of numerical simulations, especially those using Dell-
nitz’s subdivision algorithm [13], suggest that this will be well worth the
effort. The algorithm is concerned with an approximation of the attractor
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and manifolds, and not only with the support of invariant measures. An
extension of this algorithm to random dynamical systems is introduced in
this Festschrift [30]. It suggests new insight into the topological structure
of the attractor’s form in the case of the stochastic Duffing–van der Pol
equation.
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Canonical Stochastic
Differential Equations based on
Lévy Processes and Their
Supports
Hiroshi Kunita

ABSTRACT We study a canonical stochastic differential equation (SDE)
with jumps driven by a Lévy process. The equation is defined through the
canonical stochastic integral, which is different from the Itô integral or the
Stratonovich one. A feature of the canonical SDE is that it is a coordinate
free representation of an SDE with jumps and the solution admits a nice
geometrical interpretation, making use of the integral curves of vector fields
appearing in the equation.
A main result of this paper is stated in Theorem 3.3, where we determine
the support of the probability distribution of the solution of the canonical
SDE. It is characterized through solutions of control systems with jumps for
ordinary integro-differential equations. It can be regarded as an extension
of the support theory for continuous SDE due to Stroock and Varadhan.

1 Introduction

There are extensive works on SDEs (stochastic differential equations) based
on Brownian motions. Details can be found in the books of Arnold [3],
Ikeda-Watanabe [7], Kunita [9] and others. Recently, considerable atten-
tion has been paid to SDE’s based on Lévy processes. In this case, the
trajectories of solutions admit jumps according to jumps of the driving
Lévy processes. See Jacod and Shiryaev [8], Fujiwara and Kunita [5], Ap-
plebaum and Kunita [1]. In these references, equations are represented in
several different ways.
A method of representing the equation is the use of the Itô integral

(cf. [8], [5]). In this case, Itô’s stochastic calculus provides a powerful tool
for analysing the solution. However, it is sometimes lacking a geometric
meaning of the equation. In fact, an SDE on a manifold represented by
Itô’s integral is not coordinate free. To avoid this difficulty, one can use
the canonical integral to represent the equation. The equation is written in
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case of Euclidean space Rd as

Φt = x+
m∑
j=1

∫ t

0
Xj(Φs) @ dZj(s) +

∫ t

0
X0(Φs)ds, (1)

where x ∈ Rd. Here X0, . . . , Xm are complete vector fields on Rd, Z(t) =
(Z1(t), . . . , Zm(t)), 0 ≤ t ≤ T is a Lévy process and @dZj(t) are canonical
integrals. The integrals coincide with Stratonovich integrals if the driving
process is Brownian motion, but these two are different of each other if
the driving Lévy process has jumps. The precise definition will be given in
Section 2.
In this paper we shall consider SDE of the form (1). We shall summa-

rize basic facts concerning the solution of the canonical SDE, following
Fujiwara-Kunita [6]. Let Φt(x), t ∈ [0, T ] be the solution of equation (1).
Under a certain condition we can take a modification of the solution such
that Φt maps Rd onto itself diffeomorphically a.s. and Φs,t = ΦtΦ−1s de-
fines a stochastic flow of diffeomorphisms . Furthermore, we can derive a
backward canonical SDE, which governs the inverse flow Φ−1s,t , regarding it
as a stochastic process with backward time parameter s. It is written as

Φ−1s,t (y) = y −
m∑
j=1

∫ t

s

Xj(Φ−1r,t (y)) @ d̂Zj(r)−
∫ t

s

X0(Φ−1r,t (y))dr, (2)

where @d̂Zj(t) are backward canonical integrals. The above equation is
completely parallel to the classical equation for the inverse of the flow
determined by an ordinary differential equation. For details, see Section 2.
Objectives of this paper are to find both the support of the driving Lévy

process Z(t) and the support of the solution of (1) driven by the Lévy
process Z(t). The law of the Lévy process Z(t) is defined on the Skorohod
spaceD([0, T ],Rm), consisting of cadlag maps from [0, T ] into Rm. If Z(t) is
a Brownian motion with mean 0 and covariance matrix tA, it is known that
its support coincides with C([0, T ];R), that is the totality of continuous
maps from [0, T ] to R, where R is the range of Rm under the linear map
A. However, it seems to us that the characterization of the support of
arbitrary Lévy process is not known. We will obtain the support for two
different types of Lévy processes, i.e., Lévy processes satisfying Condition 1
and Condition 2, see Theorem 3.2.
The main result of this paper will be Theorem 4, where we character-

ize the support of the solution of (1) driven by a Lévy process satisfying
Condition 1 or Condition 2. For a fixed x, the law of the stochastic process
Φt(x), t ∈ [0, T ] is defined on the Skorohod space D([0, T ];Rd). Associated
with equation (1), we introduce a canonical ordinary differential equation
with jumps, written as

ϕt = x+
m∑
j=1

∫ t

0
Xj(ϕs) @ duj(s) +

∫ t

0
X0(ϕs)ds, (3)
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where u(t) = (u1(t), ..., um(t)), t ∈ [0, T ] is a piecewise smooth function
with finite number of jumps, called a control function. Let ϕut (x) be the
solution of equation (3). Then the support of the measure will be charac-
terized similarly to Stroock and Varadhan [10], i.e.,

closure of {ϕu(x);u ∈ Ui} with respect to the Skorohod topology,
where Ui, i = 1, 2 are classes of control functions such that the closures
of Ui are the supports of the Lévy process Z(t), under Condition 1 and
Condition 2, respectively. The proof will be given in Section 5.
We shall apply the support theorem to examine the supports of the

laws of Z(t) and Φt(x) for a fixed t. These will be stated in terms of the
support of the Lévy measure µ of the Lévy process Z(t) and the Lie algebra
generated by vector fields X1, ..., Xm, which define the canonical SDE (1).
See Theorems 4.1 and 4.3.

Acknowledgement. The author expresses his thanks to Y. Ishikawa for
his valuable comments on this work.

2 Stochastic flows determined by a canonical SDE
with jumps driven by a Lévy process

We will fix the time interval [0, T ]. Let Z(t) = (Z1(t), ..., Zm(t)), 0 ≤ t ≤
T be a Lévy process with values in Rm defined on a probability space
(Ω,Ft, P ). In this paper, we always assume that Z(0) = 0 a.s. Then it can
be decomposed as Z(t) = Zc(t) + Zd(t), where Zc(t) is a continuous Lévy
process and Zd(t) is a pure jump process, represented by

Zc(t) = B(t) + ct, (4)

Zd(t) =
∫ t

0

∫
|z|≤1

zÑ(ds dz) +
∫ t

0

∫
|z|>1

zN(ds dz). (5)

Here, B(t) is a Brownian motion with mean vector 0 and the covariance
matrix t(aij), c is a constant vector, N(ds dz) is a Poisson counting mea-
sure on Rm and Ñ(ds dz) = N(ds dz) − ds µ(dz), where µ is the Lévy
measure of the Poisson counting measure. The triple ((aij), c, µ) is called
the characteristics of the Lévy process Z(t).
LetM be a Riemannian manifold. Let X0, X1, ..., Xm be complete vector

fields on M . We consider the canonical SDE driven by the Lévy process
Z(t):

dΦt =
m∑
j=1

Xj(Φt) @ dZj(t) +X0(Φt)dt, Φ0 = x. (6)
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By the solution of the equation, we mean a cadlag process Φt, t ≥ 0 with
values in M satisfying

f(Φt) = f(x) +
m∑
j=1

∫ t

0
Xjf(Φs) ◦ dZcj (s) +

m∑
j=1

∫ t

0
Xjf(Φs−)dZdj (s) (7)

+
∑
0<s≤t

{f(Exp(
∑
j

∆Zj(s)Xj)(Φs−))−f(Φs−)−
∑
j

∆Zj(s)Xjf(Φs−)}

+
∫ t

0
X0f(Φs)ds

for any C∞ function f onM . Here
∫ t
s
· · ·◦dZcj (r) are Stratonovich integrals,∫ t

0 · · · dZdj (s) are Itô integrals and ϕ(t, x) = Exp(tX)(x) is the solution flow
of the ordinary differential equation

dϕ(t)
dt

= X(ϕ(t)), ϕ(0) = x, (8)

and ∆Zj(s) = Zj(s)−Zj(s−). Equation (6) is a coordinate free formulation
of SDE with jumps. We shall call it a canonical SDE driven by a vector
field valued Lévy process X(t) =

∑
j Zj(t)Xj + tX0.

We may assume without loss of generality that the vector c of (4) is 0.
Indeed, set

X̃0 = X0 +
∑
j

cjXj , Z̃(t) = B(t) + Zd(t).

Then equation (6) is equivalent to the equation replacing Z(t) and X0 by
Z̃(t) and X̃0, respectively. Therefore, we assume from now that c = 0.
It is known that equation (7) has a unique solution Φt(x) for t ∈ [0, T (x)),

where T (x) is a random positive time not greater than T such that for
T (x) < T one has limt→T (x)Φt(x) = ∞ if T (x) < T a.s., called the explo-
sion time.
Several sufficient conditions for T (x) = T for almost all x are given in

Kunita [9]. In the case where the SDE is defined on a Euclidean space Rd,
we can give an explicit sufficient condition. Let us represent X0, ..., Xm as

X0f(x) =
∑
i

bi(x)
∂f

∂xi
(x), (9)

Xjf(x) =
∑
i

σij(x)
∂f

∂xi
(x), j = 1, ...,m (10)

where (x1, ..., xd) is an Euclidean coordinate. We introduce two function
spaces. For a positive integer k, we denote by Ck

b the set of all k-times con-
tinuously differentiable functions whose derivatives are all bounded. Note
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that we do not assume that f of Ck
b is a bounded function. It is of linear

growth, since its derivatives are bounded. We denote by Ck+δ
b the set of all

f ∈ Ck
b whose k-th derivatives are uniformly δ-Hölder continuous.

Theorem 2.1. (Fujiwara and Kunita [6]) (1) Assume that the coeffi-
cients σij are in C2b and bi are in C1b . Then equation (6) has a unique
global solution Φt(x), t ∈ [0, T ]. Further it has a modification such that the
maps Φt : Rd → R

d are onto homeomorphisms for all t a.s.
(2) Assume further that σij are in Ck+1+δ

b and bi are in Ck+δ
b for some

k ≥ 1 and δ > 0. Then the maps Φt : Rd → R
d are Ck-diffeomorphisms for

all t a.s.

Remark 2.2. The geometric behavior of the solution Φt(x), t ∈ [0, T ] can
be interpreted roughly as follows. The paths Φt(x) move continuously along
with the integral curves of vector fields

∑
j XjdZ

c
j (t)+X0dt, when jumps do

not occur to the driving process Z(t). But at the jumping time t of Z(t), the
paths jump from the state Φt−(x) along with the integral curve Exp(rv), 0 ≤
r ≤ 1 with infinite speed, where v =

∑
j ∆Zj(t)Xj, and land at the posi-

tion of r = 1, namely it jumps to Φt(x) = Exp(
∑

j ∆Zj(t)Xj)(Φt−(x)).
Furthermore, we know that the maps Φt : Rd → R

d are diffeomorphisms if
Z(t) has no jumps. Then the map Φt, which is a composition of two diffeo-
morphisms Φt− and Exp(

∑
j ∆Z(t)Xj), should be also a diffeomorphism.

Theorem 2.3. (Fujiwara and Kunita [6]) Assume that the coefficients
σij are in C2+δb for some δ > 0 and bi are in C1b . Set Φs,t(x) = ΦtΦ−1s .
Then the inverse flow Φ−1s,t (x) is a cadlag process both in s and t. It is
represented as a solution of a canonical backward SDE (2).

3 Supports of Lévy processes and stochastic flows
driven by them

Suppose that Φt(x), t ∈ [0, T ] is the solution of a Stratonovich stochas-
tic differential equation on Rd based on the Brownian motion (B1(t), . . . ,
Bm(t)):

dΦt =
m∑
j=1

Xj(Φt(x)) ◦ dBj(t) +X0(Φt)dt, Φ0 = x.

It is a continuous stochastic process with values in Rd. Then its law can be
defined on the spaceC = C([0, T ];Rd) of continuous maps from [0, T ] to Rd.
We denote its support on the space C([0, T ];Rd) by Supp(Φ(x)). In their
celebrated paper [10], Stroock and Varadhan characterized Supp(Φ(x)). It
is stated as follows:

Supp(Φ(x)) = closure of{ϕu(x);u ∈ U}.
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Here U is the set of all continuous and piecewise smooth maps u = u(t)
from [0, T ] to Rm, called a control, and ϕu(x) = (ϕut (x), t ∈ [0, T ]) is the
solution of the ordinary differential equation

dϕt
dt

=
m∑
j=1

Xj(ϕt)u̇j(t) +X0(ϕt), ϕ0 = x,

associated to the control u = (u1(t), ..., um(t)), where u̇j(t) = duj(t)/dt.
In this section, we shall extend the above support theorem to the solution

of the canonical SDE with jumps. We need some notations. Let u(t) =
(u1(t), ..., um(t)), 0 ≤ t ≤ T be an Rm-valued cadlag function such that
u(0) = 0. Its supremum norm is denoted by ‖.‖. The set of all such u is
denoted by D. For u, v ∈ D, a Skorohod metric s is defined by

s(u, v) = inf
λ∈Λ

sup
t∈[0,T ]

(|u(t)− v(λ(t))|+ |t− λ(t)|), (11)

where Λ is the set of all homeomorphisms λ of the interval [0, T ]. Then D
is a complete metric space with this metric. It holds s(u, v) ≤ ‖u− v‖ and
the equality holds if both u and v are continuous functions.
Now the trajectory Z(ω) = {Z(t)(ω), 0 ≤ t ≤ T} of the Lévy process

Z(t) is an element of D for a.e. ω. In the following, we denote the set
{ω : s(Z(ω), u) < δ} etc. by {s(Z, u) < δ} or s(Z, u) < δ etc. The support
of the Lévy process Z(t) is defined as follows.

Supp(Z) = {u ∈ D : P ({s(Z, u) < δ}) > 0 for all δ > 0}. (12)

We shall characterize the support of Z(t) under two different conditions.
Let (A, c, µ) be the characteristics of the Lévy process Z(t). We assume
c = 0. Let R be the range of Rm by the linear map A : Rm → R

m. For
κ > 0, we set

lκ =
∫
κ<|z|≤1

zµ(dz). (13)

We introduce:
Condition 1. l = limκ→0 lκ exists.
Condition 2. lκ ∈ R for any κ > 0.

Remark 3.1. Condition 1 is satisfied if
∫
|z|≤1 |z|µ(dz) < ∞, in which

case the jump part Zd(t) of the Lévy process Z(t) is of bounded variation.
However the latter is not always necessary. As an example, consider a
stable process with exponent α(0 < α < 2). If 0 < α < 1, Condition
1 is satisfied, because

∫
|z|≤1 |z|µ(dz) < ∞. If 1 ≤ α < 2 and the Lévy

measure µ is symmetric, Condition 1 is also satisfied, because lκ = 0 for all
κ > 0. Furthermore, if the Lévy process contains a nondegenerate Brownian
motion as its continuous part, then it satisfies Condition 2 for any Lévy
measure, because R = Rm holds.
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Now assume Condition 1. We denote by U1 the set of all u ∈ D with
finitely many numbers of jumps satisfying
(i) ∆u(s) ∈ Supp(µ) for any s ∈ [0, T ], where ∆u(s) ≡ u(s)− u(s−).
(ii) uc ∈ C1([0, T ];R), where

uc(t) = u(t)− ud(t), ud(t) =
∑
s≤t

∆u(s)− lt, (14)

and C1([0, T ];R) is the space of C1-maps from [0, T ] into R. Next, assume
Condition 2. We denote by U2 the set of all u ∈ D with finite number of
jumps satisfying (i) and
(iii) u(t)−∑

s≤t∆u(s) ∈ C1([0, T ];R).
Theorem 3.2. Let Z(t), 0 ≤ t ≤ T be a Lévy process with characteristics
(A, 0, µ).
(1) Assume Condition 1. Then Supp(Z) = Ū1, where Ū1 is the closure of
U1 with respect to the Skorohod metric s.
(2) Assume Condition 2. Then, Supp(Z) = Ū2, where Ū2 is the closure of
U2 with respect to the Skorohod metric s.

The proof will be given in Section 5.

We shall next study the support of the stochastic process defined by the
SDE (6). Let D = D([0, T ];M) be the set of all cadlag maps from [0, T ]
into the manifold M . The Skorohod metric S is defined by

S(ϕ,ψ) = inf
λ∈Λ

sup
t∈[0,T ]

{d(ϕ(t), ψ(λ(t))) + |t− λ(t)|}, (15)

where d is the Riemannian metric on the Riemannian manifold M . Now
let Φt(x), t ∈ [0, T ] be the solution of the SDE (6). Then its trajectory
Φ(x) = {Φt(x) : 0 ≤ t ≤ T} can be regarded as an element of D a.s. for
each fixed x. Its support is defined by

Supp(Φ(x)) = {ϕ ∈ D;P (S(Φ(x), ϕ) < ε) > 0 for all ε > 0}. (16)

In order to characterize the support of Φ(x), we shall consider the canonical
control system with jumps associated with u ∈ U1 or u ∈ U2. Since u is a
function of bounded variation, the equation

dϕt =
m∑
j=1

Xj(ϕt) @ duj(t) +X0(ϕt)dt, ϕ0 = x. (17)

is well defined. By the solution we mean an M -valued cadlag piecewise
smooth function ϕt, t ≥ 0 satisfying

f(ϕt) = f(x) +
m∑
j=1

∫ t

0
Xjf(ϕs−)duj(s) +

∫ t

0
X0f(ϕs)ds (18)

+
∑
0≤s≤t

{f(Exp(
m∑
j=1

∆uj(s)Xj)(ϕs−))− f(ϕs−)−
m∑
j=1

∆uj(s)Xjf(ϕs−)}
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for all f ∈ C∞(M). We denote its solution by ϕut (x). It is a cadlag function
of t. Thus it belongs to D = D([0, T ];M).

Theorem 3.3. Let Φt(x), t ∈ [0, T ] be the solution of equation (6) on a
Euclidean space Rd. We assume that coefficients σij are bounded and are
in C4b and bi are bounded and are in C1b .
(1) Assume Condition 1. Then its support is characterized as

Supp(Φ(x)) = S−closure of {ϕu(x), u ∈ U1} ∀x ∈ Rd. (19)

Let u be any element of U1. It holds for any ε > 0,

lim
δ→0

P (S(Φ(x), ϕu(x)) < ε|s(B, uc) < δ, s(Zd, ud) < δ) = 1 ∀x ∈ Rd.
(20)

(2) Assume Condition 2. Then its support is characterized as

Supp(Φ(x)) = S−closure of {ϕu(x), u ∈ U2} ∀x ∈ Rd. (21)

Let u be any element of U2 and let x ∈ Rd. For any ε > 0 and γ > 0, there
exists δ > 0 and κ > 0 such that

P (S(Φ(x), ϕu(x)) < ε | s(B, u− ud,κ) < δ, (22)
‖Z̃d,κ‖ < δ, s(Zd,κ, ud,κ) < δ) > 1− γ,

where

Zd,κ(t) =
∑
s≤t

∆Z(s)χ(κ,∞)(|∆Z(s)|)− lκt, Z̃d,κ(t) = Zd(t)− Zd,κ(t),
(23)

and

ud,κ(t) =
∑
s≤t

∆u(s)χ(κ,∞)(|∆u(s)|)− lκt. (24)

The proof will be given in Section 5.

4 Applications of the support theorem

We shall apply Theorem 3.2 and 3.3 to the characterization of the support of
R
m-valued random variable Z(t) and Rd-valued random variable Φt(x) for

fixed t and x. We first consider the Lévy process Z(t) with characteristics
(A, 0, µ). Let Ft be the distribution of the random variable Z(t) at time
t. If Z(t) is a Brownian motion, Ft is a Gaussian measure. Its support is
equal to R = the range of Rm by the map A as is well known. We shall
consider the support of Ft in the case where Z(t) is a jump process.
We denote by S the closed additive semigroup generated by Supp(µ),

i.e.,

S=closure of {z1+z2+· · ·+zn : zi∈Supp(µ), n=1, 2, ...}. (25)
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Theorem 4.1. Assume B(t) = 0 and Condition 1. Then the support of Ft
is equal to S − lt ≡ {z − lt; z ∈ S}, where S is given by (25).

Corollary 4.2. Assume that Supp(µ) contains a neighborhood of 0. Then
for any t > 0 Supp(Ft) = Rm holds.

Proof. Any u ∈ U1 is represented as u(t) =
∑

s≤t∆u(s)−lt, where ∆u(s) ∈
Supp(µ). Therefore, the closure of {u(t);u ∈ U1} is S − lt. This proves the
theorem.

We shall next consider the support of Φt(x) at fixed t and x. We denote
by Pt(x, ·) the distribution of the random variable Φt(x). In the following
we shall assume that Z1(t), ..., Zm(t) are independent and that coefficients
of X0, X1, ..., Xm are bounded and in C∞

b . We denote by µ1, ..., µm the
Lévy measures of Z1(t), ..., Zm(t), respectively. Let L be the Lie algebra
generated by the vector fields X1, ..., Xm. Let L(x) be the space of tangent
vectors {Xx;X ∈ L} at the point x ∈ Rd where Xx is the restriction of the
vector field X at x.

Theorem 4.3. Assume B(t) = 0 and Condition 1. Assume further,
(i) Supp(µk) contains a neighborhood of the origin for any k = 1, ...,m.
(ii) dimL(x) = d holds for any x.
Then the support of Pt(x, ·) is the whole space Rd for any x and t ∈ (0, T ).

Proof. Take any Xi, Xj from the set {X1, . . . , Xm}. We shall prove that
any Exp(t[Xi, Xj ])(x) can be approximated by a sequence {ϕunt (x)} with
a suitable {un} ⊂ U1. It is known in differential geometry that,

Exp(−tXi) ◦ Exp(−tXj) ◦ Exp(tXi) ◦ Exp(tXj)(x) =
= Exp(t2[Xi, Xj ])(x) +O(t3).

Define a sequence of step functions un(t) = (un1 (t), ..., u
n
m(t)), n = 1, 2, . . .

as follows: uni (t) and unj (t) have jumps at times t = k/n, k = 1, 2, . . . only
and

∆uni (t) =


1√
n

if t = k
n , k = 0, 1, 2, . . .

1√
n

if t = k+1/2
n , k = 0, 1, 2, . . .

0 otherwise,

∆unj (t) =


1√
n

if t = k+1/4
n , k = 0, 1, 2, . . .

− 1√
n

if t = k+3/4
n , k = 0, 1, 2, . . .

0 otherwise,
unl (t) ≡ 0 for l �= i, j.

and unl (t) ≡ 0 for l �= i, j. Then un ∈ U1 for sufficiently large n because of
condition (i). Let ϕuns,t(x) be the solution of the equation starting from x at
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time s. We have

ϕunk/n,(k+1)/n(x) = Exp(
1
n
[Xi, Xj ])(x) +O(

1
n
√
n
), k = 0, 1, 2, . . .

Since ϕunt (x) = ϕunk/n,t ◦ϕun(k−1)/n,k/n ◦· · ·◦ϕun0,1/n(x), if k/n ≤ t < (k+1)/n,
we have

ϕunt (x) = Exp(t[Xi, Xj ])(x) +O(
1√
n
).

Consequently, {ϕunt } converges to Exp(t[Xi, Xj ]) as n → ∞. Repeating
the argument inductively, we can prove that for any X ∈ L, Exp(tX)(x)
is approximated by a sequence {ϕunt (x)} with a suitable {un}. Now, since
we have {Exp(tX)(x);X ∈ L} = Rd for any x and t in view of (ii), we get
the assertion of the theorem. The proof is complete.

We next consider the support of the invariant measure of Pt(x, ·).
Corollary 4.4. Let m be any nontrivial ( �= 0) Pt-invariant measure. Then
Supp(m) = Rd.

Proof. Since Supp(Pt(x, ·)) = Rd holds for any x, t, we have Pt(x, U) > 0
for any open set U . This implies m(U) =

∫
Pt(x, U)m(dx) > 0. Therefore,

Supp(m) = Rd.

Remark 4.5. It is worth noticing that under the condition of Theorem 4.3,
the support of Φ(x) includes C([0, T ];Rd). Indeed, any ψt of C([0, T ];Rd)
can be approximated by a sequence of piecewise linear functions {ψm} such
that

ψmt = Exp
(
(t− k

m
)Yk+1

)
◦ Exp

(
k

m
Yk

)
◦ · · · ◦ Exp

(
1
m
Y1

)
if k

m ≤ t < k+1
m , where Y1, ..., Yk+1 ∈ L. Further each ψmt can be approxi-

mated by a sequence of ψm,nt , n = 1, 2, ... of {ϕu;u ∈ U1} as we have seen
in the proof of Theorem 4.3. This shows that ψt belongs to the support of
Φ(x).

5 Proofs of Theorems 3.2 and 3.3

Proof of Theorem 3.2 We shall prove (1). Let Ū1 be the closure of U1. Then
for almost all ω, the trajectories Z(ω) belong to Ū1. Therefore P ({Z ∈
Ū1}) = 1, proving that the support of Z(t) is included in Ū1.
Conversely we shall prove that the support of Z(t) includes U1. Namely,

for u ∈ U1 we shall prove that P (s(Z, u) < δ) > 0 holds for any δ > 0.
For a given δ > 0, we can choose κ > 0 such that E[‖Z̃d,κ‖2] < δ3 and
‖ũd,κ‖ < δ, where ũd,κ = u−ud,κ. Then we have P (‖Z̃d,κ‖ ≥ δ) < δ by the
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Chebischev inequality. We can show directly that P (s(Zd,κ, ud,κ) < δ) > 0.
Since s(Zd, ud) ≤ s(Zd,κ, ud,κ) + ‖Z̃d,κ‖+ ‖ũd,κ‖, we have

{s(Zd,κ, ud,κ) < δ} ∩ {‖Z̃d,κ‖ < δ} ⊂ {s(Zd, ud) < 3δ}.
Since Zd,κ(t) and Z̃d,κ(t) are independent, the probability of the event of
the left hand side is positive. Therefore we have P (s(Zd, ud) < 3δ)>0. On
the other hand, it is well known that P (‖B − uc‖ < δ)> 0 holds for any
δ>0. Since B(t) and Zd(t) are independent, we obtain P (s(Z, u) < 4δ)>0.
We shall next prove (2). Supp(Z) ⊂ Ū2 can be proved similarly as in the

case (1). Let u ∈ U2. Since
{s(Zd,κ, ud,κ) < δ} ∩ {‖Z̃d,κ‖ < δ} ⊂ {s(Zd, ud,κ) < 2δ},

we have P (s(Zd, ud,κ) < 2δ) > 0. Further, for a small κ > 0, it holds
ud,κ(t) =

∑
s≤t∆u(s)−lκt, so that u−ud,κ is a continuous function. It holds

u− ud,κ ∈ C1([0, T ];R) by Condition 2. Therefore, P (‖B − (u− ud,κ)‖ <
2δ) > 0. This implies

P (s(Z, u) < 4δ) ≥ P (s(Zd, ud,κ) < 2δ)P (‖B − (u− ud,κ)‖ < 2δ) > 0.

The proof is complete. ✷

The rest of this section will be devoted to the proof of Theorem 3.3.
Throughout this section, we will drop x from Φt(x), ϕt(x) etc., since we dis-
cuss the problem for a fixed x. We represent vector fields X0 and X1, ..., Xm

as (9) and (10). We set σ(x) = (σij(x)) and Exp(
∑

j zjXj)(x) = ξ(z)(x).
Then equation (6) is written as

Φt − x =
∫ t

0
σ(Φs) ◦ dB(s) +

∫ t

0
σ(Φs−)dZd(s) (26)

+
∑
0<s≤t

{ξ(∆Z(s))(Φs−)− Φs− − σ(Φs−)∆Z(s)}

+
∫ t

0
b(Φs)ds.

The outline of the proof of Theorem 3.3 is as follows. In the first step,
we consider the case where u ≡ 0. We will prove (35), which is somewhat
stronger than

lim
δ→0

P (‖Φ− ϕ‖ < ε|‖B‖ < δ, ‖Z‖ < δ) = 1, ∀ε > 0, (27)

where ϕ is the solution of equation (3) with u ≡ 0, i.e., ϕt−x =
∫ t
0 b(ϕs)ds.

It will be verified through two lemmas. In the first (Lemma 5.1) we show
that the first term of the right hand side of (26), i.e.,

∫ t
0 σ(Φs) ◦ dB(s) is

small in probability if ‖B‖ is small. In the second (Lemma 5.2), we show
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the second and the third terms (jumping parts involving Zd(t)) are also
small in probability if ‖Zd‖ is small. Then equation (26) can be written
asymptotically as Φt − x ∼ ∫ t

0 b(Φs)ds if δ ∼ 0. Then we could obtain
Φt ∼ ϕt if δ ∼ 0. The fact will be verified rigorously in Lemma 5.2.
In the second step, we consider the case where uc ≡ 0. In Lemma 5.3,

we will prove (39) which is somewhat stronger than (20). In the third
step (Lemma 5.4), we consider the general u. Two cases (Condition 1 and
Condition 2) will be discussed separately.
Lemma 5.1. For any ε > 0,

lim
δ→0

P

(
‖
∫ t

0
σ(Φs) ◦ dB(s)‖ < ε|‖B‖ < δ

)
= 1. (28)

Proof. For simplicity, we define a conditional probability measure Pδ by
Pδ(A) = P (A|‖B‖ < δ). Then the assertion of the lemma is equivalent to

lim
δ→0

Pδ(‖
∫ t

0
σ(Φs) ◦ dB(s)‖ ≥ ε) = 0 ∀ε > 0. (29)

In order to prove this, we shall rewrite the above Stratonovich integral. We
have by Itô’s formula

∫ t

0
σij(Φs) ◦ dBj(s) = σij(Φt)Bj(t)−

∫ t

0
Bj(s) ◦ dσij(Φs).

The first term of the right hand side of the above is dominated by Mδ if
‖B‖ < δ and ‖σ‖ ≤ M . We shall compute the second term. Set σ′ij;k =
∂σij/∂xk, (σ′σ)ijl =

∑
k σ

′
ij;kσkl and (σ

′b)ij =
∑

k σ
′
ij;kbk. Then by Itô’s

formula

σij(Φt)− σij(Φ0) =
∑
l

∫ t

0
(σ′σ)ijl(Φs) ◦ dBl(s)

+
∑
l

∫ t

0
(σ′σ)ijl(Φs−)dZdl (s)

+
∑
s≤t

{σij(ξ(∆Z(s))(Φs−))− σij(Φs−)−
∑
l

(σ′σ)ijl(Φs−)∆Zl(s)}

+
∫ t

0
(σ′b)ij(Φs)ds.
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Therefore,∫ t

0
Bj(s) ◦ dσij(Φs) =

∑
l

∫ t

0
Bj(s)(σ′σ)ijl(Φs) ◦ dBl(s) (30)

+
∑
l

∫ t

0
Bj(s)(σ′σ)ijl(Φs−)dZdl (s)

+
∑
s≤t

Bj(s){σij(ξ(∆Z(s))(Φs−))− σij(Φs−)

−
∑
l

(σ′σ)ijl(Φs−)∆Zl(s)}

+
∫ t

0
Bj(s)(σ′b)ij(Φs)ds

= I1(t) + I2(t) + I3(t) + I4(t).

We want to prove that Ii(t), i = 1, ..., 4 are small if ‖B‖ is small. We first
consider I2(t). It is decomposed into the following I21 and I22, where

I21(t) =
∑
l

∫ t

0
Bj(s)(σ′σ)ijl(Φs−)dZ̃

d,1
l (s),

Z̃d,1(t) =
∫ t

0

∫
|z|≤1

zÑ(ds dz),

I22(t) =
∑
l

∫ t

0
Bj(s)(σ′σ)ijl(Φs−)dZ

d,1
l (s),

Zd,1(t) =
∫ t

0

∫
|z|>1

zN(ds dz).

Since Z̃d,1(t) is independent of B(t), Z̃d,1(t) is a martingale with respect
to Pδ for any δ > 0. Then I21(t) is also a martingale with respect to Pδ.
Therefore using the inequality Eδ[‖X‖2] ≤ 4Eδ[|X(T )|2] for L2-martingale
X(t), we have

Pδ(‖I21‖ ≥ ε) ≤ ε−2Eδ[‖I21‖2] ≤ 4ε−2Eδ[I21(T )2

≤ 4ε−2
∑
l,l′
Eδ[

∫ T

0

∫
|z|≤1

Bj(s)2(σ′σ)ijl(Φs−)(σ′σ)ijl′(Φs−)zlzl′µ(dz)ds]

≤ c1Tε
−2δ2,

where c1 is a positive constant such that ‖σ′σ‖2
∫
|z|≤1 |z|2µ(dz) ≤ c1. We

have further,

|I22(t)| ≤ ‖σ′σ‖
∑
s≤t

|Bj(s)||∆Zd,1(s)| ≤ ‖σ′σ‖δ
∑
s≤t

|∆Zd,1(s)| Pδ-a.s.
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Therefore,

Pδ(‖I22‖ ≥ ε) ≤ Pδ(‖σ′σ‖
∑
s≤T

|∆Zd,1(s)| ≥ ε/δ)

≤ P (‖σ′σ‖
∑
s≤T

|∆Zd,1(s)| ≥ ε/δ).

The second inequality holds since the laws of the jump process Zd(t) under
two probability measures Pδ and P coincide. It converges to 0 as δ → 0.
For I3(t), we proceed as follows. Note that

sup
x
|σij(ξ(z)(x))− σij(x)−

∑
l

(σ′σ)ijl(x)zl| ≤ c2|z|2

holds for a positive constant c2. Then we have

|I3(t)| ≤ c2
∑
s≤t

|B(s)||∆Z(s)|2 ≤ c2δ
∑
s≤t

|∆Z(s)|2 Pδ-a.s.

Therefore we have Pδ(‖I3‖ ≥ ε) → 0 as δ → 0. We can prove Pδ(‖I4‖ ≥
ε)→ 0 easily.
The proof of (29) is therefore reduced to proving that I1(t) is small if

B(t) is small, more precisely,

lim
δ→0

Pδ(‖
∫ t

0
Bj(s)f(Φs) ◦ dBl(s)‖ ≥ ε) = 0 ∀ε > 0. (31)

A main difference between (29) and (31) is that the integrand Bj(s)f(Φs)
in (31) is smaller than the integrand σ(Φs) in (29) under the measure
Pδ if δ is small. Thus (31) could be verified more easily than (29) is. Set
ηjl(t) =

∫ t
0 Bj(s) ◦ dBl(s). Then∫ t

0
Bj(s)f(Φs)◦dBl(s)=

∫ t

0
f(Φs)◦dηjl(s)=f(Φt)ηjl(t)−

∫ t

0
ηjl(s)◦df(Φs).

It holds P (‖ηjl‖ ≥ ε
∣∣∣‖B‖ < δ) → 0 as δ → 0. Therefore the norm of the

first term f(Φt)ηjl(t) of the right hand side converges to 0 in probability
with respect to Pδ as δ → 0. We consider the second term. Apply Itô’s
formula similarly as in (30). Then it is written as∫ t

0
ηjl(s) ◦ df(Φs) = J1(t) + J2(t) + J3(t) + J4(t),

where

J1(t) =
∑
k

∫ t

0
ηjl(s)f ′k(Φs) ◦ dBk(s),
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and J2, J3, J4 are terms represented similarly as I2, I3, I4 in (30), respec-
tively. We can prove similarly as before that Pδ(‖Ji‖ ≥ ε) → 0 as δ → 0
for i = 2, 3, 4.
The proof of the lemma is thus reduced to proving Pδ(‖J1‖ ≥ ε)→ 0 as

δ → 0 for all ε > 0, or equivalently

lim
δ→0

Pδ(‖
∫ t

0
ηjl(s)f ′k(Φs) ◦ dBk(s)‖ ≥ ε) = 0 ∀ε > 0. (32)

Note that ηjl(s)f ′k(Φs) in (32) is smaller than Bj(s)f(Φs) in (31), if δ is
small. Set g = f ′k. Observe the equation∫ t

0
ηjl(s)g(Φs) ◦ dBk(s)

= g(Φt)ηjl(t)Bk(t)−
∫ t

0
ηjl(s)Bk(s) ◦ dg(Φs)−

∫ t

0
g(Φs)Bk(s) ◦ dηjl(s)

The property Pδ(‖g(Φt)ηjl(t)Bk(t)‖ ≥ ε) → 0 as δ → 0 can be verified
easily. We can prove similarly as in Ikeda-Watanabe [7] (Estimate of J4(t)
in their book) that Pδ(‖

∫ t
0 g(Φs)Bk(s) ◦ dηjl(s)‖ ≥ ε) → 0 as δ → 0. We

want to prove Pδ(‖
∫ t
0 ηjl(s)Bk(s) ◦ dg(Φs)‖ ≥ ε) → 0. We have by Itô’s

formula,∫ t

0
ηjl(s)Bk(s) ◦ dg(Φs) = K1(t) +K2(t) +K3(t) +K4(t),

where

K1 =
∑
m

∫ t

0
ηjl(s)Bk(s)(g′σ)m(Φs) ◦ dBm(s)

and K2,K3,K4 are terms represented similarly as I2, I3, I4 in (30). We can
prove similarly as before that Pδ(‖Ki‖ ≥ ε)→ 0 as δ → 0 for i = 2, 3, 4.
The proof of (29) is finally reduced to

lim
δ→0

Pδ(‖K1‖ ≥ ε) = 0 ∀ε > 0. (33)

At this stage, we can prove (33) directly. Indeed, set h = g′σ. Using Itô’s
integral,

K1(t) =
∑
m

∫ t

0
ηjl(s)Bk(s)hm(Φs)dBm(s) +

+
1
2

∑
m

[
ηjl(t)Bk(t)hm(Φt), Bm(t)

]
= K11(t) +K12(t),

where [X(t), Y (t)] is the joint quadratic variation of X(t) and Y (t). Then
we have Pδ(‖K1i‖ ≥ ε)→ 0 as δ → 0 for i = 1, 2. The property is obvious
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for K12(t). The property for K11(t) can be verified similarly as in Ikeda-
Watanabe [7] (Estimate of J2 in the proof of Lemma 8.3 is applicable,
regardless of the possible jumps of Φs). We have thus arrived at (33). The
proof is complete.

Now in the next lemma we shall restrict our attention to the case where
Zd(t) is a martingale with a small L2-norm. We need some notations. Let
c1 be a positive constant such that

sup
x
|ξ(z)(x)− x− σ(x)z| ≤ c1|z|2.

Let c2 be a Lipschitz constant for b.

Lemma 5.2. Suppose that the Lévy measure µ is supported by the set {z :
0 < |z| ≤ 1} and Zd(t) satisfies E[|Zd(T )|2] < γ3 for some 0 < γ < 1/4.
Let δ0(< γ) be a positive constant such that

P (‖
∫ t

0
σ(Φs) ◦ dB(s)‖ < 2‖σ‖γ

∣∣∣‖B‖ < δ) > 1− γ (34)

holds for any δ ∈ (0, δ0). Then it holds

P
(‖Φ− ϕ‖ < c3γ| ‖B‖ < δ, ‖Zd‖ < δ′

)
> 1− 4γ, (35)

for any δ, δ′ ∈ (0, δ0), where ϕt is the deterministic flow with respect to X0,
and c3 = 2(2‖σ‖+ c1)ec2T .

Proof. Since Φt satisfies (26) and ϕt satisfies ϕt − x =
∫ t
0 b(ϕs)ds, we have

Φt − ϕt =
∫ t

0
σ(Φs) ◦ dB(s) +

∫ t

0
σ(Φs−)dZd(s) (36)

+
∑
0≤s≤t

{ξ(∆Z(s))(Φs−)− Φs− − σ(Φs−)∆Z(s)}

+
∫ t

0
b(Φs)ds−

∫ t

0
b(ϕs)ds.

Set

Aγ = {‖
∫ t

0
σ(Φs) ◦ dB(s)‖ < 2‖σ‖γ}∩ (37)

∩{‖
∫ t

0
σ(Φs−)dZd(s)‖ < 2‖σ‖γ} ∩ {‖Zd‖ < 2γ} ∩ {[Zd](T ) < γ},

where [Zd](t) =
∑

s≤t |∆Z(s)|2. If ω ∈ Aγ , we have by (36),

|Φt − ϕt| ≤ 4‖σ‖γ + c1
∑
s≤t

|∆Z(s)|2 + |
∫ t

0
b(Φs)ds−

∫ t

0
b(ϕs)ds|

≤ 2(2‖σ‖γ + c1γ) + c2

∫ t

0
|Φs − ϕs|ds. (38)
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By Gronwall’s inequality we have the inequality

|Φt − ϕt| ≤ 2(2‖σ‖γ + c1γ)ec2T ≤ c3γ,

for any t ∈ [0, T ].
We shall compute Pδ(Aγ). Since B(t) and Zd(t) are independent, we

have

Pδ([Zd](T ) ≥ γ2) = P ([Zd](T ) ≥ γ2) ≤ γ−2E[[Zd](T )]
≤ γ−2E[|Zd(T )|2] ≤ γ,

Pδ(‖Zd‖ ≥ 2γ) ≤ (2γ)−2E[‖Zd‖2] ≤ γ−2E[|Zd(T )|2] ≤ γ.

Here we used the equality E[|Zd(T )|2] = E[[Zd](T )2] for the discontinuous
martingale Zd(t) and a martingale inequality E[‖Zd‖2] ≤ 4E[|Zd(T )|2].
The stochastic integral

∫ t
0 σ(Φs−)dZ

d(s) is a martingale with respect to
the conditional probability measure Pδ. Therefore we have

Pδ(‖
∫ t

0
σ(Φs−)dZd(s)‖ ≥ 2‖σ‖γ) ≤ (2‖σ‖γ)−2Eδ[‖

∫ T

0
σ(Φs−)dZd(s)‖2]

≤ (‖σ‖γ)−2Eδ[
∫ T

0
|σ(Φs−)|2d[Zd](s)]

≤ γ.

Combining these with (34), we obtain Pδ(Aγ) > 1− 4γ. Since {‖Zd‖ < δ′}
is included in Aγ , we have

P (Aγ | ‖B‖ < δ, ‖Zd‖ < δ′) > 1− 4γ,
for all δ, δ′ ∈ (0, δ0). The proof is complete.
Lemma 5.3. For a given 0 < γ < 1/5, choose κ (0 < κ < 1) such that
E[Z̃d,κ(T )2] ≤ γ3. If u ∈ U1 ∪ U2 is represented by u = ud,κ, there exists
δ0(< 4γ) such that

P (S(Φ, ϕu) < c4γ| ‖B‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, u) < δ′) > 1− 5γ
(39)

holds for any δ, δ′ ∈ (0, δ0), where c4 is a positive constant not depending
on γ, δ, δ′, κ, u.

Proof. Choose any δ′ > 0 such that 4δ′ < κ. If s(Zd,κ, u) < δ′, there exists
a diffeomorphism λ of the interval [0, T ] such that

|Zd,κ(s)− u(λ(s))|+ |λ(s)− s| < 2δ′.

Let 0 < τ1 < · · · be the jumping times of Zd,κ(t). Since |∆Zd,κ(τk)| ≥ 4δ′,
jumps of u(t) occur only at times σk = λ(τk), k = 1, 2, .... Therefore, the
stochastic process Φt is represented as

Φt=Φ̃κτn,t◦ ξ(∆Zd,κ(τn)) ◦ Φ̃κτn−1,τn ◦ ξ(∆Zd,κ(τn−1))◦. . .◦Φ̃κ0,τ1 , (40)
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where Φ̃κs,t is the stochastic flow generated by the vector fields X̃0, X1, . . . ,
Xm and the Lévy process Z̃κ(t)=B(t)+Z̃d,κ(t), where X̃0=X0−

∑
j l
κ
jXj ,

lκ = (lκ1 , ..., l
κ
m). Similarly, the deterministic flow ϕut is represented by

ϕuλ(t)= ϕ̃σn,λ(t)◦ξ(∆u(σn))◦ϕ̃σn−1,σn ◦ξ(∆u(σn−1))◦· · ·◦ϕ̃0,σ1 ,
(41)

if τn ≤ t < τn+1, where ϕ̃t is the deterministic flow generated by X̃0. (The
number n may depend on ω.)
Let N be the total number of jumps of the map u. Let Aγ be the set

given by (37) replacing Zd by Z̃d,κ. Set

Ãγ = Aγ ∩ {ω;n(ω) ≤ N + 1}. (42)

We shall evaluate |Φt − ϕuλ(t)| on the set Ãγ using the above expressions
(40) and (41). It holds

|Φτn − ϕuσn | ≤
n∑
k=1

|ξ(∆Zd,κ(τk)) ◦ Φτk − ξ(∆u(σk)) ◦ ϕuσk |+ |Φ̃κτ1 − ϕ̃σ1 |.

Since

|ξ(∆Zd,κ(τk))(Φτk)− ξ(∆u(σk))(ϕuσk)|
≤ sup

x
|ξ(∆Zd,κ(τk))(x)− ξ(∆u(σk))(x)|+

+sup
x
| ∂ξ
∂x
(∆u(σk))(x)||Φτk − ϕuσk |

≤ sup
z,x

|∂ξ
∂z
(z)(x)||∆Zd,κ(τk)−∆u(σk)|+

+sup
x
| ∂ξ
∂x
(∆u(σk))(x)||Φτk − ϕuσk |

≤ c′(δ′ + |Φτk − ϕuσk |),
we obtain

|Φt − ϕuλ(t)| ≤ c′nδ′ + |Φ̃κτ1 − ϕ̃σ1 |+ c′
n∑
k=1

|Φτk − ϕuσk |.

Gronwall’s inequality (discrete type) implies

|Φt − ϕuλ(t)| ≤ {c′nδ′ + |Φ̃κτ1 − ϕ̃σ1 |}(1 + c′)n.

On the set Ãγ , we have ‖Φ̃κ − ϕ̃‖ < ĉγ in view of the proof of Lemma 5.2.
Therefore,

|Φt −ϕuλ(t)| ≤ {c′nδ′ + ĉγ}(1 + c′)n ≤ {c′(N +1)δ′ + ĉγ}(1 + c′)N+1 = c4γ,
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if δ′ ≤ γ/c′(N + 1). Since λ(t) is arbitrary, we get S(Φ, ϕu) ≤ c4γ.
We shall next compute P (Ãγ | ‖B‖ < δ, s(Zd,κ, u) < δ′). Since Φ̃κt and

Zd,κ(t) are independent, we have the equality

P (Ãγ | ‖B‖ < δ, s(Zd,κ, u) < δ′)
= P (Aγ | ‖B‖ < δ)P (n ≤ N + 1| s(Zd,κ, u) < δ′).

We have shown in the proof of Lemma 5.2, P (Aγ | ‖B‖ < δ) ≥ 1 − 4γ.
Further, we have

P (n ≤ N + 1| s(Zd,κ, u) < δ′) > 1− γ

for sufficiently small δ′. Therefore,

P (Ãγ | ‖B‖ < δ, s(Zd,κ, u) < δ′) > 1− 5γ.

Now since {‖Z̃d,κ‖ < δ′} is included in Ãγ , we obtain

P (Ãγ | ‖B‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, u) < δ′) > 1− 5γ.

This proves (39). The proof is complete.

Lemma 5.4. (1) Assume Condition 1. Let u be any element of U1. For a
given 0 < γ < 1/6, choose κ such that s(ϕu

κ

, ϕu) < γ and E[|Z̃d,κ(T )|2] ≤
γ3, where uκ = uc + ud,κ. Then, there exists δ0 ∈ (0, 4γ) such that

P
(
S(Φ, ϕu) < c4γ| s(B, uc) < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′

)
> 1− 6γ,

(43)

holds for any δ, δ′ ∈ (0, δ0), where c4 is a positive constant not depending
on γ, δ, δ′, κ, u.

(2) Assume Condition 2. Let u be any element of U2. For a given 0 <
γ < 1/6, choose κ such that u−ud,κ ∈ C([0, T ];R) and E[|Z̃d,κ(T )|2] ≤ γ3.
Then, there exists δ0 ∈ (0, 4γ) such that

P (S(Φ, ϕu)<c4γ|s(B, u− ud,κ)<δ, ‖Z̃d,κ‖<δ′, s(Zd,κ, ud,κ)<δ′) > 1− 6γ
(44)

holds for any δ, δ′ ∈ (0, δ0), where c4 is a positive constant not depending
on γ, δ, δ′, κ, u.

Proof. We shall prove (1) only. The proof of (2) can be carried our similarly.
We shall apply Girsanov’s Theorem. Let v ∈ C([0, T ];Rm) be a piecewise
smooth function such that Av(t) = uc(t). Set

α = exp{
m∑
j=1

∫ T

0
v̇j(s)dBj(s)− 1

2

∫ T

0

m∑
i,j=1

aij v̇i(s)v̇j(s)ds}, (45)
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where v̇ = (dv/ds). It is positive and E[α] = 1. Define a measure P̂ by
P̂ = αP . Then P̂ is a probability measure and B̂(t) = B(t) − uc(t) is a
Brownian motion with mean 0 and covariance matrix tA with respect to
P̂ . (Zd(t), P̂ ) is a Lévy process whose law is the same as that of (Zd(t), P ).
Further, Φt satisfies

Φt=x+
∫ t

0
σ(Φs) ◦ dB̂(s)+

∫ t

0
σ(Φs) @ dZd(s)+

∫ t

0
b̂(s,Φs)ds, (46)

where b̂(s, x) = b(x) + σ(x)u̇c(s). Similarly, ϕut satisfies

ϕut = x+
∫ t

0
σ(ϕus ) @ dud(s) +

∫ t

0
b̂(s, ϕus )ds. (47)

Apply Lemma 5.3 to the probability measure P̂ and the control function
ud,κ. Then we have

P̂
(
S(Φ, ϕu) < c4γ| ‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′

)
> 1− 5γ

if δ, δ′ > 0 are sufficiently small. Note the equality

P
(
S(Φ, ϕu) < c4γ| ‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′

)
= P̂

(
S(Φ, ϕu) < c4γ| ‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′

)
×

P (S(Φ, ϕu) < c4γ| ‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′)
E(α;S(Φ, ϕu) < c4γ| ‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′)

×

E(α; ‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′)
P (‖B̂‖ < δ, ‖Z̃d,κ‖ < δ′, s(Zd,κ, ud,κ) < δ′)

.

The first term of the right hand side is greater than 1− 5γ if δ, δ′ > 0 are
sufficiently small. The product of the second and the third terms of the
right hand side converge to 1 as δ, δ′ → 0. Therefore there exists δ0 > 0
such that the above is greater than 1 − 6γ for any δ, δ′ ∈ (0, δ0). Since
‖B̂‖ = ‖B − uc‖ = s(B, uc), we get (43). The proof is complete.

We are now able to complete the proof of Theorem 3.3.

Proof of Theorem 3.3. We shall prove the assertion (1) assuming Con-
dition 1. We first consider the case where Zd(t) = Zd,κ(t) holds for some
κ > 0. Let 0 < τ1 < τ2 < · · · be the jumping times of Z(t). Then the
stochastic process Φt is represented by

Φt = Φcτn,t ◦ ξ(∆Z(τn)) ◦ · · · ◦ Φc0,τ1 , if τn ≤ t < τn+1, (48)

where Φcs,t is the stochastic flow generated by the Brownian motion B(t).
By the Wong-Zakai approximation, it is known that

Supp(Φc) ⊂ cl{ϕu : u ∈ U1 is continuous}, (49)
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where cl{· · · } means the closure of the set {· · · } with respect to the Sko-
rohod metric S. Then from formula (48), it is immediate to see that

Supp(Φ) ⊂ cl{ϕu : u ∈ U1}. (50)

We shall next consider the general case. Let Φκ be the stochastic process
generated by Zκ(t) = B(t) + Zd,κ(t). Then we have

Supp(Φκ) ⊂ cl{ϕuκ : u ∈ U1}, (51)

where uκ=uc+ud,κ. Since ‖Φκ−Φ‖ → 0 (in probability) and ‖ϕuκ−ϕu‖ → 0
hold as κ→ 0, we get (50).
We shall prove (20). Set Cδ′ = {s(Zd, ud)< δ′} and C̃δ′ = {‖Z̃d,κ‖< δ′,

s(Zd,κ, ud,κ) < δ′}. We have shown above in the proof of Theorem 3.2 that
C̃δ′ ⊂ C3δ′ . Conversely if s(Zd, ud) < δ′, we have ‖Zd,κ − ud,κ‖ < δ′. Then

‖Z̃d,κ‖ ≤ s(Zd, ud) + ‖Zd,κ − ud,κ‖+ ‖ũd,κ‖ < 3δ′.

Therefore we have Cδ′ ⊂ C̃3δ′ . Since

lim
δ,δ′→0

P (S(Φ, ϕu) < ε| {s(B, uc) < δ} ∩ C̃δ′) = 1

holds by Lemma 5.4, we have

lim
δ,δ′→0

P (S(Φ, ϕu) < ε| {s(B, uc) < δ} ∩ Cδ′) = 1,

for any ε > 0. Then (20) is proved. Now (20) implies P (S(Φ, ϕu) < ε) > 0
since P (s(B, uc) < δ, s(Zd, ud) < δ) > 0 holds for any δ by Theorem 3.2.
We shall next prove the second assertion. Lemma 5.4 (2) implies (22).

Then we have P (S(Φ, ϕu) < ε) > 0, since

P (s(B, u− ud,κ) < δ, ‖Z̃d,κ‖ < δ, s(Zd,κ, ud,κ) < δ) > 0.

The proof is complete. ✷
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On the Link Between
Fractional and Stochastic
Calculus
Martina Zähle

ABSTRACT Methods of classical fractional calculus are applied to gen-
eralized Stieltjes and stochastic integration theory. Under these aspects we
also consider stochastic differential equations driven by processes with gen-
eralized quadratic variations. The paper gives a survey on this approach.

1 Introduction

In the theory of stochastic integration and stochastic differential equations
the processes under consideration have a fractal sample path structure,
i.e., unbounded variation. Therefore the Lebesgue-Stieltjes integral is re-
placed by a notion based on convergence in probability. The approximat-
ing expressions are ”‘integrals”’ in the classical sense. Examples are special
Riemann–Stieltjes sums in the stochastic integrals of Itô, Stratonovich and
Skorohod or Lebesgue integral operators given by the difference quotients
of the fractal integrators as in a recent approach of Russo and Vallois. On
the other hand, in the Itô calculus for square integrable semimartingales
associated Hilbert spaces are used as a main tool. This has been extended
to the anticipative case and Brownian motion by the Malliavin calculus
in Sobolev spaces of weakly differentiable functions. The references at the
end of the paper contain more information on these topics and related
literature.
In [23] we started to fill a gap between such stochastic approaches and

classical fractional calculus in the sense of Liouville, Riemann, Weyl, Hardy
and Littlewood. Some related ideas may be found in Feyel and de La
Pradelle [6] and Decreusefond and Üstünel [5]. An analysis of the sample
paths of the processes in stochastic calculus shows that they are at least
elements of certain Besov spaces. Therefore they possess fractional Weyl
derivatives up to a certain order. Under the condition that the summed or-
der of differentiability of integrand and integrator is not less than 1 we have
introduced an integral which is determined by such fractional derivatives.
For the classical case of integrators with bounded variation we can show
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under rather general conditions that our integral agrees with the Lebesgue-
Stieltjes integral, e.g., when the integrand possesses a bounded fractional
derivative of some order ε > 0. (We conjecture that the integrals coincide
whenever they are determined.) For the non-classical case of functions with
finite p- and q-variations, where 1p+

1
q > 1, our integral exists under a weak

additional condition and agrees with a notion introduced in Young [26]
by mean of Riemann–Stieltjes approximation. In particular, this may be
applied to the sample paths of fractional Brownian motions, where the
sum of the two Hurst exponents is greater than 1. However, the typical
situation in stochastic calculus is the following: The integrand as well as
the integrator have only fractional derivatives of all orders less than 1/2,
i.e. the above integral is not determined. Therefore we use a fractional
smoothing procedure and convergence in probability in order to extend
the integral to more general stochastic processes. This leads to a certain
extension of the so–called forward integral of Russo and Vallois [19].
In the present paper we give a survey on the results obtained until now

with the aim to stimulate further developments.

2 Notions and results from fractional calculus

All details and proofs concerning the classical theory in this section may
be found in Samko, Kilbas and Marichev [21].
We consider real-valued functions on R = (−∞,∞) or on a finite subinter-
val (a, b) and denote Lp := Lp(a, b). When using such Lp–spaces we assume
throughout the paper that p ≥ 1. Functions which agree at (Lebesgue)
almost all points are usually identified. For f ∈ L1 fractional Riemann–
Liouville integrals of order α > 0 are determined at almost all x by

Iαa+f(x) :=
1

Γ(α)

x∫
a

(x− y)α−1f(y)dy

(left-sided version)

Iαb−f(x) :=
(−1)−α
Γ(α)

b∫
x

(y − x)α−1f(y)dy

(right-sided version). (The function f may also be complex-valued. The
factor (−1)α = eiπα is usually omitted in the literature, though it was
originally used by Liouville. Here we will need it for purposes of generalized
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Stieltjes integrals.) For α = n ∈ N one obtains the usual n-th order integrals

Ina+f(x) =

x∫
a

xn−1∫
a

. . .

x2∫
a

f(x1)dx1 . . . dxn and

Inb−f(x) = (−1)n
b∫
x

b∫
xn−1

. . .

b∫
x2

f(x1)dx1 . . . dxn .

Fractional derivatives may be introduced as an inverse operation. For our
purposes it is enough to consider the case α ≤ 1. In the Liouville approach
which is widely used in the physical literature the derivatives of order α < 1
are introduced by

Dα
a+

(b−)
f :=

d

dx
I1−αa+

(b−)
f

if the right-hand sides are determined. The subscription a + (resp. b−)
means the corresponding one–sided version. For any f ∈ L1 one obtains

Dα
a+

(b−)
Iαa+

(b−)
= f .

In order to ensure the opposite order of operation we now restrict to the
classes Iαa+

(b−)
(Lp) of those functions f which are representable as an Iαa+

(b−)
-

integral of some Lp-function ϕ. Such a ϕ is unique and agrees with Dα
a+

(b−)
f ,

i.e., for f ∈ Iαa+
(b−)

(Lp) we have

Iαa+
(b−)

Dα
a+

(b−)
f = f .

Moreover, the following Weyl representation is valid:

Dα
a+f(x) =

1
Γ(1− α)

(
f(x)

(x− a)α
+ α

x∫
a

f(x)− f(y)
(x− y)α−1

dy

)
(
=

1
Γ(1− α)

(
f(x)

(x− a)α
+ α lim

ε↘0

x−ε∫
a

f(x)− f(y)
(x− y)α−1

dy

))
,

Dα
b−f(x) =

(−1)α
Γ(1− α)

(
f(x)

(b− x)α
+ α

b∫
x

f(x)− f(y)
(y − x)α−1

dy

)
(
=

1
Γ(1− α)

(
f(x)

(b− x)α
+ α lim

ε↘0

b∫
x+ε

f(x)− f(y)
(y − x)α−1

dy

))

where convergence holds pointwise at almost all x if p = 1 and also in the
Lp-sense if p > 1. (Here f(y) is continued by 0 outside (a, b).)
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Instead of finite intervals we may also choose a = −∞ and b =∞. In this
case we will write Iα±f, I

α
±(Lp(R)) and D

α
±f , respectively. For x ∈ (a, b) we

obtain
D±(1(a,b)f)(x) = D a+

(b−)
f(x) .

The sets Iαa+
(b−)

(Lp) become Banach spaces by the norms

‖f‖Iαa+
(b−)

(Lp) := ‖f‖Lp + ‖Dα
a+

(b−)
f‖Lp ∼ ‖Dα

a+
(b−)

f‖Lp

For αp < 1 the spaces Iαa+(Lp) and I
α
b−(Lp) agree up to norm equivalence.

Similarly, for any −∞ ≤ a ≤ x < y ≤ b ≤ ∞ the restriction of f ∈ Iαa+(Lp)
to (x, y) belongs to Iαx+(Lp(x, y)) and the continuation of f ∈ Iαx+(Lp(x, y))
by zero beyond (x, y) is an element of Iαa+(Lp). (This is a consequence of
the Hardy-Littlewood inequality, cf. [21, Chapter 13].) The functions need
not be bounded or continuous.
For αp > 1 we have an embedding Iαa+

(b−)
(Lp) ↪→ Hα− 1

p in a Hölder

space and the functions vanish at a+ of order o((x − a)α−
1
p ) (at b− of

order o((b− x)α−
1
p )). In order to avoid this vanishing we will often use the

”corrected” functions (on the whole line)

fa+(x) := 1(a,b)(f(x)− f(a+))

fb−(x) := 1(a,b)(f(x)− f(b−))
provided that f(a+) := lim

x↘a
f(x) or f(b−) := lim

x↗b
f(x) exists.

Besides Iα(Lp) we will consider some Besov (or Slobodeckij) type space on
(a, b) which are closely related in the case p = 2 being sufficient for our
purposes. Denote

‖f‖
W̃α

2
:=

(∫ b

a

∫ b

a

(f(x)− g(y))2

|x− y|2α+1 dx dy

)1/2
‖f‖Wα

2
:= ‖f‖L2 + ‖f‖W̃α

2

‖f‖Wα
2,∞ := ‖f‖L∞ + ‖f‖W̃α

2

‖f‖Wα
2 (a+) :=

(∫ b

a

f(x)2

(x− a)2α
dx

)1/2
+ ‖f‖

W̃α
2

‖f‖Wα
2 (b−) :=

(∫ b

a

f(x)2

(b− x)2α
dx

)1/2
+ ‖f‖

W̃α
2
.

If we restrict our considerations to some subinterval (x, y) we use the no-
tations

W̃α
2 (x, y) , W

α
2 (x, y) , W

α
2,∞(x, y) , W

α
2 (a+)
(b−)

(x, y).
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For (a, b) = R we write W̃α
2 (R), etc.

The following theorem is a straightforward consequence of the definitions
and some well–known result from the literature (cf. [24]).

Theorem 2.1. (i) ‖f‖Iαa+
(b−)

(L2) + ‖f‖L∞ ∼ ‖f‖W∞2,∞ if 0 < α < 1/2.

(ii) ‖f‖Iαa+
(b−)

(L2) ≤ const(δ)‖f‖Wα+δ
2 (a+)

(b−)
for any 0 < α < 1 and δ > 0.

(iii) g ∈ W̃ β
2 implies gy− ∈ W β

2 (y−)(x, y) for any x ∈ [a, b) and Lebesgue
almost all y ∈ (x, b).

3 An extension of Stieltjes integrals

The fractional integrals Iα satisfy the composition formula

Iαa+
(b−)

(Iβa+
(b−)

f) = Iα+βa+
(b−)

f

and the integration–by–part rule∫ b

a

Iαa+f(x) g(x) dx = (−1)α
∫ b

a

f(x) Iαb−g(x) dx

provided that f ∈ Lp , g ∈ Lq ,
1
p +

1
q ≤ 1 + α, where p > 1 and q > 1 if

1
p +

1
q = 1 + α.

It implies the corresponding relationship for the fractional derivatives:

Dα
a+

(b−)
(Dβ

a+
(b−)

f) = Dα+β
a+

(b−)
f

if f ∈ Iα+βa+
(b−)

(L1) , α > 0 , β > 0 , α+ β < 1.

This composition formula may be extended to the boundary orders of
differentiation 0 or 1 regarding

Lp − lim
α↗1

Dα
a+

(b−)
f(x) = f ′(x)

if f is differentiable in the Lp–sense with derivative f ′ and

Lp − lim
α↘0

Dα
a+

(b−)
f(x) = f(x).

(For p = 1 one obtains in the latter case only pointwise convergence.)
The corresponding integration–by–part rule reads:

(−1)α
∫ b

a

Dα
a+f(x) g(x) dx =

∫ b

a

f(x) Dα
b−g(x) dx
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for f ∈ Iαa+(Lp) , g ∈ Iαb−(Lq) ,
1
p +

1
q ≤ 1 + α , 0 ≤ α ≤ 1.

This relationship and the composition formula for the fractional deriva-
tives lead to the following fractal integral concept:
For fa+ ∈ Iαa+(Lp) , gb− ∈ I1−αb− (Lq) , g(a+) existing, 1p +

1
q ≤ 1 , 0 ≤ α ≤ 1

(where f ∈ Hα− 1
p if αp > 1) define∫ b

a

f dg := (−1)α
∫ b

a

Dα
a+fa+(x)D

1−α
b− gb−(x) dx+ f(a+)(g(b−)− g(a+))

(1)

and for f ∈ Iαa+(Lp) , gb− ∈ I1−αb− (Lq) , p, q, α as above, αp < 1 (where
g ∈ H1−α− 1

q ),∫ b

a

f dg := (−1)α
∫ b

a

Dα
a+f(x) D

1−α
b− gb−(x) dx. (1′)

These definitions do not depend on the choice of α and agree for f and g
fulfilling both the conditions (cf. [23]). (Note that (−1)αD1−αb− gb− is real-
valued.) For the special cases α = 0 and α = 1 one obtains the well–known
expressions for the Stieltjes integrals in the smooth case:∫ b

a

f dg =
∫ b

a

f(x) g′(x) dx.

and ∫ b

a

f dg = f(b−) g(b−)− f(a+) g(a+)−
∫ b

a

f ′(x) g(x) dx.

Our notion has the main properties of an integral, which will now be sum-
marized (cf. [23]).

Theorem 3.1. (i) If g is Hölder continuous (of some order) on [a, b]

then we have for any step function f =
n∑
i=0

fi 1(xi,xi+1] with x0 = a,

xn+1 = b ∫ b

a

f dg =
n∑
i=0

fi (g(xi+1)− g(xi)).

(ii) ∫ y

x

f dg =
∫ b

a

1(x,y)f dg , (x, y) ⊂ (a, b),

if both the integrals are determined in the sense of (1). The right–
hand side makes sense if f and g satisfy the conditions of (1′) for the

whole interval (a, b). (We will also use the notation
y∫
x

f dg for this

integral.)
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(iii) ∫ y

x

f dg +
∫ z

y

f dg =
∫ z

x

f dg + f(y)(g(y+)− g(y−))

if all summands are determined, in particular, if the one–sided limits
exist and f and g fulfill the conditions of (1′) where the integrals are
defined in the sense of the right–hand side of (ii).

(iv) ∫ b

a

f dg = f(b−)g(b−)− f(a+)g(a+)−
∫ b

a

g df

if all summands are determined in the sense of (1). (Integration–by–
part formula.)

(v) Suppose that g has bounded variation with variation measure µ and
f is left–or right–continuous at µ-almost all x. If our integral is de-
termined then it agrees with the Lebesgue–Stieltjes integral. Sufficient
conditions are bounded variation of g and f ∈ Iεa+(L∞) for some
ε > 0.

The integral has the following continuity properties:

Theorem 3.2. Suppose 0 < α < 1/2, 0 < β < 1.

(i) If f is a bounded element of Iαa+(L2) (i.e., f ∈ Wα
2,∞) and gb− ∈

I1−αb− (L2) then ∫ x

a

f dg and
∫ b

x

f dg

are continuous functions in x ∈ (a, b).
(ii)

max
(∥∥∥∥∥

∫ (·)

a

f dg

∥∥∥∥∥
Wβ

2,∞

,

∥∥∥∥∥
∫ b

(·)
f dg

∥∥∥∥∥
Wβ

2,∞

)
≤

≤ const(α, β)
(
‖f‖

W
max(α,α+β−1/2)
2,∞

‖gb−‖I1−α
b− (L2)+‖f‖L∞‖g‖W̃β

2

)
(iii) ∥∥∥∥∥

∫ (·)

a

f dg

∥∥∥∥∥
Wβ

2,∞

≤ const(β) ‖f‖Wβ
2,∞

‖gb−‖Wβ
2 (b−)

for any β > 1/2.

Remark. The constants in (ii) and (iii) tend to infinity as α↗ 1/2 and
β ↘ 1/2, respectively.
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4 An integral operator, continuity and contraction
properties

We now replace (a, b) by the ”time” interval (0, T ) and fix some 1/2 < β <

1, an integrator g with gT− ∈ W β
2 (T−), a parameter function ϕ ∈ W β

2,∞
and a transformation mapping a ∈ C1(R× R,R).
For any f ∈ W β

2,∞ the function a(f(·), ϕ(·)) lies again in this space.
Theorem 3.2 (iii) implies that the nonlinear integral operator

f → x0 +
∫ (·)

0
a(f, ϕ)dg

for fixed initial value x0 ∈ R acts from W β
2,∞ into itself.

In order to formulate continuity properties of this mapping we need some
notations. For f, h, ϕ ∈ W β

2,∞ denote the closed convex hull of the set
f((0, T ))∪h((0, T ))×ϕ((0, T )) in R2 byK(f, h, ϕ). For any compactK⊂R2
let L0(a,K) := ‖ ∂a

∂x1 ‖L∞(K), ωi(a,K; ε), i=1, 2, be themoduli of continuity
of ∂a

∂xi on K with respect to the first argument and Li(a,K), i = 1, 2, be
the corresponding Lipschitz constants if they exist.
For purposes of differential equations we choose an arbitrary starting

point t0 ∈ [0, T ) and a local endpoint t ∈ (t0, T ] and consider the integral
only on (t0, t). Note that f ∈W β

2,∞ implies 1(t0,t)f ∈W β
2,∞(t0, t). Further-

more, g ∈ W̃ β
2 yields gt− ∈ W β

2 (t−)(t0, t) for almost all t according to
Theorem 2.1 (iii). Thus, a suitable estimation of ‖a(f, ϕ) − a(h, ϕ)‖Wβ

2,∞
(see Proposition 4.1 below) and application of Theorem 3.2 lead to the
main estimation in Theorem 4.2 (see [24]).

Proposition 4.1. For any 0 < λ < 1

‖a(f, ϕ)− a(h, ϕ)‖Wλ
2,∞

≤ 2L0(a,K(f, h, ϕ)) ‖f − h‖Wλ
2,∞

+

+ ω1(a,K(f, h, ϕ); ‖f − h‖L∞) min(‖f‖W̃λ
2
, ‖h‖

W̃λ
2
) +

+ ω2(a,K(f, h, ϕ) ; ‖f − h‖L∞) ‖ϕ‖W̃λ
2
.

Theorem 4.2. (i) We have∥∥∥∥∫ (·)

t0

a(f, ϕ) dg −
∫ (·)

t0

a(h, ϕ) dg
∥∥∥∥
Wβ

2,∞(t0,t)
≤

≤ const(β)
[
L0(a,K(f, h, ϕ)) ‖f − h‖Wβ

2,∞(t0,t)

+ ω1(a,K(f, h, ϕ); ‖f − h‖L∞(t0,t)) min(‖f‖W̃β
2 (t0,t)

, ‖h‖
W̃β

2 (t0,t)
)

+ ω2(a,K(f, h, ϕ); ‖f − h‖L∞(t0,t)) ‖ϕ‖W̃β
2 (t0,t)

]
‖gt−‖Wβ

2 (t−)(t0,t)
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(ii) If the partial derivatives ∂a
∂x1 and ∂a

∂x2 are locally Lipschitz in the first
argument then on the right–hand side of (i) the summand ω1(. . . )
may be replaced by

L1(a,K(f, h, ϕ)) ‖f − h‖L∞(t0,t)
and ω2(. . . ) by

L2(a,K(f, h, ϕ)) ‖f − h‖L∞(t0,t) .

Remark. In this estimation the function ϕ may also be chosen vector
valued with coordinate functions ϕ1, . . . , ϕk in W β

2,∞. If ω2, . . . , ωk+1 are
the moduli of continuity of ∂a

∂yi (x, y
1, . . . , yk) , i = 1, . . . , k, as functions

in x then ω2(. . . ) ‖ϕ‖... in (i) has to be replaced by

k∑
i=1

ωi+1(a,K(f, h, ϕ); ‖f − h‖L∞) ‖ϕi‖W̃β
2 (t0,t)

.

Making use of lim
n→∞ ‖gtn−‖Wβ

2 (tn−)(t0,tn)=0 for some sequence tn ↘ t0 we

can derive from (ii) the local contraction property of the integral operator:
Let W β

2,∞(t0, t;x0, 1) be the Banach space of functions f on (t0, t) with
f(t0+) = x0 and ‖ft0+‖Wβ

2,∞
≤ 1.

Theorem 4.3. Let x0, y0 ∈ R, 1/2 < β < 1, g ∈ W̃ β
2 , a ∈ C1(R ×

R,R) and ∂a
∂x1 ,

∂a
∂x2 be locally Lipschitz in the first argument. Then for any

t0 ∈ (0, T ) and 0 < c < 1 there exists some t ∈ (t0, T ) such that for any
ϕ ∈W β

2,∞(t0, t; y0, 1) the integral operator A with

Af := x0 +
∫ (·)

t0

a(f, ϕ) dg

maps W β
2,∞(t0, t;x0, 1) into itself and

‖Af −Ah‖Wβ
2,∞(t0,t)

≤ c‖f − h‖Wβ
2,∞(t0,t)

for all f, h ∈W β
2,∞(t0, t;x0, 1).

The following higher-dimensional version is a straightforward extension.

Theorem 4.4. The statement of Theorem 4.3 remains valid if x0 ∈ Rn,
y0 ∈ Rk, gj ∈ W̃ β

2 , aj ∈ C1(Rn × Rk,Rn) with partial derivatives being
locally Lipschitz in the first n arguments, j = 1, . . . , l, ϕ takes values in
R
k and f and h in Rn, and the operator is given by

Af := x0 +
l∑

j=1

∫ (·)

t0

aj(f, ϕ) dgj

with coordinatewise definition of the integrals.
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5 Integral transformation formulae

The next statement is well-known for smooth functions. Its counterpart in
stochastic analysis is the so–called Itô formula. Here we will consider inte-
grators whose order of differentiability is greater than 1/2. This preserves
the validity of the classical change-of-variable formula:

Theorem 5.1. Let 0 < α < 1/2, f ∈ Iα0+(L2) be bounded (i.e., f ∈Wα
2,∞),

gT− ∈ I1−αT− (L2) and

h(t) := h(0) +

t∫
0

f dg , t ∈ (0, T ).

Then we get for any C1-function F (x, t) on R × [0, T ] such that ∂F
∂x ∈ C1

and for any 0 ≤ t0 < t ≤ T

F (h(t), t)− F (h(t0), t0) =

t∫
t0

∂F

∂x
(h(s), s) f(s) dg(s) +

t∫
t0

∂F

∂t
(h(s), s) ds.

For the special case of Hölder continuous functions of summed order
greater than 1 this formula was shown in [23]. The key of the proof in [24]
for the general case is to exploit the validity for smooth functions, to ap-
proximate arbitrary g by smooth functions in the I1−αT− (L2) norm and to use
Theorem 3.2 (ii) and Proposition 4.1 for a(x, y1, y2) := ∂F

∂x1 (x, y1) y2, ϕ1 :=
identity and ϕ2 := f .
The higher-dimensional version reads as follows.

Theorem 5.2. For i = 1, . . . ,m let 0 < αi < 1/2 , f i ∈ Wαi
2,∞, g

i
T− ∈

I1−αiT− (L2),

hi(t) = hi(0) +

t∫
0

f i dgi ,

and h = (h1, . . . , hm). Then we have for any C1-mapping F : Rm×R→ R
n

such that ∂F
∂xi ∈ C1, i ≤ m, and any 0 ≤ t0 < t ≤ T

F (h(t), t)− F (h(t0), t0) =
m∑
i=1

∫ t

t0

∂F

∂xi
(h(s), s) f i(s) dgi(s)

+
∫ t

t0

∂F

∂t
(h(s), s) ds .
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6 An extension of the integral and its stochastic
version

If f and g are as in definition (1) or (1′) then the following approximation
property of the integral is true:∫ b

a

f dg = lim
ε↘0

∫ b

a

Iεa+f dg .

Using the integration–by–part formula one can show that∫ b

a

Iεa+f dg =
1
Γ(ε)

∫ ∞

0
uε−1

∫ b

a

f(s)
gb−(s+ u)− gb−(s)

u
ds du .

This formula remains valid if the summed degree of differentiability of f
and g is at least 1− ε.
We introduce

Iα−a+
(b−)

(Lp) :=
⋂
β<α

Iβa+(Lp)

and similarlyWα−
2,∞ , etc. The above two relationships suggest the following

extension of integral (1) :∫ b

a

f dg = lim
ε↘0

1
Γ(ε)

∫ 1

0
uε−1

∫ b

a

f(s)
gb−(s+ u)− gb−(u)

u
ds du (2)

whenever the right–hand side is determined.

Remark. 1) Note that the kernel 1
Γ(ε)u

ε−1 acts as the δ–function as ε↘ 0.

2) For fa+ ∈ Iα−a+ (Lp) , gb− ∈ I
(1−α)−
b− (Lq) , 1

p +
1
q ≤ 1, the integral if it

exists agrees with

lim
ε↘0

∫ b

a

Iεa+f dg

according to the above arguments.
A refinement of this approach via uniform convergence in probability on the
interval (0, T ), briefly (ucp), leads to the corresponding stochastic approach:
Let Y and Z be two measurable stochastic processes on [0, T ] and assume
that Z is a càdlàg process, i.e. it is right continuous and has left limits at
each t ∈ (0, T ] with probability 1. Then we define a stochastic integral of Y
with respect to Z by∫ t

0
Y dZ := lim

ε↘0
(ucp)

1
Γ(ε)

∫ 1

0
uε−1

∫ t

0
Y (s)

Zt−(s+ u)−Zt−(s)
u

ds du (3)

whenever the right–hand side exists (in the sense of (ucp)–convergence as
function in t).
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Note that Russo and Vallois have defined their integral by

lim
ε↘0
(ucp)

∫ t

0
Y (s)

Zt−(s+ u)− Zt−(s)
u

ds .

If convergence in probability may be replaced by convergence in the mean
squared or with probability 1 then existence of the last limit implies that
of (3) and the integrals coincide. In particular, for càglàd processes Y and
semimartingales Z both the integrals agree with the Itô integral.
Since the above notion does not suppose any adaptedness it may be ap-

plied to anticipative integration with respect to the Wiener process: The
following notions and more details on the corresponding Malliavin calcu-
lus may be found, e.g., in Nualart and Pardoux [17], Nualart [15], [16],
Pardoux [18] and their references. Let Z := W be the Wiener process and
X ∈ L1,2 (s. [18]) As usual we write DX for the derivative and δ(X) for the
dual Skorohod integral. l.i.m. stands for convergence in the mean squared
which implies convergence in probability.
An analysis of the proofs in the last section of [23] shows that the fol-

lowing extension of the related result in that paper is valid.

Theorem 6.1. Assume that X ∈ L1,2 and the trace Ds+X(s) exists in the
sense that

lim
ε↘0

E
1
Γ(ε)

∫ 1

0
uε−1

∫ 1

0
(
1
u

∫ (s+u)∧1

0
DrX(s) dr −Ds+X(s))2 ds du = 0 .

Then the integral∫ t

0
X dW := l.i.m.

ε↘0
1
Γ(ε)

∫ 1

0
uε−1

∫ t

0
X(s)

Wt−(s+ u)−Wt−(s)
u

ds du

is determined and representable by∫ t

0
X dW = δ(1(0,t)X) +

∫ t

0
Ds+X(s) ds.

Remark. The right hand side agrees with the forward integral considered
by Berger and Mizel [3], Kuo and Russek [12], Asch and Potthoff [2] and
others under more restrictive assumptions.

7 Processes with generalized quadratic variation
and Itô formula

Having in mind the definition (3) of the stochastic integral we now will
give a modified extension of a concept of Russo and Vallois for quadratic
variation processes on the interval (0, T ).
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Definition 7.1. A càdlàg process Z admits a generalized quadratic varia-
tion process (bracket) if the limit

[Z](t) := lim
ε↘0
(ucp)

1
Γ(ε)

∫ 1

0
uε−1

∫ t

0

(Zt−(s+ u)− Zt−(s))2

u
ds du

+(Z(t)− Z(t−))2 (4)

exists.

The covariation process [Y,Z] of Y,Z being càdlàg with generalized
brackets is defined similarly, where (. . . )2 is replaced by the corresponding
product. One can easily derive that [Y,Z] is a càdlàg process with bounded
variation and [Z] is non–decreasing. (Russo and Vallois use again limits
without averaging, see [20].) Special cases are semimartingales or, more gen-
erally, Dirichlet processes. As an example with long range dependencies we
may consider fractional Brownian motion BH , where E(BH(t)−BH(s))2 =
|t− s|2H with Hurst exponent H ∈ (1/2, 1). Here we get [BH ] ≡ 0.
Most of the properties proved by Russo and Vallois for their processes

remain valid for our notion (4), e.g., if [Y ], [Z] and [Y,Z] exist, Y ,Z are
continuous and F and G are random C1–functions then F (Y ) and G(Z)
admit a mutual bracket given by

[F (Y ), G(Z)] =
∫ (·)

0
F ′(Y )G′(Z) d [Y,Z].

We next will establish some relationships to fractional and stochastic cal-
culus. Throughout the rest of this section we assume that Z is a continuous
random process on [0, T ] admitting a generalized bracket [Z].

Proposition 7.2. Z is with probability 1 an element of the function space
W
1/2−
2,∞ .

In the following we will omit the phrase “with probability 1” when it is

clear from the context. Stochastic integrals X =
(·)∫
0
Y dZ are meant in the

sense of (3). We denote

Xε(t) :=
1
Γ(ε)

∫ 1

0
uε−1

∫ t

0
Y (s)

Zt−(s+ u)− Zt−(s)
u

ds du.

Theorem 7.3. Suppose that X is representable as stochastic integral

X(t) = X(0) +
∫ t

0
Y dZ.

for some càglàd process Y .
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(i) If Y ∈W β
2 (0+) for some β > 1/2 then X admits a generalized bracket

given by

[X] =
∫ (·)

0
Y 2 d[Z].

(ii) The assertion of 1 remains valid if Y ∈ W̃
1/2−
2 and the stochastic

integral converges in the strong sense that

lim
ε↘0
(ucp)

sup
δ>0

1
Γ(δ)

‖Xε −X‖2
W

1/2−δ/2
2,∞

= 0.

Similarly as in [20] one can prove the following Itô formula for the
change of variables for processes Z as above. (The ideas go back to Föllmer
[7], where the Taylor formula and Riemann sums approximation is used.
Russo’s and Vallois’ approach is based on the integral representation of the
remainder in the Taylor expansion and our version modifies this to average
convergence.)

Theorem 7.4. Let F (z, t) be a random C1–function on R × [0, T ] with
continuous ∂2F

∂z2 . Then we have for any 0 ≤ t0 < t ≤ T

F (Z(t), t)− F (Z(t0), t0) =
∫ t

t0

∂F

∂z
(Z(s), s) dZ(s) +

∫ t

t0

∂F

∂s
(Z(s), s) ds

+
1
2

∫ t

t0

∂2F

∂z2
(Z(s), s) d[Z](s)

(In particular, the stochastic integral is determined.)

As an analogue to the classical situation in Itô calculus we define the
following:
The process X with

X(t) = X(0) +
∫ t

0
Y dZ

for some càglàd process Y satisfies the general Itô formula for F as in
Theorem 7.4 if

F (X(t), t)−F (X(t0), t0)=
∫ t

t0

∂F

∂x
(X(s), s)Y (s) dZ(s)+

∫ t

t0

∂F

∂s
(X(s), s) ds

+
1
2

∫ t

t0

∂2F

∂x2
(X(s), s)Y (s)2 d[Z](s). (5)

Remark. 1) If the bracket [X] exists then we get at least

F (X(t), t)−F (X(t0), t0)=
∫ t

t0

∂F

∂x
(X(s), s) dX(s)+

∫ t

t0

∂F

∂s
(X(s), s) ds

+
1
2

∫ t

t0

∂2F

∂x2
(X(s), s) d[X](s).
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Under the conditions of Theorem 7.3 (i) or (ii) the last summand agrees
with that of the general Itô formula. The most difficult part is to check the
property

∫ t

t0

∂F

∂x
(X(s), s) dX(s) =

∫ t

t0

∂F

∂x
(X(s), s) Y (s) dZ(s)

which reflects a continuity property of the stochastic integral . It is well–
known for semimartingales. For anticipative integrals with respect to the
Wiener process Z =W it was proved in this form by Asch and Potthoff [2]
under certain conditions. The most general version in this Malliavin calcu-
lus we know may be found in Alòs and Nualart [1], which extends former
results of Nualart and Pardoux. Note that formula (5) under appropriate
conditions is contained there only implicitly. It becomes explicit by means
of the identity mentioned in Theorem 6.1 above.
2) For the special case where Y ∈ W

1/2−
2,∞ and Z ∈ W β

2 (T−) for some
β > 1/2 we are pathwise in the situation of Section 4. We have [Z] ≡ 0
and Theorem 5.1 provides sufficient conditions for the validity of the gen-
eral Itô formula.
3) We will suppose the general Itô formula as the main calculation rule in
the theory of stochastic integration based on definitions (3) and (4), i.e.,
we will consider only processes satisfying this formula and its multidimen-
sional extension.
For brevity we will only formulate the higher–dimensional version of the
simple Itô formula. (The analogue of definition (5) is straightforward.)

Theorem 7.5. Let Z = (Z1, . . . , Zp) be a continuous Rp–valued pro-
cess with generalized brackets [Zj , Zk] and F (x, t) be a random element of
C1(Rp×[0, T ],Rn) with continuous partial derivatives ∂2F

∂xj∂xk
, 1 ≤ j, k ≤ p.

Then we have

F (Z(t), t)−F (Z(t0), t0) =
p∑
j=1

∫ t

t0

∂F

∂xj
(Z(s), s) dZj(s)+

∫ t

t0

∂F

∂t
(Z(s), s) ds

+
1
2

p∑
j,k=1

∫ t

t0

∂2F

∂xj∂xk
(Z(s), s) d[Zj , Zk](s).

(In the Taylor expansion approach behind the stochastic integrals can
only be determined in the sense of convergence of the sum of the approxi-
mating integrals.)
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8 Differential equations driven by fractal functions
of order greater than one half

We now will apply the results of sections 3 and 4 to differential equations
on (0, T ) of the form

dx(t) =
l∑

j=1

aj(x(t), ϕ(t)) dzj(t)

x(t0) = x0

(6)

for some initial values t0 ∈ (0, T ), x0 ∈ R and a driving function z =
(z1, . . . , zl) such that zi ∈ W β

2,∞ , i = 1, . . . , l, where β > 1/2. The pa-
rameter function ϕ takes values in Rk with coordinate functions in W β

2,∞
and the a1, . . . , al are Rn–valued C1–vector fields on Rn × Rk such that
all n + k partial derivatives are locally Lipschitz in the first n variables.
Equation (6) becomes precise by integration:

x(t) = x(t0) +
l∑

j=1

∫ t

t0

aj(x(s), ϕ(s)) dzj(s) , t > t0.

Then the Contraction Theorem 4.3 implies the following.

Theorem 8.1. Under the above conditions there exists some t1 ∈ (t0, T ]
such that equation (6) has a unique solution x in W β

2,∞(t0, t1). It may be
determined by means of Picard’s iteration method which is contractive.

Remark. 1) Equation (6) makes also sense for 0 < t < t0 via integration.
The integral ∫ t0

t

aj(x(s), ϕ(s)) dzj(s) =:
∫ t0

t

f dg

can be understood as∫ b

a

1(t,t0)f dg = (−1)α
∫ b

a

Dα
a+(1(t.t0)f)(s) D

1−α
b− gb−(s) ds

for any 0 ≤ a ≤ t and almost all b > t0 (where gb− ∈ W β
2 (b−)(a, b),

1/2 < 1− α < β). According to Zähle [23, Theorem 3.1] it agrees with the
“backward” integral

(−1)α
∫ b

a

Dα
b−(1(t,t0)f)(s) D

1−α
a+ ga+(s) ds

for almost all a (where ga+ ∈ W β
2 (a+)(a, b)). Via time inversion with re-

spect to the starting point t0 the roles of a+ and b− in this integral may be
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exchanged, so that the contraction theorem is also applicable to the back-
ward integral. Therefore we obtain a local W β

2,∞–solution in a neighborhood
of t0 which is unique on the maximal interval of definition.
2) In the next section we will give an explicit representation of the solution
in terms of the driving functions z1, . . . , zl provided that l = 1 or the vec-
tor fields fulfill some algebraic condition and the parameter functions are
omitted. There we will also discuss the problem of global solutions.
3) Equation (6) without the parameter function ϕ has been treated before
in the classes of functions with bounded p variation, p < 2, and of Hölder
continuous functions of order greater than 1/2 (see Lyons [14] and Klin-
genhöfer [9], respectively.) In all three cases the unique local solution is in
the same class as the integrator.

In our situation we additionally get continuous dependence of the solu-
tion x = xϕ of (6) on the parameter function ϕ:

Theorem 8.2. Let y0 ∈ Rk and C > 0 be given. Assume that the con-
ditions of Theorem 8.1 are fulfilled and the partial derivatives of the vec-
tor fields aj are locally Lipschitz in all variables. Then we get for a suf-
ficiently small interval (t1, t2) containing t0 and all ϕ, ψ as before with
ϕ(t0) = ψ(t0) = y0

‖xϕ − xψ‖Wβ
2,∞(t1,t2)

≤ C ‖ϕ− ψ‖Wβ
2,∞(t1,t2)

.

9 Stochastic differential equations driven by
processes with absolutely continuous generalized
covariations

The notions of sections 6 and 7 will now be applied to SDE in Rn with
random coefficients of the following type:

dX(t) =
m∑
j=1

aj(X(t), t) dZj(t) + b(X(t), t) dt

X(t0) = X0

(7)

for an arbitrary random initial vector X0 and continuous driving processes
Z1, . . . , Zm with generalized covariation processes of the form

[Zj , Zk] =
∫ (·)

0
qjk(s) ds

for some continuous random functions qjk and for certain smooth random
vector fields a1, . . . , am in Rn.
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By a solution X we will understand a continuous random process X =
(X1, . . . , Xn) with generalized covariation processes [Xj , Xk] which satis-
fies the general Itô formula (5) with respect to its integral representation

X(t) = X0 +
m∑
j=1

∫ t

t0

aj(X(s), s) dZj(s) +
∫ t

t0

b(X(s), s) ds.

We first consider the case m = 1, i.e., [Z] =
(·)∫
0

q(s) ds,

dX(t) = a(X(t), t) dZ(t) + b(X(t), t) dt
X(t0) = X0.

(8)

Here we will give a general pathwise construction of the solution which
extends former approaches of Doss [4] and Sussman [22] or Klingenhöfer
and the author [10] for the Wiener process and deterministic coefficient
functions and for n = 1 and Hölder continuous processes of order greater
than 1/2, respectively. (Related ideas for random coefficient functions and
Stratonovich integration may be found in Kohatsu–Higa, León and Nualart
[11].) Our approach may also be applied to fractional Brownian motions
BH with H > 1/2 which has been treated in [10] for n = 1. (The paper of
Lin [13] contains the existence of a solution.)
We assume the following conditions on the random vector fields (w.p.1):

(C1) a ∈ C1(Rn× [0, T ],Rn), all partial derivatives are locally Lipschitz in
x ∈ Rn , i = 1, . . . , n.

(C2) b ∈ C(Rn × [0, T ],Rn) , b(x, t) is locally Lipschitz in x ∈ Rn.
Then we consider the pathwise auxiliary partial differential equation on
R
n × R× [0, T )

∂h

∂z
(y, z, t) = a(h(y, z, t), t)

h(Y0, Z0, t0) = X0

(9)

where Z0 = Z(0) and Y0 is an arbitrary random vector in Rn. The classical
theory provides a (non–unique) local solution h ∈ C1 in a neighborhood of
(Y0, Z0, t0) with det(∂h∂y ) �= 0 and ∂h

∂t (y, z, t) being Lipschitz in y. For any
such solution h we consider the ordinary differential equation in Rn

Ẏ (t) =
(
∂h

∂y
(Y (t), Z(t), t)

)−1 [
b(h(Y (t), Z(t), t), t)− ∂h

∂t
(Y (t), Z(t), t)

− 1
2
q(t)

(
∂a

∂x
(h(Y (t), Z(t), t), t)

)
a(h(Y (t), Z(t), t), t)

]
Y (t0) = Y0

(10)

which has a unique solution Y in a neighborhood of t0.
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Theorem 9.1. (i) Under the above conditions any representation

X(t) = h(Y (t), Z(t), t)

with h satisfying (9) and Y given by (10) provides a solution of (8).

(ii) The solution X of (8) in the sense of our notion is unique on the
maximal interval of definition.

Remark. Our approach reduces the problem of existence of a global solu-
tion of (8) to the same question for the differential equations (9) and (10),
i.e., to a growth condition on the vector fields a and b.

We now turn to the case m > 1 with commuting random vector fields aj
and replace condition (C1) by the following.

(C1)’ aj ∈ C1(Rn × [0, T ],Rn), all partial derivatives are locally Lipschitz
in x and [aj , ak] ≡ 0, where [·, ·] denotes here the Lie bracket of the
vector fields with respect to the argument x ∈ Rn which is determined
almost everywhere, 1 ≤ j, k ≤ m.

The commutativity of the vector fields guarantees the integrability of the
partial differential equations on Rn × Rm × [0, T ]

∂h

∂zj
(y, z, t) = aj(h(y, z, t), t) , j = 1, . . . ,m

h(Y0, Z0, t0) = X0

(9′)

in a neighborhood of (Y0, Z0, t0). Taking any local solution h with

det
(
∂h

∂y
(y, z, t)

)
�= 0

and ∂h
∂t (y, z, t) being Lipschitz in y we obtain a unique local solution Y of

the ordinary differential equation

Ẏ (t) =
(
∂h

∂y
(Y (t), Z(t), t)

)−1[
b(h(Y (t), Z(t), t), t)− ∂h

∂t
(Y (t), Z(t), t)

−1
2

m∑
j,k=1

qjk(t)
(
∂aj
∂x

(h(Y (t), Z(t), t), t)
)
ak(h(Y (t), Z(t), t), t)

]
.(10′)

Then the formulation of a Theorem 9.1’, i.e. existence, uniqueness and
representation of a local solution, is the same as that of Theorem 9.1 with
(8) replaced by (7), and (9) and (10) by (9′) and (10′), respectively.

Remark. 1) In Doss [4] and Sussman [22] the case of deterministic time
autonomous vector fields aj , b and Brownian motion Z, where Z0 = 0, is
treated. They take the unique h satisfying

∂h

∂zj
(y, z) = aj(h(y, z)) , j = 1, . . . ,m
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with
h(y, 0) = y.

2) In [10] for the case m = n = 1 and a(X0, t0) �=0 we choose h(y, z, t) =
h̃(y + z, t) with h̃ fulfilling

∂h̃

∂z
(z, t) = a(h̃(z, t), t), h̃(Z0, t0) = X0.

3) In [24] our approach is extended to the case where the Lie algebra gen-
erated by the vector fields a1, . . . , am is nilpotent of order p > 1. However,
in this case we have to assume that the iterated integrals of the driving
process Z = (Z1, . . . , Zm) of orders ≤ p satisfy the general Itô formula for
the functions under consideration. Here the function h depends not only on
Y,Z and t but also on these iterated integrals. (The corresponding theory
for the classical Stratonovich integration with respect to Brownian motion
may be found in Yamato [25] and Ikeda and Watanabe [8].)
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naires. Ann. Inst. Henri Poincaré, Probab. et Stat. 13 (1977), 99-125.
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Asymptotic Curvature for
Stochastic Dynamical Systems
Michael Cranston and Yves Le Jan

ABSTRACT In terms of the characteristic exponents, we provide condi-
tions under which the second fundamental form describing the second order
approximation of the image of a submanifold of the Euclidean space be-
haves asymptotically under the effect of a random dynamical system with
independent increments as a positive recurrent Markov process.

1 Introduction

In this paper, we continue the study, initiated in Le Jan [13] of the second
order effects of the Lyapunov spectrum of a stochastic dynamical system. In
Le Jan [11] and Baxendale and Harris [2] as well, isotropic stochastic flows
were considered. In [13], for a (Lebesgue) measure preserving flow Φt, the
curvature of a curve γt = Φt(γ) transported by the flow, at a moving point
γt(0) was shown to be a positive recurrent diffusion. In Cranston and Le
Jan [4], the case of hypersurfaces was studied when moving under measure
preserving isotropic stochastic flows. In this case, the vector of principal
curvatures form a diffusion and its generator was computed.
We start the paper by considering briefly the transport of a curve by a

general isotropic flow Φt (see the next section for more details on isotropic
flows). Given a curve γ with γ(0) = x, γ′(0) = u, the tangent to γt = Φt(γ)
at γt(0) is of course ut = DΦt(x)u. The curvature of γt at γt(0) can be
expressed as

κt =
∥∥∥∥ ∂

∂t

ut
‖ut‖

∥∥∥∥ / ‖ut‖ = ∇ ut
‖ut‖

ut
‖ut‖

Moreover, it is a positive recurrent diffusion whose generator and invari-
ant probability distribution were given explicitly in [13]. For the measure
preserving isotropic flows, λ1 is positive, which can lead to the mistaken
intuition that the positive recurrence of κt is due to the stretching of the
curve under the flow. However, in an unpublished work by O. Raimond and
S. Lemaire the generator of the curvature process was computed also in the
case of a general isotropic flow. It appears that the positive recurrence of
the curvature process is due to the positivity of 2λ1− λ2 always verified in
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that case. Positive recurrence occurs always although λ1 can be negative.
At first, this surprised us a bit since one could think positive recurrence is
related to the existence of an unstable curve for the flow indexed by R.
These computations obviously involve second derivatives of the flow Φt.

When considering the geometry of a submanifold M of Rd, the natural
extension of the curvature of a curve is the second fundamental form of the
submanifold . This is defined by taking the derivative∇ to be the Euclidean
derivative in Rd. If π is the orthogonal projection on the tangent subspace
TxM to M at x, the second fundamental form at x is defined by

S(u, v) = (I − π)∇uV

for any u, v ∈ TxM and V any vector field extending v. At first sight it
looks as though this expression depends on the choice of the extension V
but it is not the case and S appears to be symmetric in u and v.
The Riemann curvature tensor at x can be expressed in terms of S.

This first requires the Weingarten map associated to a normal direction
η ∈ (TxM)⊥. We define a bilinear form on TxM ⊗ TxM :

b(η)(u, v) = 〈(I − π)∇uV, η〉 = 〈∇uv, η〉 .

This specifies a self adjoint linear map A(η) from TxM into itself by:

b(η)(u, v) =
〈
A(η)u, v

〉
.

Finally, if R is the Riemann curvature tensor forM at x, and u, v, w ∈ TxM ,
then

R(u, v)w = AS(u,w)v −AS(v,w)u

and the sectional curvature is given by:

κ(u, v) =
〈S(u, u), S(v, v)〉 − S(u, v)2

‖u‖2 ‖v‖2 − 〈u, v〉2 .

The map u �→ 〈S(u, .), η〉 has eigenvalues µ1, ...µk, k being the dimension
of M , which are called the principal curvatures associated to η. The corre-
sponding eigenvectors are the principal curvature directions. In Cranston
and Le Jan [4], the case whereM is a hypersurface in Rd and Φt a measure-
preserving isotropic flow was studied. In that case, a stochastic differential
equation was derived for the second fundamental form St of Mt = Φt(M).
The process

(µ1(t) + . . .+ µd−1(t),
∑
i<j

µi(t)µj(t), ..., µ1(t)...µd−1(t))

(i.e. the vector of elementary symmetric polynomials in the principal curva-
tures) appears to be a diffusion and its generator was explicitly calculated.
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When d = 3, the vector (µ1(t)+µ2(t), µ1(t)µ2(t)) was shown to be a recur-
rent diffusion. This means that the shape of a surfaceM ⊂ R3, when moved
under an isotropic, measure preserving flow will, at xt = Φt(x), x ∈M , visit
neighborhoods of all shapes. That is, the surface Mt at xt will not become
more and more pinched.
These considerations lead us to establish, in the main part of the paper,

a convergence result for the second fundamental forms of images of a p-
dimensional subspace by a backward discrete time flow under hypothesis
of the type 2λp − λp+1 > 0. This is done in rather general, although not
completely general context, namely for random walks in diffeomorphisms
of Rd.
The assumption of independent increments (instead of ergodicity) and

the restriction to the case of the Euclidean space do not appear to be
essential but simplify the proof. This setting was considered in Le Jan [12].
We refer to Arnold [1], Kifer [6] for more complete and general results on
random dynamical systems.
The result we obtain yields as an immediate corollary the existence of an

asymptotic distribution for the second fundamental forms of the forward
images of a p-dimensional subspace under the condition 2λp − λp+1 > 0.
The techniques we use extend those presented in Le Jan[14] and are funda-
mentally based on Oseledets’ theorem (cf. [18], [9]). Results for higher order
derivatives have been obtained by S. Lemaire [16] and will be developed
in her thesis. In the current paper, we consider mainly discrete time flows.
However, one can obtain analogous results in continuous time by similar
methods, especially for isotropic flows. They apply to Φ−t,0, the flow from
time −t up to time 0 and imply that for any fixed p-dimensional subspace
of Rd, the second fundamental form of

M−t = Φ−t,0(Φ−1−t,0(x) + E)

converges almost surely if 2λp − λp+1 > 0. For example, in the case of
measure preserving isotropic flows on R4 and p = 3, we have λ3 < 0 and
λ4 = 3λ3. Thus the second fundamental form of M−t converges a.s. Now,
for each fixed t, Φ0,t has the same law as Φ−t,0. Thus we conclude that St
has a limiting law, and also that

Σt = (µ1(t) + µ2(t) + µ3(t),
µ1(t)µ2(t) + µ2(t)µ3(t) + µ3(t)µ1(t), µ1(t)µ2(t)µ3(t))

is a positive recurrent diffusion. We also recover the result obtained in R3

in [4] since the same result for p = d − 1 holds if and only if d < 5 in the
measure preserving isotropic case.
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2 Isotropic Brownian flows

Let us briefly recall the setting from Le Jan [11]. We will consider flows on
R
d only (see Raimond [19] for a complete treatment of the Sd case). We

consider a stationary centered isotropic Gaussian field W i(x). The covari-
ance Cij(x − y) = E(W i(x)W j(y)) of such a field is determined by two
spectral measures FL and FN on R+, via the representation formula of its
Fourier transform :

Ĉij(r−→u ) = (uiujFL(dr) + (δij − uiuj)FN (dr))d−→u ,−→u ∈ Sd

(cf. Monin and Yaglom [17]). The random vector field is smooth if FL
and FN have moments of all orders. A vector field valued Brownian motion
W i
t (x) is naturally associated withW

i(x) and an isotropic Brownian flow of
diffeomorphisms Φt can be constructed from Wt by solving the generalized
SDE

Φt(x)− x =

t∫
0

dWs(Φs(x))

(cf. [10], [11], [15], [8], [5], [3]). Such an SDE is generalized in the sense
that it cannot be written with a finite number of real-valued Brownian
motions. Considering an arbitrary basis of the auto-reproducing Hilbert
space associated with the covariance C, one can however write it in terms
of an infinite sequence of independent real-valued Brownian motions. This
type of SDE was introduced in Le Jan [10] to represent isotropic flows
which had been constructed by T.E. Harris in [7] using an approximation
by an independent sequence of random vortices.
The tangent flow DΦt(x) is a Gl(d) valued isotropic Brownian motion

whose law is independent of x. If up is a p-vector (i.e. the exterior product
of p vectors), log(

∥∥DΦt(x)∧pup∥∥) is a diffusion whose constant drift σp is
the sum of the p largest characteristic exponents λi. As shown in Le Jan [11]
the exponents λi can be expressed in terms of the second moments

A =
1
d

∫
r2FL(dr) and B =

1
d

∫
r2FN (dr)

by the formula

λi =
1

2(d+ 2)
((d− 4i)A+ d(d− 2i+ 1)B).

Consider now the image of a curve γ by the flow Φt. Denoting by Rt
the radius of the curvature of Φt(γ) at Φt(x), it follows from the station-
arity and the isotropy of the flow that Rt is a diffusion process whose law
does not depend on x. The generator of this diffusion was computed in
[13], in the incompressible case, i.e. when FL vanishes. It appeared that
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this diffusion was positive recurrent. A similar computation can be per-
formed in the general isotropic case. (S. Lemaire and O. Raimond, private
communication). The generator of the diffusion log(Rt) has the following
form

a
d2

dx2
+ b

d

dx
+ αe2x

d2

dx2
− 2(d− 3)αe2x d

dx

where α is a positive parameter depending on the fourth moments of the
spectral measures ,

a =
1

2(d+ 2)
(11A+ (5d− 1)B),

b =
d

2(d+ 2)
(A+ (d+ 1)B) = 2λ1 − λ2.

It is clear that Rt is always positive recurrent. The positivity of 2λ1 − λ2
plays a crucial role since it prevents the convergence of Rt to zero.

3 Random walks on diffeomorphisms of Rd

This situation is essentially the one studied in Le Jan [12]. More general
concepts have been introduced and studied intensively, see for example
Arnold [1] and Kifer [6]. Our main result seems rather general and we
expect that it can be extended to these situations. One could replace Rd

by a Riemannian manifold and the notion of the second fundamental form
extends. However, corresponding refinements like the choice of a subbundle
replacing E just seem to be the source of some technical difficulties we chose
not to address in this introductory paper.
A random walk on G = Diff(Rd) can be determined by a probability ν

on G, equipped with its natural σ- field E generated by sets of the form
{X ∈ G,X(x) ∈ A}, x ∈ Rd, A being a Borel subset of Rd. It defines a
transition kernel P on Rd: P (x,A) = ν({X ∈ G,X(x) ∈ A}). We define
the canonical probability space as usual by

Ω = GZ,F = E⊗Z,P = ν⊗Z.

We assume we are given a P -invariant probability m on Rd, and that P is
ergodic in L1(m). Then it is well known that the canonical shift θ is ergodic
with respect to P. Let X be the zero-th coordinate of Ω. For n ∈ N+, set

S−n =
(
X ◦ θ−1) (X ◦ θ−2) ... (X ◦ θ−n)

and
Sn =

(
X ◦ θn−1) ... (X ◦ θ)X.
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There exists a random measure µ(ω) on Rd such that for any bounded
continuous function f ,∫

f ◦ S−ndm −→
∫

fdµ(ω) P− a.s. as n ↑ ∞.

On the product space Rd × Ω equipped with the σ-field B(Rd) ⊗ F , we
define the probability

P̃ (dx, dω) = µ(ω)(dx)P(dω)

and the measurable transformation

θ̃ : θ̃(x, ω) = (X(ω)x, θω).

θ̃ is also ergodic with respect to P̃ . We will denote by A(x, ω) the Jacobian
matrix DX(ω)[x] of X(ω) at x. Similarly, we will denote by B(x, ω) the
second derivative of X(ω) at x. It maps linearly Rd ⊗ Rd into Rd.

We will assume that Ẽ(log ‖A‖), Ẽ( log ∥∥A−1∥∥) and Ẽ (log+ ‖B‖) are
finite.

Note that
DSn(ω)(x) = [A ◦ θ̃n−1..A ◦ θ̃ A](x, ω)

which will be denoted by A(n)(x, ω). Moreover,

DS−n(ω)[S−1−n(x)] = [A ◦ θ̃−1...A ◦ θ̃−n](x, ω)
which will be denoted by A(−n)(x, ω).We can apply Oseledets’ theorem to
these random matrices (cf. Oseledets [18], Ledrappier [9]).

N.B: We will assume for simplicity that the characteristic exponents are
distinct and index them by decreasing order : λ1 > λ2... > λd.

We denote by Ei the associated random lines such that, u belongs to Ei

if and only if simultaneously,

1
n
log(

∥∥A(n)u∥∥)→ λi and
1
n
log(

∥∥A(−n)u∥∥)→ −λi as n ↑ ∞.

Note that P̃ − a.s., A(Ei) = Ei ◦ θ̃. For 1 ≤ p < d set

V p(x, ω) =
⊕
1≤i≤p

Ei(x, ω), W p(x, ω) =
⊕

p+1≤j≤d
Ej(x, ω).

Let E be a p-dimensional vector subspace of Rd.
We assume that

E ∩W p(x, ω) = {0} P̃ -a.s.
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This assumption is verified for almost all subspaces with respect to any
diffuse measure on the p-Grassmanian, by Fubini’s theorem. Note that the
vector space A(−n)(x)E is the direction of the (affine) tangent space at x
of the submanifold

M−n(x) = S−n(S
−1
−n(x) + E)

(we omit the ω-s to alleviate the notations). It follows from Oseledets’
theorem that as n ↑ ∞, A(−n)E converges in probability towards V p.

4 The convergence of the second fundamental
forms

We can now come to our main point which is the second order behaviour
of M−n(x) near x. As explained in the introduction, it is described by the
second fundamental form R−n(x) which is a bilinear form given by the
formula:

R−n(x) [u⊗ v] =

= (I −Π−n(x))D2S−n(S−1−n(x))[A−1(−n)(x)Π−n(x)u⊗A−1(−n)(x)Π−n(x)v]

where Π−n denotes the orthogonal projection on the tangent space A(−n)E.
Note that it essentially maps a couple of tangent vectors on a normal vector.
Let Π denote the orthogonal projection on V p. We know that under our
assumptions Π−n converges in probability towards Π as n ↑ ∞. We can
now state our main result.

Theorem 4.1. If, for some fixed p, 2λp − λp+1 is positive, the series

(I −Π)
∞∑
1

A(1−n)B ◦ θ̃(1−n)[(A−1(−n)Π)⊗2]

converges almost surely towards a finite limit R and, for any p-dimensional
subspace E verifying our assumption, the second fundamental forms R−n
converge in P̃ probability towards R as n ↑ ∞.

Remark 4.2. The condition 2λp−λp+1 > 0 can hold even when λ1+λ2+
.... + λp is negative, i.e. when M−n does not converge to a p-dimensional
unstable manifold.

Proof. Note first that

R−n = (I −Π−n)
n∑

m=1

A(1−m)B ◦ θ̃−m[(A−1(−m)Π−n)⊗2]
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which suggests the expression of R. Set

R̃−n = (I −Π)
n∑

m=1

A(1−m)B ◦ θ̃−m[(A−1(−m)Π)⊗2].

We first prove the convergence of R̃n, i.e. the first part of the theorem.
Choose 0 < ε < 1

4 (2λp − λp+1). Note that from the assumption

Ẽ (log+ (‖B‖)) <∞,

the bound:

C(1) = sup e−εnB ◦ θ̃−n <∞ P̃ -a.s. (1)

holds, by a classical Borel-Cantelli argument.
Denote by ρp the projection on V p parallel to W p, and by ηp the pro-

jection from V p+1 on V p parallel to Ep+1. Clearly ρp = ηp ◦ ... ◦ ηd−1.
Hence ‖ρp‖ ≤ ‖ηp‖ ... ‖ηd−1‖ . But ‖ηp‖ = 1

|sinαp| where αp denotes the
angle between V p and Ep+1. On the other hand, given any system τj ∈ Ej ,

|sinαp| = ‖τ1 ∧ τ2... ∧ τp+1‖
‖τp+1‖ ‖τ1 ∧ τ2... ∧ τp‖ .

Then, by Oseledets’ theorem, limn→∞ 1
n log(| sinαp◦θ̃−n|) = 0 which allows

to conclude the proof of the following:

Lemma 4.3. C(2) = supn e−nε‖ρp ◦ θ̃−n‖ is P̃ -a.s. finite.

Noting that (I −Π)A(−n) = (I −Π)A(−n)(I − ρp ◦ θ̃−n), by Oseledets’
theorem and the lemma we obtain the bound:

C(3) = sup
n

e−n(λp+1+2ε)
∥∥(I −Π)A(−n)∥∥ <∞ P̃ -a.s. (2)

Finally, note that by Oseledets’ theorem, we also have the bound:

C(4) = sup
n

∥∥∥A−1(−n)Π∥∥∥ en(λp−ε) <∞ P̃ -a.s. (3)

The bounds (1), (2) and (3) prove the geometric convergence of the series
R̃n, ending the proof of the first part of the theorem.
Set ρ0 = 0 and

ξr = ρr − ρr−1, 1 ≤ r ≤ d. (4)

To prove the second part of the theorem, we need the following:

Lemma 4.4. Given any ε > 0
a) ‖Π−n −Π‖ en(λp−λp+1−ε) → 0 in probability as n ↑ ∞
b) For r ≥ p + 1, ‖ξr(Π−n −Π)‖ en(λp−λr−ε) converges in probability to

zero as n ↑ ∞, and for r ≤ p, ‖(Π−n −Π)ξr‖ en(λr−λp+1−ε) converges in
probability to zero as n ↑ ∞.
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Sketch of proof. To prove a) it is enough to show that the p-direction in
(Rd)Λp associated with A(−n)E converges towards the p-direction asso-
ciated with V p at the exponential rate e−n(λp−λp+1). But the exponent
associated with the p-direction of Vp is λ1 + λ2.... + λp and the second
highest exponent for AΛp(−n) is λ1 + λ2....+ λp−1 + λp+1.

b) r ≥ p+ 1. Consider for simplification the case where p = 1. Then

ξr(Π−n −Π)v = ξrΠ−nv = ξrA−nu
〈A−nu, v〉
‖A−nu‖2

for any u ∈ E. ξrA−nu = A−n(ξr ◦ θ̃−n)u evolves approximately at the rate
enλr and A−nu at the rate enλ1 .
In the case p = 2, a similar proof works, using the following expression

for Π−n. If u1, u2 is a basis of E,

Π−nv =

〈
A(−n)u1 ∧ v,A(−n)u1 ∧A(−n)u2

〉
A(−n)u2∥∥A(−n)u1 ∧A(−n)u2

∥∥2
+
〈A(−n)u2 ∧ v,A(−n)u1 ∧A(−n)u2〉A(−n)u1∥∥A(−n)u1 ∧A(−n)u2

∥∥2
when r ≤ p, (Π−n − Π)ξr = Π−nξr − ξr. Take p = 2, r = 1 for example. If
u1, u2 is a basis of E, and e a vector of V 1,

‖Π−ne− e‖2 = 〈e−Π−ne, e〉 =
∥∥A(−n)u1 ∧A(−n)u2 ∧ e

∥∥2∥∥A(−n)u1 ∧A(−n)u2
∥∥2 .

The evolution rate is approximately given by e2n(λ2+λ3) for the numerator
and e2n(λ1+λ2) for the denominator, since E ∩W 2 = {0}, P̃ -a.s.
Rn − R̃n can be decomposed into five terms:

n∑
m=1

(I −Π)A(1−m)B ◦ θ̃−m[(A−1(−m)(Π−n −Π))⊗2]

+2
n∑

m=1

(I −Π)A(1−m)B ◦ θ̃−m[A−1(−m)(Π−n −Π)⊗A−1(−n)Π]

+
n∑

m=1

(Π−n −Π)A(1−m)B ◦ θ̃−m[(A−1(−m)Π)⊗2]

+
n∑

m=1

(Π−n −Π)A(1−m)B ◦ θ̃−m[(A−1(−m)(Π−n −Π))⊗2]

+2
n∑

m=1

(Π−n −Π)A(1−m)B ◦ θ̃−m[A−1(−m)(Π−n −Π)⊗A−1(−m)Π]

The convergence to zero of each of these terms follows from the estimates
(1), (2) and (3) and the following:
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Lemma 4.5. For every positive ε,

sup
m≤n

∥∥∥A−1(−m)(Π−n −Π)∥∥∥ enλp+(m−n)λp+1−(n+m)ε

and
sup
m≤n

∥∥(Π−n −Π)A(−m)∥∥ e−nλp+1+(n−m)λp−(n+m)ε

converge to zero in P̃ -probability as n ↑ ∞.

We will outline the end of the proof of Theorem 4.1 before proving
Lemma 4.5.

Outline of proof of Theorem 4.1. The first sum is of order∑
m

emλp+1e2(−nλp+(n−m)λp+1) =
∑
m

e−2n(λp−λp+1)e−mλp+1

which is of order e−2n(λp−λp+1) if λp+1 ≥ 0 and e−n(2λp−λp+1) if λp+1 < 0 .
The other terms can be treated similarly: The second one is of order

en(λp+1−2λp), the third one of order en(λp+1−λp)if λp ≥ 0 and en(λp+1−2λp)

if λp < 0. The fourth term is of order e3n(λp+1−λp) if λp − 2λp+1 ≤ 0 and
en(λp+1−2λp) otherwise. Finally, the fifth term is of order en(λp+1−2λp) if
λp+1 < 0 and e2n(λp+1−λp) if λp+1 ≥ 0. ✷

Proof of Lemma 4.5. Lemma 4.5 is proved by decomposing the operators
using the projectors ξr and applying the estimates of Lemma 4.4 and Os-
eledets’ theorem. For any ε > 0,m ≤ n, and r ≥ p+ 1 :∥∥∥A−1(−m)ξr(Π−n −Π)∥∥∥ ≤ C(x, ω)e−mλr+mεen(λr−λp)+nε

≤ C(x, ω)e−nλp+(n−m)λp+1+(n+m)ε

and ∥∥(Π−n −Π)ξrA(−m)∥∥ ≤ C ′(x, ω)en(λp+1−λp)+nεemλr+mε

≤ C ′(x, ω)e+nλp+1+(m−n)λp+(m+n)ε.

For r ≤ p :∥∥∥A−1(−m)ξr(Π−n −Π)∥∥∥ ≤ C(x, ω)e−mλp+mεen(λp+1−λp)+nε

≤ C(x, ω)e−nλp+(n−m)λp+1+(n+m)ε

and ∥∥(Π−n −Π)ξrA(−m)∥∥ ≤ C ′(x, ω)en(λp+1−λr)+nεemλr+mε

≤ C ′(x,w)enλp+1+(m−n)λp+(m+n)ε

concluding the proof of Lemma 5. ✷

Note finally the following.
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Corollary 4.6. The second fundamental forms Rn(x, ω) of Sn(ω)(x+E)
at Sn(ω)(x) converge in law towards R.

Remark 4.7. We obtain the same result if we replace E by a p-dimensio-
nal submanifold of Rd tangent to x+ E at x.
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aléatoires indépendants. Ann I.H.P. 23. 111-120. (1987).

[13] Y. Le Jan. Asymptotic properties of isotropic Brownian flows. Spatial
Stochastic Processes (T. Harris Festschrift). Alexander K.S., Watkins
J.C. Editors. Birkhäuser (1991)
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Stochastic Analysis on
(Infinite-Dimensional) Product
Manifolds
Sergio Albeverio, Alexei Daletskii, and Yuri
Kondratiev

ABSTRACT We give a review of our results related to stochastic analysis
on product manifolds (infinite products of compact Riemannian manifolds).
We introduce differentiable structures on product manifolds and prove the
existence and uniqueness theorem for stochastic differential equations on
them. This result is applied to the construction of Glauber dynamics for
classical lattice models with compact spin spaces. We discuss the relations
between ergodicity of the dynamics and extremality of the corresponding
Gibbs measures. Further, we construct the associated stochastic dynamics
in the space of macroscopic fluctuations of our system.

1 Introduction

In this lecture we give a review of our results related to the stochastic anal-
ysis on the infinite product M of compact Riemannian manifolds (which
will be called the product manifold). The space M appears in connection
with the lattice models of classical statistical mechanics. Classical contin-
uous systems on the lattice Zd with a measurable spin space M can be
described as follows, see e.g. [G], [EFS]. To any point k ∈ Zd there corre-
sponds a spin variable xk ∈M so that the configuration space of the system
is given by the product spaceM :=MZd endowed with the natural measur-
able structure. Equilibrium states of the system are given by measures on
M. Usually such measures correspond to given interactions between parti-
cles and belongs to the class of so-called Gibbs measures. In the uniqueness
regime (that appears, e.g., at high temperature or small coupling in the
system) the corresponding Gibbs measure µ, has good mixing properties.
If, in addition, the interactions are invariant with respect to the lattice
shifts τkx = (xk+j)j∈Zd , x ∈M, k ∈ Zd, then µ is shift-invariant, too.
We consider the case where M is a compact Riemannian manifold. We

start with a discussion of the theory of stochastic differential equations
(SDE) on M (or in other words, the theory of infinite systems of SDE
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on compact manifolds) and its applications to the construction and study
of the stochastic dynamics associated with lattice models. The theory of
SDE on non-flat infinite dimensional spaces has quite a long history. Exis-
tence and uniqueness of solutions to SDE on Hilbert manifolds under Lips-
chitz conditions on the coefficients was announced in ’69 in [DaS]. SDE on
Hilbert manifolds of diffeomorphisms (describing stochastic flows of diffeo-
morphisms on finite dimensional manifolds) were considered in [E1], [E2].
A proof of an existence and uniqueness theorem in the case of Hilbert resp.
Banach manifolds was given in [Da] resp. [BD]. The latter work contains
a rather complete theory of SDE on Banach manifolds possessing so-called
Hilbert-Schmidt structures. In this work also the questions of smoothness of
the distributions and transition probabilities of solutions were considered.
Another approach to SDE on Banach manifolds, including the case of loop
manifolds, was proposed in [BE]. SDE with (left-) invariant coefficients on
path and loop groups were considered in [M], [F], where the question of
smoothness of distributions was discussed (for an alternative approach see
[Dr2]). A class of SDE on loop manifolds was considered in [Fu].
In contrast to the examples discussed before, the spaceM does not pos-

sess the structure of a smooth Banach manifold in the proper sense. Nev-
ertheless it is possible to introduce analogies of main geometrical objects
(tangent bundle, differentiable vector and operator fields, etc.) on it. In this
framework we construct solutions to the Cauchy problem for SDE on M.
Furthermore, we apply the developed theory to the construction of the

stochastic dynamics associated with Gibbs measures on M. In the case of
a linear single spin space such constructions can be covered via the general
theory of SDE on infinite dimensional linear spaces. This case has been
actively studied, see e.g. [AKR1] and the review given in [AKR3].
The case of a compact Riemannian manifold as a single spin space has re-

ceived great interest in recent years. The construction of Feller semigroups
is given in [SZ1], [SZ2]. L2- stochastic dynamics has been considered in
[AKR2]. These works also contain an overlook of previous results. For an
alternative approach see also [AA], [AAAK]. Most results in these papers
are devoted to interactions of finite range. Constructions of Glauber dy-
namics for some lattice models on compact Lie groups and their homoge-
neous spaces equipped with the invariant Riemannian structure resp. on
compact Riemannian manifolds, also in the case of interactions of infinite
range, were given in [ADK1], resp. [ADK2]. In these works, infinite systems
of SDE were studied via an embedding of the spin space into a Euclidean
space and application of the general theory of SDE in Hilbert spaces. An
invariant (with respect to the embedding) construction was proposed in
[ADK3].
In [AD] we consider SDE on infinite products of compact Lie groups

and prove quasi-invariance of distributions of their solutions. A conjecture
of quasi-invariance (with respect to a dense subgroup) of distributions of
solutions to SDE with (left-) invariant coefficients on a Hilbert-Lie group
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was formulated in [DaS]. This fact was proved later in different frameworks.
Differentiability of Brownian measure on the path and loop space of a com-
pact Lie group was proved in [AH-K] (see also [MM] for further study of
the properties of this measure). In [Dr1] this result was extended to the
case of the loop space over a compact manifold. In [BD] some results on
differentiability of distributions and transition probabilities of solutions to
SDE on a class of Banach manifolds are obtained. Quasi-invariance prop-
erties of heat kernel measures on a loop group were studied in [M], [Dr2],
[F].
In [ADKR1] the relations between L2−ergodicity of the stochastic dy-

namics, irreducibility of corresponding Dirichlet forms and extremality of
Gibbs measures were studied. It is well-known that the Gibbs measure
given by a fixed set of potentials U or, in other words, by a fixed loga-
rithmic derivative, is in general not unique. Such measures form a convex
set denoted by G(U). The main result of [ADKR1] is the characterization
of the extreme elements of G(U) in terms of ergodicity of the associated
stochastic dynamics. This fact was proved for Gibbs states of classical and
quantum lattice systems with flat spin spaces in [AKR4], and for some
models of Euclidean quantum field theory in [AKR5]. Similar results for
classical continuous systems were obtained in [AKR6]. Compactness of the
spin space in our case gives us the possibility to consider a quite gen-
eral class of potentials, more general than in the case of non-compact spin
spaces, including interactions of infinite range.
Let us also point out the works [Be1], [Be2], [BeSC] (see also references

therein), where some questions of potential analysis (properties of heat
semigroups, harmonic functions) on M were considered.
A construction of the stochastic dynamics associated with lattice models

is an important step towards the realization of the ”stochastic quantiza-
tion” program for these models. In other words, we would like to use this
dynamics for constructing and studying of the corresponding equilibrium
states. Many questions appearing there (like description of invariant mea-
sures for the stochastic dynamics and ergodic properties of this dynamics)
are very complicated in general. The existing results are related mostly
to particular specific models and situations (as e.g. high temperature re-
gion, small coupling constant), see e.g. the review in [AKR2], [AKR3]. In
particular, a more detailed description of the spectrum of the stochastic
dynamics generator in the high temperature region was obtained for some
relatively simple models in [KM], [KMZ].
Moreover, we discuss the corresponding stochastic dynamics in the space

of fluctuations of our system. Let f be a bounded local observable in the
system considered, i.e. a measurable function on M which depends on a
finite number of spin variables. For any finite Λ ⊂ Zd (a finite volume) we
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can introduce an averaged observable

aΛ(f) :=
1
|Λ|

∑
k∈Λ

τkf

Then the law of large numbers gives the convergence (in the thermodynamic
limit) aΛ(f) →< f >µ,Λ → Zd, where < · >µ means the expectation
w.r.t. the measure µ. This convergence can be considered as a ”zero order”
macroscopic limit for observables of the type described: here all observables
together are characterized by their mean values. A more delicate analysis
is connected with the consideration of fluctuations around the averaged
value. We define the fluctuation of f in the volume Λ as

bΛ(f) ≡ f̃Λ :=
1

|Λ| 12
∑
k∈Λ

(τkf− < f >µ).

Then the central limit theorem gives a Gaussian thermodynamic limit for
the individual fluctuation bΛ(f). Following [GVV] we will try to consider
rather ”collective” fluctuation limits. In other words, we are interested
in the study of ”first order” macroscopic limits for local observables that
means a consideration of all fluctuations at the same time. In this sense we
interpret this macroscopic limit as applied to the system itself.
In the case of the spin spaceM given by a finite set the first order macro-

scopic limit leads naturally to a joint realization of macroscopic fluctuations
on a Gaussian space properly constructed from the original Gibbs measure
[GVV]. Let us mention that the latter needs an a priori mixing property
of the system which should be separately verified in any concrete case.
The main subject of [GVV] was a construction of the stochastic dynamics

in the space of macroscopic fluctuations starting from a given microscopic
stochastic time evolution. The authors used essentially specific properties
of the generalized Glauber dynamics for finite valued spin systems. In the
present paper we would like to show, first of all, that the concept of first or-
der macroscopic limits is applicable to a much wider class of classical lattice
models together with a properly modified ”lifting” of the stochastic dynam-
ics from the microscopic to the macroscopic level. In this situation the space
of macroscopic fluctuations can also be interpreted as an L2−space w.r.t.
a (macroscopic) Gaussian measure.
Let us stress that the general approach to the fluctuation limit in classical

lattice systems we have discussed is applicable also to many other lattice
models, as e.g. classical unharmonic crystals [ADKR2]. Moreover, it can
be used also for the study of macroscopic limits for continuous particle
systems. This needs, of course, a proper modification of the definition for
local fluctuations, microscopic stochastic dynamics etc., see [AKR7]. But
the main (in some sense) ingredients of our approach are still valid: we
interpret the macroscopic limit as a transformation from a given model
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to an associated (via fluctuation limit) Gaussian system of macroscopic
fluctuations.
The present work is conceived as a review and introductory paper to

an area of investigation. Most propositions, lemmas and theorems are pre-
sented without detailed proofs, which can however be found in the refer-
ences we give.
The paper is related to the lecture given by the first author at a con-

ference in the honour of L. Arnold. As compared with this lecture, some
of the topics have been expanded and some new developments included.
By necessity, some other topics had to be omitted, including work on
stochastic Hamiltonian systems ([AK]), on invariant measures for diffusions
and jump processes ([ABR], [ARW]), on stochastic p.d.e.’s and quantum
fields ([AHR], [AGW]), on geometry of Poisson and Gibbs point processes
([AKR6], [AKR7]). For such topics we also refer the interested reader to
[A].
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2 Main geometrical structures and stochastic
calculus on product manifolds

2.1 Main notations
Let A, B be Banach spaces and H be a Hilbert space. We will use the
following general notations:
− 〈·, ·〉 − pairing of A and A′, A′ being the dual space;
− (·, ·)H − the scalar product in H;
− ‖·‖A − the norm in A;
− L(A,B) − the space of bounded linear operators A → B;
− L(A) ≡ L(A,A);
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− Ln(A,B) − the space of bounded n−linear operators A → B;
− HS(H,B) − the space of Hilbert-Schmidt operators H → B.
Let M be a compact connected N -dimensional manifold. Let us assume

that M is equipped with the Riemannian structure given by the operator
field G(x) : TxM → T ∗xM , (·, ·)TxM =< G(x)·, · >. We will use the notation
dXu for the derivative of the function u along the vector field X. The cor-
responding gradient associated with the Riemannian structure (·, ·) will be
denoted by ∇u. The distance on M which corresponds to this Riemannian
structure will be denoted by ρ.
Let us consider the integer lattice Zd, d ≥ 1, and define the space M,

which is an infinite product of manifolds Mk =M :

M ≡MZd := ×k∈ZdMk > x = (xk)k∈Zd .

M is endowed with the product topology. Given Λ ⊂ Zd

M >x �→ xΛ = (xk)k∈Λ ∈MΛ

denotes the natural projection of M onto MΛ.
Let Ω be the family of all finite subsets of Zd. We will denote by FCm(M)

the space of m−times continuously differentiable real-valued cylinder func-
tions on M,

FCm(M) := ∪Λ∈ΩCm(MΛ).

For such functions the symbols ∇k resp. ∆k will denote the gradient resp.
the Laplace-Beltrami operator with respect to the variable xk. We will use
the notation ∇u = (∇ku)k∈Zd .
We also define the space FCm(M→TM) ofm−times differentiable cylin-

der vector fields on M with both domain and range consisting of cylinder
elements:

FC∞(M→TM) >X = (Xk)k∈Λ, Λ ∈ Ω, Xk ∈ FCm(M→TMk).

Let us remark that for u ∈ FCm(M) we have ∇u ∈ FCm(M→TM). We
will use the notations

< X(x), Y (x) >x=
∑
k∈Zd

(Xk(x), Yk(x))TxkM , divX =
∑
k∈Zd

divkXk,

divk meaning the divergence with respect to xk.

Remark 2.1. The assumption that all Mk coincide (i.e. Mk is the k−th
copy of a fixed manifold M) is made just for simplicity. We can indeed
study by the same methods the case of different compact manifolds Mk.

2.2 Differentiable and metric structures. Tangent bundle
The space M has a Banach manifold structure with the Banach space
lb(Zd → RN ) of bounded sequences Y = (Yk)k∈Zd , Yk ∈ RN , equipped
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with the norm
‖Y ‖u := sup

k∈Zd
‖Yk‖RN ,

as the model. However, this norm being not smooth, one gets difficulties in
using this manifold structure for the purposes of stochastic analysis.
To overcome this difficulty, we introduce a Riemannian-like structure on

M. On a heuristic level, the tangent bundle TM is the Zd− power of TM :

TM = ×k∈ZdTMk, Mk =M, TxM = ×k∈ZdTxkMk.

In order to define a differentiable structure on M, it is natural to consider
some Hilbert sub-bundle of TM. Let l1 := l1(Zd → R1

+) be the space of
summable sequences p = (pk)k∈Zd of positive numbers. For a fixed p ∈ l1
let us define the space

Tp,x =

X ∈ TxM :
∑
k∈Zd

pk ‖Xk‖2 <∞
 ,

equipped with the natural scalar product

(X,Y )p,x =
∑
k∈Zd

pk(Xk, Yk)TxkM . (1)

Obviously the space Tp,x is isomorphic to the Hilbert space

Hp := l2,p(Zd → RN )

of sequences (Yk)k∈Zd , Yk ∈ RN , with the scalar product

(X,Y )p =
∑
k∈Zd

pk(Xk, Yk)RN .

The scalar product (X,Y )p,x in the spaces Tp,x will play the role of a
Riemannian-like structure for M. The space M equipped with this struc-
ture will be denoted by Mp. The bundle over Mp with fibres Tp,x will be
called the tangent bundle ofMp and denoted by TMp. The fibres Tp,x will
be denoted by TxMp.

We introduce also the space H ≡ l2(Zd → RN ) defined in the usual way
which corresponds to the case p ≡ 1, and the subbundle T of TMp with
fibres Tx ≡ T1,x ⊂ TxMp, which are isomorphic to H. Let us remark that
the embedding H ⊂ Hp (and therefore Tx ⊂ TxMp) is a Hilbert-Schmidt
operator for any p ∈ l1.

Remark 2.2. The space Hp cannot be considered as the model of Mp.
Indeed, let B(R) be the ball of radius R in l2,p(Zd → RN ) and b(r) be the
ball of radius r in RN . Then obviously for each fixed j ∈ Zd

B(R) ⊃ ×k∈Zdb(rk),
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where rj = 1√
pj
R and rk = 0, k �= j, and for any R there exists j such that

rj is so big that b(rj) can not in general be diffeomorphically mapped onto
a coordinate neighborhood in M.

We see that the bundle TMp is not the tangent bundle to Mp in the
proper sense. Nevertheless TMp gives us the possibility to define ana-
logues of various differentiable structures on Mp. Let us introduce the
notion of differentiability of sections of vector bundles over M, in par-
ticular of vector fields. Let f be a mapping M → M (resp. B → M resp.
M → B, where B is a Banach space). We assume that all partial deriva-
tives ∂

∂xk
fj(x) ∈ L(TxkMk, TxjMj), (resp. ∂

∂xfj(x) ∈ L(B, TxjMj) resp.
∂
∂xk

f(x) ∈ L(TxkMk,B)), k, j ∈ Zd, exist, and introduce the derivative
f ′(x) as the block-operator matrix:

f ′(x) :=
(

∂

∂xk
fj(x)

)
k,j∈Zd

(resp. f ′(x) :=
(
∂
∂xfj(x)

)
j∈Zd , resp. f

′(x) :=
(

∂
∂xk

f(x)
)
k∈Zd

). The deriva-

tive f (n) of order n can be introduced similarly.

Definition 2.3. We say that f is a differentiable mapping Mp → Mp

(resp. Mp → B resp. B →Mp), or p−differentiable, if

f ′(x) ∈ L(TxMp, TxMp)

(resp. f ′(x) ∈ L(TxMp,B) resp. f ′(x) ∈ L(B, TxMp)).

The space of p−differentiable mappings will be denoted by C1(Mp →
Mp) (resp. C1(Mp → B) resp. C1(B →Mp)).

Definition 2.4. We say that f is an n-times differentiable mapping Mp →
Mp (resp. Mp → B resp. B → Mp), or n−times p−differentiable, if f ∈
Cn−1(Mp →Mp) (resp. Cn−1(Mp → B) resp. Cn−1(B →Mp)) and

f (n)(x) ∈ Ln(TxMp, TxMp)

(resp. f (n)(x) ∈ Ln(TxMp,B) resp. f (n)(x) ∈ Ln(B, TxMp)).

The spaces of n-times p−differentiable mappings with the derivatives of
order k, k ≤ n, bounded in the corresponding Lk−norms uniformly in x,
will be denoted by Cn

b .

Remark 2.5. It is easy to see that the composition of two n-times p-dif-
ferentiable mappings is also an n-times p-differentiable mapping.

Let B→M be a Banach vector bundle overM. We introduce the notion
of p-differentiability of sections ξ :M→ B.
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Definition 2.6. We say that ξ ∈ C1(Mp → B) (or ξ : M → B is
p−differentiable) if all partial derivatives ∂

∂xk
ξ(x) ∈ L(TxkMk,Bx) exist,

and

ξ′(x) :=
(

∂

∂xk
ξ(x)

)
k∈Zd

∈ L(TxMp,Bx).

The spaces Cn(Mp → B), Cn
b (Mp → B) can be defined similarly.

In particular, a vector field X : M → TM is p−differentiable (X ∈
C1(Mp → TMp)) if X(x) ∈ TxMp and

X ′(x) ∈ L(TxMp).

Remark 2.7. It is easy to see that for any m∈N and each p∈ l1 we have

FCm(M) ⊂ Cm(Mp), FCm(M→TM) ⊂ Cm(Mp → TMp).

In the next section we will use certain operator fields over M. Let K
be some Hilbert space. We denote by HS(K, TMp) the vector bundle over
M with fibres HSx(K, TMp) := HS(K, TxMp). Consequently, we can con-
sider the spaces Cn

b (Mp → HS(K, TMp)) of differentiable sections of this
bundle.
The space Mp possesses the metric ρp associated in the standard way

with the scalar product (1) in the fibres of the tangent bundle TMp :

ρp(x, y)2 = inf
γ:γ(0)=0,γ(1)=1

∫ 1

0
(γ̇(t), γ̇(t))p,γ(t) dt, γ ∈ C1([0, 1]→Mp).

It is easy to see that

ρp(x, y)2 =
∑
k∈Zd

ρ(xk, yk)2pk.

The following statements (which are proven in [ADK3]) play an important
role in further considerations.

Lemma 2.8. The convergence in any Mp coincides with the component-
wise convergence.

Corollary 2.9. 1) The topology on Mp generated by the metric ρp coin-
cides with the product topology.
2) The metric space Mp is compact.
3) Any p−differentiable mapping is continuous.

Lemma 2.10. Let B be a Banach space and f ∈ C1b (Mp → B). Then f
satisfies Lipschitz condition

‖f(x)− f(y)‖B ≤ C ρp(x, y),

with C = sup
x∈M

‖f ′(x)‖L(TxMp,B) .

Lemma 2.11. Any vector field of the class C1b (Mp → TMp) has a global
integral flow on M.
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2.3 Classes of vector and operator fields
A natural way of constructing differentiable vector and operator fields over
Mp is the component-wise construction. Obviously any (formal) vector field
a :M→TM is given by its components aj :M→ TMj , aj(x) ∈ TxjMj .

Definition 2.12. We say that the vector field a :M→TM belongs to the
class V ectn(M) if each component aj is n−times differentiable and

∀x∈M sup
k∈Zd

‖ak(x)‖TxM <∞, (2)

sup
j∈Zd

∑
k∈Zd

∣∣∣∣∣∣∣∣∣∣∣∣ ∂

∂xk
aj

∣∣∣∣∣∣∣∣∣∣∣∣
1
<∞, (3)

...

sup
j∈Zd

sup
k1,... ,kn−1∈Zd

∑
k∈Zd

∣∣∣∣∣∣∣∣∣∣∣∣ ∂

∂xk

∂n−1

∂xk1 · · · ∂xkn−1

aj

∣∣∣∣∣∣∣∣∣∣∣∣
n

<∞,

where |||X|||l = supx∈M ‖X(x)‖l , and ‖·‖l means the corresponding norm
in the space of bounded operators Tx1M ⊗ ...⊗ TxlM → TxjM.

The following proposition is proven in [ADK3]. The proof is based on
the application of Schur’s test (see e.g. [H]) to the block-operator matrix
a′(x) (resp. a(k)(x), k ≤ n) (cf. [LR]).

Proposition 2.13. Let a ∈ V ectn(M). Then, for some weight sequence
p ∈ l1, we have a ∈ Cn

b (Mp → TMp).

Let us fix Euclidean space Rm and consider the space l2(Zd → Rm) in
the role of K in the definition of operator fields overM. Then any (formal)
operator field A is given by the infinite matrix (Aij)i,j∈Zd with elements
Aij(x) ∈ L(Rm, TxjM).

Definition 2.14. We say that the operator field A belongs to the class
Opnm(M), if each component Aij is n−times differentiable and

sup
j∈Zd

∑
i∈Zd

sup
x∈M

‖Aij(x)‖L(Rm,TxjM)
<∞,

sup
i,j∈Zd

∑
k∈Zd

∣∣∣∣∣∣∣∣∣∣∣∣ ∂

∂xk
Aij

∣∣∣∣∣∣∣∣∣∣∣∣
1
<∞,

...

sup
i,j∈Zd

sup
k1,... ,kn−1∈Zd

∑
k∈Zd

∣∣∣∣∣∣∣∣∣∣∣∣ ∂

∂xk

∂n−1

∂xk1 · · · ∂xkn−1

Aij

∣∣∣∣∣∣∣∣∣∣∣∣
n

<∞,

where |||X|||l = supx∈M ‖X(x)‖l , and ‖·‖l means the corresponding norm
in the space of bounded operators Tx1M ⊗ ...⊗TxlM → L(Rm, TxjM) (for
each j ∈ Zd).
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Remark 2.15. In what follows, the exact dimension m will not play any
role. We assume that it is fixed and omit the lower index m in the notation
of the class Opnm(M).

Proposition 2.16. ([ADK3]) Let A ∈ Opn(M). Then, for some weight
sequence p, we have A ∈ Cn

b (Mp → HS(l2(Zd → Rm),Mp)).

The proof is based on the same ideas as in the proof of Proposition 2.13.

Remark 2.17. Given a finite number of vector and operator fields of the
classes V ectn(M) and Opn(M) we can always choose the weight sequence
p such that they all are n−times p−differentiable.

2.4 Stochastic integrals
Our main goal is the study of stochastic processes onM which are solutions
of stochastic differential equations. We need first the notion of a stochastic
integral with values in M.
Let ξ(t), t ∈ [0,∞), be a Markov process with continuous paths in M,

A ∈ Cn
b (Mp → HS(K, TMp)) for some Hilbert space K, and let w(t)

be a cylindrical Wiener process associated with K, see e.g. [DaF]. For each
k ∈ Zd let us introduce the process ηk(t) inMk defined by the Stratonovich
stochastic integral

ηk(t) =
∫ t

0
Ak(ξ(s)) ◦ dw(s).

Let us now consider the process η(t) = (ηk(t))k∈Zd in M. We will use the
notation

η(t) = JA(ξ)(t) ≡
∫ t

0
A(ξ(s)) ◦ dw(s)

and call this process the Stratonovich stochastic integral with values inM.
Let us introduce the space S([0, T ]→M), T ∈ R+, of random functions

ξ(t, ω), t ∈ [0, T ], with values in M, equipped with the uniform metric

Rp(ξ, η) = sup
t

Eρp(ξ(t), η(t)),

where E denotes the expectation.

Theorem 2.18. ([ADK3]) If A ∈ C2b (Mp → HS(K, TMp)), the Stratono-
vich integral JA defines a continuous mapping of the space (S([0, T ] →
M), Rp) into itself; there exists m ∈ Z+ such that the m−composition power
(JA)m of JA is a contractive mapping of the space (S([0, T ]→M), Rp) into
itself.

The proof given in [ADK3] is based on the embedding of M into a Eu-
clidean space (which generates the embedding of M into a Hilbert space),
application of Lemma 2.10 and the theory of stochastic integrals in Hilbert
spaces (see e.g. [DaF]).
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2.5 Stochastic differential equations.
We consider the SDE

dξ(t) = a(ξ(t))dt+A(ξ(t)) ◦ dw(t) (4)

in the Stratonovich form on M.

Theorem 2.19. ([ADK3]) Let a ∈ C1b (Mp → TMp), A ∈ C2b (Mp →
HS(K, TMp)). Then the SDE (4) has a unique solution ξx(t) for any initial
data x ∈M.

The proof follows from Theorem 2.18 in a similar way as for the case of
SDE on Hilbert spaces, see e.g. [DaF].

Remark 2.20. Many properties of the process ξx(t) are similar to those of
the solutions of SDE on Banach spaces and finite dimensional manifolds.
In particular, ξ(t) is a Markov process with continuous paths. It generates
a Markov semigroup T in the space of continuous functions u on M by the
formula

Ttu(x) = E(u(ξx(t)),

where E denotes the expectation. The generator H of this semigroup defined
on the space FC2(M) has the form

Hu(x) = − 1
2Tr(A(x)

∗u′′(x)A(x))− < a(x) + cA(x),∇u(x) >,

cA(x) = 1
2 tr(A

′(x)A(x)). (5)

Remark 2.21. The tangent bundle TMp has also the structure of a com-
plete metric space with the distance defined by the 2-form

ωp,(x,X)((Y,Z), (Y ′, Z ′)) = (Y, Y ′)p,x + (Z,Z ′)p,x

on TTMp
∼= TMp × TMp. This gives us the possibility to consider SDE

on TMp similar to SDE on Mp. In particular, let X resp. B be a differ-
entiable operator field on Mp with values X(x) ∈ L(TxMp) resp. B(x) ∈
L(TxMp, HS(H, TxMp)). Let us consider the equation

dη(t) = X(ξ(t))η(t)dt+B(ξ(t))η(t) · dw(t) (6)

in the Ito form, where ξ satisfies (4). We remark that this equation is linear
on fibres of TMp. By similar arguments as above, this equation has a unique
solution η(t) ∈ Tξ(t)Mp for any initial data η(0) ∈ Tξ(0)Mp. Equations with
n−linear coefficients on TnMp can also be considered in a similar way.

It is well-known in the general theory of SDE that the derivatives of the
solutions with respect to initial values satisfy (at least heuristically) the
linear equation of the type (6) with coefficients given by the derivatives of
the coefficients of the initial equation. Therefore Remark 2.21 implies that
the following fact holds true.
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Proposition 2.22. If a∈C2b (Mp → TMp), A∈C3b (Mp → HS(K, TMp)),
then the solution ξx(t) of equation (4) is p−differentiable with respect to the
initial data x in the square mean sense and the following estimation holds
true for some C > 0:

E ‖ξ′x(t)‖L(TxMp,Tξx(t)Mp) ≤ e
t
2C .

Corollary 2.23. Assume that a ∈ Cn+1
b (Mp → TMp), A ∈ Cn+2

b (Mp →
HS(K, TMp)). Then the solution ξx(t) of equation (4) is n−times p−dif-
ferentiable with respect to the initial data x in square mean sense.

We can now formulate the main result of this section.

Theorem 2.24. ([ADK3]) Let a ∈ V ect1(M), A ∈ Op2(M). Then the
following assertions hold.
1) The equation (4) has a unique solution ξx(t) ∈ M for any initial data
x ∈M, and this solution generates a Markov process with continuous paths.
2) If a ∈ V ectn+1(M), A ∈ Opn+2(M), then, for some p ∈ l1, ξx(t) belongs
to the class Cn

b (Mp →Mp) as a function of x (in the square mean sense).

The result follows from Proposition 2.13 and 2.16, Remark 2.17, Theorem
2.19, Remark 2.20 and Corollary 2.23.

2.6 Stochastic differential equations on product groups.
Quasi-invariance of the distributions

In this section we discuss the case where M = G is a compact Lie group.
Let G be its Lie algebra. G is equipped with the invariant (w.r.t. group
translations) Riemannian structure generated by an invariant w.r.t. the
adjoint action Adg, g ∈ G, Euclidean scalar product in G, see e.g. [He]. We
denote by Lg : TG→ TG the operator of the left translation generated by
the group multiplication by the element g ∈ G from the left. We identify
the Lie algebra G with the space of left-invariant vector fields on G. If
f is a differentiable mapping of G into a Banach space B, its derivative
f ′(x), x ∈ G, will be identified with the linear operator ∂f(x) : G →B.

As before, we define the space G :=GZd . We introduce also the space
Γ = GZd defined in a similar way. The space G (resp. Γ) has the structure
of a group (resp. Lie algebra) defined k−wise. We will use without addi-
tional explanations notations Ad, L, etc. for objects defined k−wise, e.g.
(AdxX)k = Adxk Xk, k ∈ Zd, X ∈ Γ, x∈ G.
The space Γp ≡ l2,p(Zd → G) is a Lie subalgebra of Γ, and for any

q ≤ p Γq is a Lie subalgebra of Γp. Let us remark that for any weight
sequence p and any g ∈ G the operator Adg is a unitary operator in Γp.
Let us consider a system of SDE with left-invariant diffusion part in the

form of Stratonovich on G :

dξk(t) = Lξk(t)[ak(ξ(t))dt+ ◦dwk(t)], k ∈ Zd, (7)
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where wk are independent Wiener processes in G, and ak are given map-
pings G→ G. We will also use a vector form of the system (7):

dξ(t) = Lξ(t)[a(ξ(t))dt+ U ◦ dw(t)], (8)

where w is the cylindrical Wiener process associated with Γ1 = l2(Zd → G)
and U is the embedding operator Γ1 → Γp. We will assume the following:

(i) ∀x∈G sup
k∈Zd

‖ak(x)‖G <∞;

(ii) all ak are differentiable on eachGj (the corresponding partial derivative
will be denoted ∂jak), and

sup
k∈Zd

∑
j∈Zd

sup
x∈G

‖∂jak(x)‖L(G) <∞.

The conditions (i) , (ii) are equivalent to the conditions (2),(3) in this frame-
work. Therefore the vector field a belongs to the class V ect1(G), and the
analog of Theorem 2.24 holds.

Remark 2.25. Let us consider the process η(t) which solves the SDE

dξ(t) = Lξ(t)[b(ξ(t))dt+ U ◦ dw(t)], (9)

where b satisfies (i) , (ii) and α(x) ≡ a(x) − b(x) ∈ Γ1 for any x ∈ G.

Then the distributions µηt and µξt of the processes η resp. ξ are equivalent
and the corresponding density v is given by the formula (Girsanov formula)

v(x(·))≡ dµηt

dµξt
(x(·))=exp

{∫ t

0
(α(x(τ)), dw(τ))Γ1−

1
2

∫ t

0
‖α(x(τ))‖2Γ1

dτ

}
.
(10)

Remark 2.26. The drift coefficients a,b are allowed to depend on time t.

We will study the dependence of the distribution of the solutions to the
equation (8) on group translations. Let us fix p ∈ l1 and consider the chain
of Hilbert spaces

Γ
′
p ⊂ Γ1 ⊂ Γp

(′ meaning the dualization with respect to the scalar product of Γ1), with
Hilbert-Schmidt embeddings. Obviously Γ

′
p can be identified with the space

l2, 1p (Z
d → G) defined by the weight sequence 1

p := (
1
pk
).

Let us introduce the spaces C(R+ → G) resp. C10 (R+ → Gp) of continu-
ous mappings y : R+ → G resp. differentiable mappings g : R+ → Gp such
that Lg(t)−1

.
g (t) ∈ Γ′p (

.
g denotes the derivative of g), t ∈ R+, g(0) = e

(group unit). The process η(t) = g(t) · ξ(t) satisfies equation (9) with
b(x, t) = a(g(t) · x) +AdxX(t), X(t) = Lg(t)−1

.
g (t).
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This formula is well-known in the case of finite dimensional Lie groups
[AH-K], [MM] and some Banach Lie groups [BD] and is a simple corollary
of the Ito formula. In our case it is enough to apply the Ito formula to each
component ηk of the process η. Let us set

αg(x, t) :=
∫ t

0
a′(g(τ) · x)AdxX(τ)dτ +AdxX(t)

Theorem 2.27. ([AD]) Let a satisfy the conditions (i) , (ii) and the sym-
metry condition

(iii) ∂jak = ∂kaj , k, j ∈ Zd.

Then αg(x, t) ∈ Γ1, and the distribution µξt is quasi-invariant with respect
to transformations of the space C(R+ → Gp) generated by left translations
by elements g(·) ∈ C10 (R+ → Gp), with the density given by the formula

dµξt (g(·) · x(·))
dµξt (x(·))

= exp
{∫ t

0
(αg(x(τ)), dw(τ))Γ1 −

1
2

∫ t

0
‖αg(x(τ))‖2Γ1

dτ

}
.

The proof is based on the application of Girsanov formula (10). The
condition (iii) (together with (i) and (ii)) gives us the possibility to control
the additional drift αg(x, t).

Remark 2.28. Similar arguments show that the distribution µξt is quasi-
invariant also with respect to right translations on elements of C10 (R+ →
Gp).

3 Stochastic dynamics for lattice models associated
with Gibbs measures on product manifolds

3.1 Gibbs measures on product manifolds
Let us recall the definition of a Gibbs measure on the Borel σ−algebra
B(M).
Let us consider a family of potentials U = (UΛ)Λ∈Ω, UΛ ∈ C(MΛ). Let

Ω(k) be the family of all sets Λ ∈ Ω containing the point k ∈ Zd. We will
assume the following:

(U1)
∑

Λ∈Ω(k)
sup
x∈M

|UΛ(x)| <∞ (11)

for any k ∈ Zd. For any Λ ∈ Ω we introduce the energy of the interaction
in the volume Λ with fixed boundary condition ξ ∈M as

VΛ(xΛ|ξ) =
∑

Λ′∩Λ !=∅
UΛ′ (y),
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where y = (xΛ, ξΛc ) ∈M, Λc = Zd\Λ. We define the corresponding Gibbs
measure in the volume Λ with boundary condition ξ as the measure on
BΛ := B(MΛ)

dµΛ(xΛ|ξ) = 1
ZΛ(ξ)

e−VΛ(xΛ|ξ)dxΛ,

where dxΛ = ⊗k∈Λdxk is the product of the Riemannian volume measures
dxk on Mk and

ZΛ(ξ) =
∫
MΛ

e−VΛ(xΛ|ξ)dxΛ.

These measures are well-defined for any finite volume Λ and all boundary
conditions ξ ∈M.
For any f ∈ FC(M) we put

(EΛf)(ξ) =
∫

f(xΛ, ξΛc )dµΛ(xΛ|ξ).

Definition 3.1. A probability measure µ on B(M) is called a Gibbs mea-
sure (for a given U) if ∫

EΛ f dµ =
∫

f dµ (12)

for each Λ ∈ Ω and any f ∈ FC(M).

Remark 3.2. Condition (12) is equivalent to the assumption that µΛ(·|ξ)
is the conditional measure associated with µ under the condition ξΛc .

Remark 3.3. Heuristically µ can be given by the expression

dµ(x) =
1
Z
e−E(x)dx, E(x) =

∑
Λ∈Ω

UΛ(x),

where dx = ⊗kdxk is the product of the Riemannian volume measures on
Mk.

Let G(U) be the family of all such Gibbs measures. G(U) is non-empty
under the condition (11), see e.g. [G], [EFS].

Definition 3.4. A measure ν on M is called differentiable if the following
integration by parts formula holds true: for any u ∈ FC1(M), and any
vector field X ∈ FC∞(M→TM)∫

< ∇u(x), X(x) >x dν(x) = −
∫

βνXu(x) dν(x),

with some βνX ∈ L2(M, ν). βνX is called the logarithmic derivative of ν in
the direction X.
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Let us now assume that the family of potentials U satisfies (in addition
to (U1) the following condition:

(U2) UΛ ∈ C1(MΛ) for each Λ, and

sup
k∈Zd

∑
Λ∈Ω

|||∇kUΛ|||TM <∞,

where |||∇kUΛ|||TM := supx∈M ‖∇kUΛ(x)‖TxkM .
The next statement shows that any Gibbs measure ν ∈ G(U) can be

completely characterized by its logarithmic derivative. This was proved
first in the special situation of path measures in [RZ]. The case of compact
spins with finite range of interactions was considered in [AAAK].

Theorem 3.5. ([ADKR1]) The following conditions are equivalent:
(i) the measure ν belongs to the class G(U);
(ii) the measure ν is differentiable; its logarithmic derivative is given by

βνX(x) =
∑
k∈Zd

((βk(x), Xk(x))TxkM + divXk(x)),

where βk(x) = −∇kVk(x), Vk(x) =
∑
Λ∈Λ(k) UΛ(x).

We will call β = (βk) the (vector) logarithmic derivative of µ.

3.2 Stochastic dynamics
Let us fix some µ ∈ G(U). For u, v ∈ FC2(M) we define the classical
pre-Dirichlet form Eµ associated with µ :

Eµ(u, v) = 1
2

∫ ∑
k

(∇ku(x),∇kv(x))TxkM dµ(x).

Obviously it has a generatorHµ acting in L2(M, µ) on the domain FC2(M)
as

Hµu(x) = −1
2

∑
k

∆ku(x)− 1
2

∑
k

(βk(x),∇ku(x))TxkM .

Our goal is to construct a Markov process on M such that its generator
coincides with Hµ on FC2(M). Such a process is called sometimes the
stochastic dynamics associated with µ. One possibility to proceed in con-
structing the stochastic dynamics is given by the theory of Dirichlet forms.
Indeed, the pre-Dirichlet form Eµ is closable. Its closure defines the classi-
cal Dirichlet form given by µ (which will be denoted also by Eµ, for this
concept see e.g. [AR]). We can consider the semigroup associated with its
generator and construct the corresponding process as described in [AR].
Another approach (which gives in our case better control on properties

of the stochastic dynamics) is based on the SDE theory. In the case where
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the relevant SDE has ”nice coefficients” this can be solved and the so
constructed process (sometimes called ”Glauber dynamics”) coincides (in
the sense of having the same transition semigroup) with the stochastic
dynamics process. Let us describe this approach in our framework.
Let B be a C2 operator field on M , B(x) ∈ L(Rm, TxM), such that

G−1(x) = B(x)B∗(x), (13)

where G is the metric tensor of M . Let us remark that for each metric
G the operator field B satisfying (13) exists for some m (see e.g. [E1]).
Let us now define the vector field a : M→TM resp. operator field B :
M→HS(H, TMp) (with H = l2(Zd → Rm)) setting

TxkM > ak(x) = βk(x)− cB(xk),

with cB defined in (5),

L(RN
j , TxkM) > Bkj(x) = B(xk), k = j, Bkj(x) = 0, k �= j.

Let us suppose that the family of potentials U satisfies the following addi-
tional condition:

(U3) UΛ ∈ C2(Λ) for each Λ, and

sup
k∈Zd

∑
j∈Zd

∑
Λ∈Ω

|||∇j∇kUΛ|||TM⊗TM <∞,

where |||∇j∇kUΛ|||TM⊗TM := supx∈M ||∇j∇kUΛ(x)||TxjM⊗TxkM .

Remark 3.6. In the case of interactions of finite range the conditions
(U1), (U2) and (U3) are obviously fulfilled.

Proposition 3.7. ([ADK3]) Under the conditions (U1), (U2), (U3)

a ∈ V ect1(M), B ∈ Op2(M).

The next result follows from Theorem 2.24.

Theorem 3.8. ([ADK3]) There exists a unique Markov process ξx with
values in M such that the associated semigroup Ttu(x) = E(u(ξx(t))) acts in
the space C(M) of continuous functions on M and its generator coincides
with Hµ on FC2(M). This process satisfies the SDE

dξ(t) =
1
2
a(ξ(t))dt+B(ξ(t)) ◦ dw(t),

where w is the cylindrical Wiener process associated with H.



Stochastic Analysis on (Infinite-Dimensional) Product Manifolds 357

Remark 3.9. It is easy to put conditions on the derivatives up to order Q
of the functions UA which ensure the invariance of the classes Cq(Mp), q ≤
Q−2, with respect to the semigroup T , for some weight sequence p ∈ l1. In
the case Q = 4 this yields that the operator Hµ is essentially self-adjoint
on C2(Mp) (and even on FC2(M), as seen as in [AKR1]).

Using the approximation argument, the essential self-adjointness of the
operator Hµ can also be proved only assuming (U1), (U2), (U3).

Theorem 3.10. For any family U of potentials which satisfies the assump-
tions (U1), (U2), (U3), and any Gibbs measure µ ∈ G(U) the pre-Dirichlet
operator Hµ defined on FC2(Mp) is an essentially self-adjoint operator in
L2(M, µ).

The proof follows essentially the scheme of [AKR1], [AKR2] and is based
on the parabolic criterion of essential self-adjointness [BK]. We approxi-
mate the potentials UΛ by smooth functions and prove the convergence of
the associated semigroups (see [ADKR1] for a purely analytic proof and
[ADK3] for a probabilistic proof).

3.3 Ergodicity of the dynamics and extremality of Gibbs
measures

Let us recall that G(U) is a convex set [G]. Denote by Gext(U) the set
of extreme elements of G(U). That is, µ ∈ Gext(U) iff the equality µ =
τµ1 + (1− τ)µ2, µ1, µ2 ∈ G(U) implies τ = 0 or τ = 1.
Let µ ∈ G(U) be fixed. We introduce also the set Gµ(U) of elements of

G(U) which are absolutely continuous with respect to µ.
Let us recall that a Dirichlet form E is called irreducible if E(u, u) = 0

implies u = 0. We also recall the following known result characterizing the
irreducibility of Eµ.
Proposition 3.11. The following assertions are equivalent:
(i) Eµ is irreducible;
(ii) the semigroup Tt is irreducible, i.e. if G ∈ L2(M, µ) such that

Tt(GF ) = GTt(F )

for all bounded measurable F and any t > 0, then G = const;
(iii) if G ∈ L2(M, µ) such that Tt(G) = G for any t > 0, then G = const;
(iv) the semigroup Tt is ergodic, i.e.∫ (

TtF −
∫

Fdµ

)2
dµ→ 0, t→∞,

for all F ∈ L2(M, µ);
(v) if F ∈ D(Hµ) and HµF = 0, then F = const (”uniqueness of ground
state”).
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The proof is completely analogous to the one of [AKR4].
We can now formulate the main result of this section.

Theorem 3.12. ([ADKR1]) Let µ ∈ G(U), where the family of potentials
U satisfies the conditions (U1), (U2), (U3). Then the following assertions
are equivalent:
(i) µ ∈ Gext(U);
(ii) Gµ(U) = {µ};
(iii) the form Eµ is irreducible.

In order to obtain the proof of the theorem, we introduce a more general
framework (in which the proof will be simpler).
Let µ be a differentiable measure onM. For anyX ∈ FC∞(M→TM) we

fix a µ−version βµX of its logarithmic derivative. The set of all differentiable
measures ν onM such that for any X ∈ FC∞(M→TM) we have βνX = βµX
µ- a.e. will be denoted by Gβµ . We introduce also the set Gβµac ⊂ Gβµ of
elements of Gβµ which are absolutely continuous with respect to µ with
bounded densities and the set Gβµext ⊂ Gβµ of extreme elements of Gβµ .
We define the divergence divµX ∈ L2(M, µ) of the vector field

X ∈ FC∞(M→TM) by divµX := βµX +divX. Then we have the integra-
tion by parts formula:∫

< ∇u(x), X(x) > dµ(x) = −
∫

u(x)divµX(x)dµ(x), u ∈ FC1(M).

Let us introduce the operator

(dµ, D(dµ)) : L2(M, µ)→ L2(M→TM, µ),

where L2(M→TM, µ) is the completion of FC∞(M→TM) in the norm∫
< X,X > dµ, as the adjoint of (divµ,FC∞(M→TM)). By definition,

u ∈ L2(M,µ) belongs to D(dµ) iff there exists Vu ∈ L2(M→TM, µ) such
that ∫

< Vu(x), X(x) > dµ(x) = −
∫

u(x)divµX(x)dµ(x)

for all X ∈ FC∞(M→TM). Then dµu = Vu.
Let us also define the positive symmetric bilinear form

Emaxµ (u, v) =
∫

< dµu(x), dµv(x) > dµ(x)

with domain of definition D(dµ). The form Emaxµ is an extension of the form
Eµand in general needs not be a Dirichlet form.
The following theorem reflects a quite general fact. For example, an anal-

ogous result has been proved for continuous systems in [AKR5]. The proof
given in [ADKR1] is an adaptation of the latter.
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Theorem 3.13. The following assertions are equivalent:
(i) µ ∈ Gβµext;
(ii) Gβµac = {µ};
(iii) Emaxµ (u, u) = 0 implies that u = 0 for any bounded u ∈ D(dµ).

Let us now consider the case where µ ∈ G(U).We assume that the family
of potentials U satisfy conditions (U1), (U2), (U3). Because of the essential
self-adjointness of the generator Hµ, we have in this case

Eµ= Emaxµ .

Since Emaxµ is now a Dirichlet form, condition (iii) of Theorem 3.13 implies
its irreducibility (see [AKR5, Lemma 6.1]).
The assertions of Theorem 3.12 follow now directly from Theorem 3.13.

4 Stochastic dynamics in fluctuation space

4.1 Mixing properties and space of fluctuations
In the rest of the paper we discuss the case where the conditions of Do-
brushin’s uniqueness theorem (see e.g. [G]) are satisfied. There are many
known concrete versions of sufficient conditions for this in terms of the
interaction U . For simplicity in what follows we shall consider only inter-
actions of a finite range. That is, UΛ = 0 for Λ such that |Λ| > R for some
fixed R > 0. In this case, there are well-known conditions on potentials
which ensure the uniqueness of the Gibbs measure µ ∈ G(U) for fixed U
and certain decay of correlations for it, see e.g. [Fö], [G], [S]. We will refer
to these uniqueness conditions as to (UC).
Let us introduce the following characteristic of dependence between two

σ−algebras B1,B2 ⊂ B(M) (for a given measure µ):

ϕ(B1,B2) = sup
A∈B1,B∈B2,µ(B)>0

∣∣∣∣µ(A ∩B)
µ(B)

− µ(A)
∣∣∣∣

(uniform mixing coefficient).

Proposition 4.1. Under (UC) we have:
1) the set G(U) consists only of one point;
2) for every Λ1,Λ2 ∈ Ω

ϕ(BΛ1 ,BΛ2) ≤ C(|Λ1|+ |Λ2|)e−α dist(Λ1,Λ2), (14)

for some constants 0 < α,C <∞, where dist(Λ1,Λ2) := min
k∈Λ1,n∈Λ2

‖k − n‖Rd

and |Λ1| is the cardinality of Λ1;
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3) for any bounded f, g measurable w.r.t. the σ−algebra BΛ1 resp. BΛ2 we
have∣∣∣∣∫ f g dµ−∫

f dµ

∫
g dµ

∣∣∣∣ ≤ 1
2
C(|Λ1|+ |Λ2|)δ(f)δ(g)e−α dist(Λ1,Λ2),

(15)

where δ(f) := supx∈R f(x)− infx∈R f(x).

For a proof of the uniform mixing condition (14) in the framework of
Dobrushin’s uniqueness theorem see [G] (and the bibliographical remarks
given therein). The exponential decay of correlations (15) follows immedi-
ately from (14), see e.g. [G]. The latter condition was proved directly in
[Fö], [Kü].
For any Λ ∈ B(Zd) we consider the space L2Λ(µ) := L2(BΛ, µ) of BΛ−

measurable square integrable functions. We introduce the space

Lµ := ∪Λ∈FL2Λ(µ)

For each f ∈ Lµ and any Λ ∈ Ω we define the local fluctuation f̃Λ in the
volume Λ as

f̃Λ =
1

|Λ| 12
∑
k∈Λ

(
τkf −

∫
f dµ

)
.

where τkf(x) := f(τkx), τk(xm)m∈Zd = (xm+k)m∈Zd . Let us remark that
the measure µ is translation-invariant in the sense that for any k ∈ Zd∫

τkf dµ =
∫

f dµ. (16)

Our first aim is to investigate the behavior of the fluctuations as Λ→ Zd.
For any n ∈ Z+ we introduce the cube

Λn :=
{
m = (m(1), ...,m(d)) ∈ Zd : max

α=1,...,d

∣∣∣m(α)
∣∣∣ ≤ n

}
.

We use the notations f̃n := f̃Λn , Λ
k
n := Λn + k ≡ {

m ∈ Zd : m− k ∈ Λn
}
,

k ∈ Zd.
Proposition 4.1 implies that the stationary random field τkf, where f ∈

Lµ, satisfies the uniform mixing condition in the sense of [N], and the
application of [N, Th. 7.2.2] shows that the following central limit theorem
holds.

Theorem 4.2. 1) For all f, g ∈ Lµ we have:

∑
k∈Zd

∣∣∣∣∫ f τkg dµ−
∫

f dµ

∫
g dµ

∣∣∣∣ <∞; (17)
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2) for any f ∈ Lµ the random variable f̃n converges in distribution as
n→∞ to the Gaussian random variable with the covariance < f, f >µ and
zero mean, where the positive definite bilinear form < f, g >µ, f, g ∈ Lµ, is
defined by the expression

< f, g >µ:=
∑
k∈Zd

[∫
f · τkg dµ−

∫
f dµ ·

∫
g dµ

]
.

Remark 4.3. Theorem 4.2 implies that

lim
n→∞

∫
eitf̃n dµ = e−

t2
2 <f,f>µ , t ∈ R1.

Moreover, for each N ∈ Z+, all F ∈ Cb(RN ) and any f (1), ..., f (N) ∈ Lµ
we have

lim
n→∞

∫
F (f̃ (1)n , ..., f̃

(N)
n ) dµ=

∫
F (x1, ..., xN )dη(f(1),...,f(N))(x1, ..., xN ),

(18)

where dη(f(1),...,f(N)) is the Gaussian measure on RN defined by the char-
acteristic functional∫

eit1x1 · ... · eitNxNdη(f(1),...,f(N))(x1, ..., xN ) =

= e−
1
2<t1f

(1)+...+tNf(N),t1f
(1)+...+tNf(N)>µ .

Let us introduce a Hilbert space Kµ obtained by the completion of the
space Lµ with respect to the form < ·, · >µ and the factorization with
respect to its kernel. The scalar product in Kµ will be denoted also by
< ·, · >µ . Given f ∈ Lµ we denote by f̂ the corresponding element of Kµ.
Remark 4.4. The form < ·, · >µ on Lµ is always degenerate. Really, for
any f, g ∈ Lµ and each k ∈ Zd

< f − τkf, g >µ= 0

because of (16). This implies that all τkf, k ∈ Zd, belong to the same equiv-
alence class f̂ .

The following lemma (which can be proved by a direct calculation) shows
how the scalar product < f, g >µ, f, g ∈ Lµ, can be expressed in terms of
the scalar product of fluctuations of observables f and g in L2(µ).

Lemma 4.5. For any f, g ∈ Lµ we have:

< f, g >µ:= lim
n→∞

∫
f̃
n
g̃
n
dµ.
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Let us consider a nuclear space N densely topologically embedded in Kµ
and introduce the triple of spaces

N ⊂ Kµ ⊂ N ′,

N ′ being the dual space to N w.r.t. Kµ.
We introduce the canonical Gaussian measure ηµ on N ′ associated with

the scalar product < ·, · >µ . This measure is defined by the characteristic
functional ∫

ei<φ,x>µdηµ(x) ≡ e−
1
2<φ,φ>µ , x ∈ N ′, φ ∈ N

(see e.g. [BK], [DaF]). Any element φ of N defines the continuous linear
functional < φ, · >µ on N ′. Let h ∈ Kµ be approximated by the sequence
(φn) of elements of N . Then the sequence of functionals < φn, · >µ con-
verges in L2(ηµ). Its limit defines a measurable linear functional on N ′,
which does not depend on the choice of the approximating sequence (φn)
and will be denoted by < h, · >µ:

< h, · >µ:= lim
n→∞ < φ, · >µ,

(see e.g. [BK], [DaF]).
We can now define a mapping lµ : Lµ → L2(ηµ) as

Lµ > f �→ lµ(f) :=< f̂, · >µ∈ L2(ηµ).

As a consequence of formula (17) we have that

lim
n→∞

∫
eif̃n dµ =

∫
eilµ(f)dηµ.

Moreover, formula (18) implies that for each N ∈ Z+, all F ∈ Cb(RN ) and
any f (1), ..., f (N) ∈ Lµ we have

lim
n→∞

∫
F (f̃ (1)n , ..., f̃

(N)
n ) dµ =

∫
F (lµ(f (1)), ..., lµ(f (N)))dηµ.

We will call L2(ηµ) the space of macroscopic fluctuations, see e.g. [GVV].

4.2 Dynamics in fluctuation spaces
The aim of this section is to transport the stochastic dynamics associated
with the Gibbs measure µ (microscopic dynamics) to the space of macro-
scopic fluctuations.
First we define the operator Ĥµ in the space Kµ setting

Ĥµf̂ := Ĥµf, f ∈ FC2b(M).
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One can check directly that Ĥµ is a symmetric nonnegative operator on
Kµ.
Our next goal is to transport the generatorHµ of the microscopic stochas-

tic dynamics to the macroscopic fluctuation space L2 (ηµ) . We introduce
the space FCmb (N ′),m ∈ Z+, of m−times continuously differentiable cylin-
der (finitely based) bounded functions on N ′. That is,

F ∈ FCmb (N ′)
C

∃ n ∈ Z+, gF ∈ Cm
b (R

n), e1, ..., en ∈ N
s.t.

F (x) = gF (< e1, x >µ, ...., < en, x >µ), x ∈ N ′.

For any F ∈ FC1b(N ′) the gradient ∇KµF (x) = F ′(x), defined by the
equality

< ∇KµF (x), h >µ=
∂

∂t
F (x+ th)Dt=0, h ∈ N ′, t ∈ R1,

exists, and

∇KµF (x) =
n∑
k=1

∂

∂yk
gF (< e1, x >µ, ...., < en, x >µ)ek,

∂
∂yk

gF , k = 1, ..., n, meaning the partial derivatives of gF . Obviously
∇KµF (x) ∈ N .
We identify the second derivative F ′′(x) with the operator F ′′(x) : N ′→

N s.t.

< F ′′(x)h1, h2 >µ=< ∇Kµ < ∇KµF (x), h1 >µ, h2 >µ, h1, h2 ∈ N ′.

Let us denote by Aµ the Frederichs extension (see e.g. [RS]) of the op-
erator Ĥµ. In what follows, we choose N being a domain of essential self-
adjointness of Aµ and such that both Aµ and e−tAµ , t ≥ 0 leave N invariant
and act on N continuously (which is always possible, see [BK, Ch. 4, Th.
1.2 and Ex. 1.1] ). We can now define the classical pre-Dirichlet form Eηµ,Aµ
associated with the measure ηµ and the coefficient operator Aµ given on
the space FC2b(N ′) by the formula

Eηµ,Aµ(u, v) =
∫

< ∇Kµu(x), Aµ∇Kµv(x) >µ dηµ(x).

This form is associated with the operator Hηµ,Aµ in L2 (ηµ) given on
FC2b(N ′) by the expression

Hηµ,Aµu(x) = −Tr (Aµu′′(x))+ < x,Aµ∇Kµu(x) >µ
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in the sense that

Eηµ,Aµ(u, v) =
∫

Hηµ,Aµu(x) · v(x) dηµ(x),

see [BK, Ch. 6].
Let us remark that the space L2(ηµ) is isomorphic to the Fock space

Exp(Kµ) associated with Kµ. In this framework the operator Hηµ,Aµ co-
incides with the second quantization dΓ(Aµ) of the operator Aµ, see e.g.
[BK, Ch. 6].
The following theorem shows the relation existing between the operators

Hηµ,Aµ and Hµ.

Theorem 4.6. For each N ∈Z+, all F,G ∈ C1b (R
N ) and any f (1), ..., f (N),

g(1), ..., g(N) ∈ Lµ we have

lim
n→∞

∫
F (f̃ (1)n , ..., f̃

(N)
n )HµG(g̃

(1)
n , ..., g̃

(N)
n ) dµ

=
∫

F (lµ
(
f (1)

)
, ..., lµ(f (N)))Hηµ,AµG(lµ(g

(1)), ..., lµ(g(N)))dηµ.

The proof uses the definition of operators Hµ and Hηµ,Aµ on cylinder
functions and is quite technical. It is completely similar to the proof of the
analogues statement given in a different framework in [ADKR2].
It is well-known ([BK, Ch. 4, Th. 1.2 and Ex. 1.1]) that the operator

Hηµ,Aµ is essentially self-adjoint on FC2b(N ′). It generates an infinite di-
mensional Ornstein-Uhlenbeck semigroup

Tµt := exp(−tHηµ,Aµ), t ≥ 0,

in L2(ηµ). This semigroup defines the stochastic dynamics in the space
of macroscopic fluctuations. The following formula (which is proved for
general Ornstein-Uhlenbeck semigroups in [BK, Ch. 6 , Th. 1.1]) gives
a direct expression for this dynamics in terms of the semigroup θµt :=
exp (−tAµ) in Kµ:

Tµt exp {ilµ (f)} = exp
{
ilµ

(
θµt f̂

)
− 1
2
< f̂, (1− θµ2t) f̂ >µ

}
,

f ∈ Lµ. Let us remark that the semigroup Tµt defines the (generalized)
Ornstein-Uhlenbeck process on the space N ′, see [BK, Ch. 6, Sect. 1.5].
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over loop groups, Prépubl. Lab. de Topologie, Univ. de Bour-
gogne, n◦130 (1997).
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Evolutionary Dynamics in
Random Environments
Lloyd Demetrius and Volker Matthias
Gundlach

ABSTRACT This article exploits a thermodynamic formalism and the
mathematics of diffusion processes to investigate the evolutionary stability
of structured populations, that is the invulnerability of the populations to
invasion by rare mutants. Growth in structured populations is described
in terms of random dynamical systems, and random transfer operators
are used to obtain and characterize the steady state in terms of a set of
macroscopic parameters. We analyze the extinction dynamics of interact-
ing populations via coupled diffusion equations and show that evolutionary
stability is characterized by the extremal states of entropy.

1 Introduction

Stochastic analysis and ergodic theory represent powerful formalisms in the
study of mathematical models of physical processes. Two important exam-
ples are the multiplicative ergodic theory which characterizes the asymp-
totic behaviour of stochastic flows and diffeomorphisms, see for example [2],
and the thermodynamic formalism which characterizes the equilibrium be-
haviour of systems consisting of a large number of subunits, see for example
Ruelle [22]. This article coordinates these different mathematical structures
to investigate a general problem in population dynamics: a characterization
of the evolutionary stability of a population in a random environment, that
is, the invulnerability of the population to invasion by a population of rare
mutants. We show that evolutionarily stable populations are characterized
by the extremal states of (fibre) entropy - a notion which has its origin in
the ergodic theory of dynamical systems.
The mathematical analysis that underlies our model unfolds at two lev-

els; the first integrates ergodic theory of random dynamical systems and
the thermodynamic formalism (as developed by Gundlach [14] and Khanin
and Kifer [17]) by means of a variational principle. The second forges a
connection between ergodic theory and stochastic analysis to study the
stochastic dynamics of absorbing states in diffusion processes.
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Ergodic theory is invoked to characterize the asymptotic behaviour of
a population represented as a random dynamical system. The individuals
in the population are grouped in classes according to certain behavioural
or physiological characteristics - age, size, etc. - and the state of popula-
tion is described by the number of individuals in each class. The random
dynamical system describes changes in the distribution of individuals due
to a random birth and death process. This model is introduced in Sec-
tion 2 which also supplies the basic notions and notations for this article as
well as an outline of our investigations. The thermodynamic formalism is
exploited to analyze the steady state of the population - defined by the con-
dition where the distribution of individuals in the different classes remains
invariant. In this formalism the state of the population is described by a
probability measure on a new phase space, the space of genealogies. This
development is given in Section 3. In this analysis, we appeal to Arnold,
Demetrius and Gundlach [1] where the connection between the asymptotic
behaviour of random dynamical systems, defined on the phase space of
class distributions, and the stationary properties of a random shift system,
defined on the phase space of genealogies, was first elucidated in terms
of a model in which populations are structured by age. Section 4 exploits
the thermodynamic formalism to develop a perturbation theory which is
applied to distinguish between incumbent and mutant populations, whose
interaction is central to our study.
The connection between ergodic theory and stochastic analysis which

constitutes the second aspect of our analysis, is developed to study the
dynamics of a diffusion equation which models the extinction properties of
an incumbent population in competition with a mutant population. This
aspect is developed in Section 5 by appealing to certain ergodicity assump-
tions which allow us to invoke a central limit theorem. The condition for
the evolutionary stability of the population is a consequence of the analysis
of diffusion equations with slightly different coefficients, related by pertur-
bations in the ergodic theoretical model.
Let us remark that the success of our connection between the diffusion

and the ergodic-theoretical model rests on an implicit assumption of differ-
ent time scales which allows to assume that both the incumbent and the
mutant population have reached their respective steady states when the
invasion-extinction dynamics described by the diffusion model becomes rel-
evant. This assumption is supported by simulations for a nonlinear model
(see Possehl [20]), where the equilibrium state for the population dynamics
is reached very fast, while the evolutionary process is much longer and does
not seem to be influenced by any transient population dynamics.
The principle that evolutionary stable states are characterized by ex-

tremal states of entropy has significant implications for evolution theory.
Classical models of population dynamics have studied the problem of evolu-
tionary stability by assuming that the incumbent population is sufficiently
large so that fluctuations in population numbers can be neglected. When
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this condition holds, it is well known that the population growth rate com-
pletely determines the condition for invasion and extinction of new types
and evolutionary stability is described by the principle of the maximiza-
tion of growth rate (see for example Casswell [5], Charlesworth [6] or Tul-
japurkar [23]). The models introduced in this paper impose no constraints
on population size - hence fluctuations must be considered. In this context,
stability is now characterized by the extremal states of entropy - a principle
which holds in both deterministic and random environment.
We should remark that the notion of evolutionary entropy, with its ori-

gin in ergodic theory, was originally introduced in Demetrius [8] to describe
the dynamics of populations evolving in constant environments. The sig-
nificance of random environments for the mathematical development of the
models was underscored in several discussions with Ludwig Arnold and the
article of Arnold, Demetrius and Gundlach [1] develops these new ideas in
terms of models described by products of random positive matrices. This
article which emphasizes notions of stochasticity is in the same spirit as
[1]. We therefore view the contribution to this Festschrift as an acknowl-
edgment of the intellectual stimulus derived from the collaborative effort
[1] and the continued interest Ludwig Arnold has shown in this work.

2 Population Dynamics Models

Our analysis will be concerned with structured populations, that is, popula-
tions whose individuals are grouped into discrete classes according to age,
size or some physiological or behavioural characteristic. Individual birth
and death rates (the vital rates) are assumed to be time-dependent ran-
dom variables. Hence the change in the class distribution, the vector that
describes the portion of individuals in each class, can be described by a
random dynamical system. We will not be concerned with the analysis of
the evolution of the population itself, which may be linear or nonlinear.
We are interested uniquely in the asymptotic behaviour of the random dy-
namical system for the class distribution, accordingly, we will assume that
the population is characterized by a unique steady state in which relative
proportions of individuals in each class remain invariant. In view of this
assumption, the population can be represented on an abstract level as a
random shift system, in which the phase space is now the space of genealo-
gies, a concept which we subsequently elucidate.
This will be the starting point of our considerations, and we will now

proceed with this development and illustrate this model with a well known
example in which populations are structured by age. This will lead to no-
tions and notations which we will fix throughout this article and to an
outline of the work to be done in the subsequent sections.
Let us start with an abstract dynamical system (Ω,F ,P, ϑ) as a model
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of noise. The iteration of the measure-preserving transformation ϑ corre-
sponds to the passage of one time-unit and describes the evolution of noise.
Furthermore let us consider a random variable k : Ω → N such that log k
is integrable with respect to P. It describes the number of classes for a
population. The dependence on ω ∈ Ω pays tribute to an environment that
might change in time due to some random influence inducing a change in
the division of classes. We are interested in the distribution of the popula-
tion into the classes and the time development of this distribution. In the
simplest case this will be linear, i.e. given by random matrices

B : ω �→ B(ω) ∈ Rk(ϑω)×k(ω)+ (1)

which are non-negative. A standard example is provided by so-called Leslie
matrices for age class models which are given by the following choice of B
for ω ∈ Ω:

B(ω)ij =



mi(ω) ≥ 0 for i = 1, j = 1, . . . , k(ω)
bi(ω) ∈ (0, 1] for 1 = 1, . . . , k(ϑω)− 1, i = j

0 for i ≥ 2, j ≥ i, k(ϑω) ≥ k(ω)
bij(ω) ∈ [0, 1] for i ≥ 3, j ≤ i− 1, k(ϑω) ≥ k(ω)
bij(ω) ∈ [0, 1] for i ≥ 2, j ≥ i, k(ϑω) ≤ k(ω)
0 for i ≥ 3, j ≤ i− 1, k(ϑω) ≤ k(ω).

The entries mj(ω) represent the number of offsprings an individual in age
group j at time n contributes to the first age-group at time n + 1, while
the quantities bj(ω) denote the proportion of individuals of age j at time n
surviving to age j +1 at time n+1. We assume that the mi(ω) are chosen
in a way that the corresponding matrix cocycle defined by

B(n, ω) = B(ϑn−1ω) ◦ . . . ◦B(ω) for ω ∈ Ω, n ∈ N+
is aperiodic in the sense that there exists a random variableM taking values
in N such that B(M(ω), ω) is strictly positive for P-almost all ω ∈ Ω. To this
situation the following result of Gundlach and Steinkamp [16], an extension
of a previous result of Arnold, Demetrius and Gundlach [1], applies.

Theorem 2.1 (Random Perron-Frobenius Theorem). Assume that
the random matrix B of (1) is aperiodic and

log+ Smax, log+
1

Smin
∈ L1(Ω,P), (2)

where Smax and Smin denote the maximal and minimal row sum of the
matrix B(M(ω), ω), respectively. Then there exist strictly positive random
vectors u : ω �→ u(ω) ∈ Rk(ω) and v : ω �→ v(ω) ∈ Rk(ω), and a random
variable λ with λ > 0 and log λ ∈ L1(Ω,P) such that the following holds
P-a. s.



Evolutionary Dynamics in Random Environments 375

(i) B(ω)u(ω) = λ(ω)u(ϑω);

(ii) B�(ω)v(ϑω) = λ(ω)v(ω) for the transposed random matrix B�;

(iii) 〈u(ω), v(ω)〉 = 1, where 〈·, ·〉 denotes the standard scalar product;

(iv) Put λn(ω) := λ(ϑn−1ω) · . . . · λ(ω). For all w ∈ Rk(ω) we have

lim
n→∞

∥∥∥∥ 1
λn(ω)

B(n, ω)w − u(ϑnω)〈w, v(ω)〉
∥∥∥∥
∞
= 0

exponentially fast.

The triple (λ, u, v) is P-a. s. uniquely determined.

This theorem guarantees an attractive equilibrium state u for the popula-
tion’s structural dynamics with stationary growth rate log λ. Let us remark
that all the dynamics contained in this model is linear. In particular we are
dealing with models of exponential growth where an equilibrium situation
is manifested in stationary growth and class distribution. In the next sec-
tion we will provide an extension which still is linear on the distributions
into classes, but the underlying population dynamics could be nonlinear. To
obviate the problem of infinite size which is a necessary consequence of an
exponentially growing population, it is standard in models of evolutionary
dynamics to assume that the equilibrium situation for the class distribu-
tion is reached long before the population size is infinite. This assumption,
which we will invoke throughout this study, provides the foundation for our
description of the population dynamics as a diffusion process with a drift
given by the growth rate (see Section 5).
Theorem 2.1 also enables us to describe the class history (genealogies)

of individuals. This can be done as follows. We define sequence spaces

Σ+k (ω) :=
∞∏
i=0

{1, 2, . . . , k(ϑiω)}, ω ∈ Ω,

and for a random matrix A : ω �→ A(ω) ∈ {0, 1}k(ω)×k(ϑ(ω), A(ω) =
(Aij(ω)), a so-called random transition matrix,

Σ+A(ω) :={x=(xi)∈Σ+k (ω) : Axixi+1(ϑ
iω) = 1 for all i∈N}, ω∈Ω. (3)

On these symbol spaces we use the standard (left-) shift τ . We call the fam-
ily {τ : Σ+A(ω) → ΣA(ϑω)} a random subshift of finite type. Of particular
interest for us is the case of A given by

Aij(ω) =
{
0 if Bji(ω) = 0
1 if Bji(ω) > 0.

Then the elements of Σ+A(ω) represent genealogies of individuals in the
population. Moreover there is a natural (Markov-) measure to weight the
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occurrence of such genealogies. Namely, we can define a random stochastic
matrix P : ω �→ P (ω) ∈ [0, 1]k(ϑω)×k(ω) by

Pij(ω) :=
Bji(ω)ijvj(ϑω)
λ(ω)vi(ω)

,

and a random probability measure p : ω �→ p(ω) ∈ [0, 1]k(ω) by
pi(ω) := ui(ω)vi(ω).

The latter is stationary with respect to P in the sense that

p�(ω)P (ω) = p�(ϑω) P-a.s.

by Theorem 2.1. Consequently the random (P, p)-Markov measure µ de-
fined on the measurable bundle

Σ+A = {(ω, x) : ω ∈ Ω, x ∈ Σ+A(ω)} (4)

by dµ(ω, x) = dµω(x)dP(ω),

µω(x0 = i0, . . . , xn = in) = pi0pi0i1(ω) . . . pin−1in(ϑ
n−1ω)

for any ij ∈ {1, . . . , k(ϑjω)}, Aijij+1(ϑ
jω) = 1, is τ -invariant in the sense

of the theory of random dynamical systems:

τµω = µϑω P-a.s. (5)

With this probability measure we can weight the individual (historical)
contributions to the growth of the population size and obtain, using the
thermodynamic formalism (see Section 3), macroscopic parameters like en-
tropy and variance. We will assume that we can regard this variance σ2 for
the reproductive behaviour of individuals as characteristic as the average
growth r =

∫
log λdP of the population and make the following ansatz for

the Fokker-Planck equation describing the evolution of the density f of the
population size N = N(t) in a continuous time description (appealing to
a central limit theorem of Kifer, see Theorem 5.1) on a much larger time
scale:

∂f

∂t
= −r ∂(fN)

∂N
+
σ2

2
∂2(fN)
∂N2 . (6)

Here we have paid tribute to the constraint that for large N a deterministic
description (a description with vanishing diffusion coefficient), i.e. σ

2

N → 0
for N →∞, would be suitable.
Now, as evolutionary theory is concerned with the change in composi-

tion of populations under the dual forces of mutation, a mechanism which
introduces new variability within a population, and selection, a force which
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organizes the variability, we want to compare solutions of (6) to solutions
of

∂f∗

∂t
= −r∗ ∂(f

∗N∗)
∂N∗ +

σ∗
2

2
∂2(f∗N∗)
∂N∗2 (7)

where r∗, σ∗
2
are obtained from r, σ2 by a perturbation interpreted as

mutation, and correspond to an equilibrium state for the dynamics of the
perturbed system. (This makes sense, if we assume a larger time scale for
the dynamics described by the diffusion equation.) Consequently the initial
values for N are assumed to be much larger than for N∗, denoting the size
of the corresponding mutant population. The selection procedure can be
described in terms of the proportion p(t) = N(t)

N(t)+N∗(t) such that we have
to check whether (6) and (7) enforce some trivial solutions for the density
evolution of p(t) for t→∞, i.e. extinction of mutants (p ≡ 1) or incumbents
(p ≡ 0). This is done in the framework of a diffusion equation (for analogues
in other population contexts, see Kimura [19], Feller [11], Gillespie [13] or
Ewens [10]) of the form

∂ψ

∂t
= −α(p)∂ψ

∂p
+
1
2
β(p)

∂2ψ

∂p2

for the density distribution of p with suitable drift and diffusion coefficients
α and β.
Without diffusion, the change of r uniquely determines whether there

is extinction of the mutant or the incumbent. In Arnold, Demetrius and
Gundlach [1] this situation was characterized in terms of the measure-
theoretical entropy of µ, as this - in contrast to r - is an a priori bounded
quantity. Analogous investigations in Demetrius and Gundlach [9] for the
diffusive case, but for a simpler population model suggest that entropy
is in fact the decisive parameter for evolutionary dynamics of structured
populations. Let us mention that the models in [9] are based on game
theory, but can be trivially put into the same symbolic formalism as the
age class population model. On the other hand one could interpret the (age)
class models as a game with the reproductive behaviour as strategies. Our
analysis will be presented in terms of an abstract general formalism which
allows our results to be interpreted in terms of both game theoretical and
population dynamics contexts.

3 The Thermodynamic Formalism

The dynamical objects we are going to consider can be described by ele-
ments x of a symbolic phase space Σ+A, where in the biological interpretation
the symbols will correspond to the indexing of population classes.
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Recall from the previous section that the abstract dynamical system
(Ω,F,P, ϑ) is a model of noise being responsible for a random environment
and (3) provides a random subshift of finite type for a fixed random tran-
sition matrix A. We assume for all the following that A is aperiodic. In our
case this does not only mean the existence of a random variableM : Ω→ N

such that the k(ω)×k(ϑM(ω)ω)-matrix A(ω) · . . . ·A(ϑM(ω)−1ω) has no zero
entries, but also the existence of a random variable Q : Ω → N such that
the k(ϑ−Q(ω)ω) × k(ϑ−1ω)-matrix A(ϑ−Q(ω)ω) · . . . · A(ϑ−1ω) has no zero
entries for all ω ∈ Ω.
On the measurable bundle Σ+A defined by (4) we consider measurable real-

valued functions ϕ such that for fixed ω ∈ Ω, ϕ(ω) := ϕ(ω, .) : Σ+A(ω)→ R

is continuous and ϕ is integrable in the sense that

‖ϕ‖ :=
∫
‖ϕ(ω)‖∞dP(ω) <∞

where ‖.‖∞ denotes the supremum norm. L1A(Ω, C) is the set of all such
functions ϕ which we call integrable random continuous functions on Σ+A.
Moreover ϕ ∈ L1A(Ω, C) is said to satisfy a Hölder condition with constant
α ∈ (0, 1), if there exists an integrable random variable c ≥ 0 such that

|ϕ(ω, x)− ϕ(ω, y)| ≤ c(ω)αH whenever xi = yi for i ≤ S. (8)

The collection of these functions is denoted by F1A(α), while H
1
A(α) is the

subset of those functions ϕ which satisfy (8) with a constant c. They
are therefore called integrable random equi-Hölder continuous functions.
On F1A(α) we define a norm ‖.‖α by ‖ϕ‖α = ‖ϕ‖ + |ϕ|α where |ϕ|α =∫
inf{c : c satisfies (8)}dP. The following result can be found in Gund-

lach [14, Lemma 3.3.2, 3.3.3].

Lemma 3.1. (i) For any α ∈ (0, 1) the set H1A(α) is dense in L1A(Ω, C).

(ii) For any α ∈ (0, 1), (F1A(α), ‖.‖α) is a Banach space.

For ϕ ∈ L1A(Ω, C) we define

Snϕ(ω, x) :=
n−1∑
i=0

ϕ(ϑiω, τ ix)

and

Zn(ϕ, ω) :=
∑

(x0,... ,xn−1)

exp(Snϕ(ω, x∗)) (9)

where we sum over all elements (x0, . . . , xn−1) ∈
∏n−1
i=0 {1, . . . , k(ϑiω)},

which can be extended to points in Σ+A(ω), and x∗ represents such an
extension for (x0, . . . , xn−1). We denote the set of all these points by
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Σ+A,n(ω). Zn(ϕ, .) is called the random n-th partition function of ϕ. Ob-
viously Zn(ϕ, ω) depends on the choice of the extension, but it was shown
in [14] that the limit

πτ (ϕ) = lim
n→∞

1
n
logZn(ϕ, ω), (10)

which exists P-a.s., is independent of the selected extension. The almost
sure limit (10) defines the topological pressure of the random shift τ for
the function ϕ. Let us describe a different way to obtain this quantity. For
this purpose we denote by C(Σ+A(ω)) the space of continuous functions on
Σ+A(ω) and introduce for φ ∈ H1A(α) positive linear continuous operators
Lφ(ω) : C(Σ+A(ω))→ C(Σ+A(ϑω)) known as random transfer operators by(Lφ(ω)h)(x) = ∑

y∈Σ+
A(ω):τy=x

eφ(ω,y)h(y)

for h ∈ C(Σ+A(ω)), x ∈ Σ+A(ϑω), and
Lφ(n, ω) := Lφ(ϑn−1ω) ◦ . . . ◦ Lφ(ω),

with duals L∗φ(ω) acting on finite signed measures m on Σ+A(ϑω) by∫
fdL∗φ(ω)m =

∫
Lφ(ω)fdm for all f ∈ C(Σ+A(ω)).

Note that for the constant function 1 we get for y ∈ Σ+A(ϑnω)
Lφ(n, ω)1(y) =

∑
x∈Σ+

A(ω):τ
nx=y

exp(Snφ(ω, x)) (11)

which is of the same form as (9) except that the points x in (11) underlie the
additional constraint of being preimages of y. Under suitable conditions this
does not play any role for the asymptotic growth rate, as the following result
states amongst other assertions which can be found in [14, Theorem 2.3,
Proposition 3.11] or in weaker forms in Bogenschütz and Gundlach [4] or
Khanin and Kifer [17].

Theorem 3.2 (Random Transfer Operator Theorem). If ϕ∈H1A(α)
satisfies

‖ logLϕ(M(.), .)1‖∞, ‖ logLϕ(Q(.), ϑ−Q(.).)1‖∞ ∈ L1(Ω,P),
then there exist a positive random variable λ with log λ ∈ L1(Ω,P), a ran-
dom continuous function g with g > 0 and log g ∈ H1A(α), a random Hölder
continuous function Φ given by

Φ(ω, x)=ϕ(ω, x)+log g(ω, x)−log g(ϑω, τx)−log λ(ω) for all (ω, x)∈Σ+A,
and probability measures µ, ν on Σ+A with marginal P on Ω such that the
following holds P-a.s.
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(i) Lϕ(ω)g(ω) = λ(ω)g(ϑω), L∗ϕ(ω)νϑω = λ(ω)νω,
∫

g(ω)dνω = 1,

(ii) limn→∞ ‖λ(ϑn−1ω)−1 · . . . · λ(ω)−1Lϕ(n, ω)h − g(ϑnω)
∫
hdνω‖∞ =

0 for all h ∈ C(Σ+A(ω)) and with exponential speed of convergence
for h in a dense subset of C(Σ+A(ω)) containing Hölder continuous
functions with constant α,

(iii) LΦ(ω)1 = 1, L∗Φ(ω)µϑω = µω,

∫
fdµω =

∫
fg(ω)dνω for all

f ∈ C(Σ+A(ω)),

(iv) limn→∞ ‖LΦ(n, ω)h−
∫
hdµω‖−∞ = 0 for all h ∈ C(Σ+A(ω)) and with

exponential speed of convergence for h in a dense subset of C(Σ+A(ω))
containing Hölder continuous functions with constant α.

All the objects are P-a.s. uniquely determined by these properties. Moreover,
we have

πτ (ϕ) =
∫
logλ dP.

Let us remark that Theorem 2.1 can be obtained from Theorem 3.2, also
known as Random Ruelle-Perron-Frobenius Theorem, under appropriate
integrability conditions by choosing ϕ(ω, x) := logB(ω)x1x0 and identifying
elements of Rk(ω) with those members of C(Σ+A(ω)) which depend on the
first coordinate only.
Due to the convergence properties (ii) and (iv) of Theorem 3.2, the prob-

ability measures ν and in particular µ are natural objects for us. This will
be also clear by a different unique characterization of µ which we are going
to describe now. For this purpose we need the notion of (fibre) entropy of a
random dynamical system which is a relative entropy in the sense of ergodic
theory. If we restrict our attention to random shifts τ with log k ∈ L1(Ω,P),
then we can define the fibre entropy hµ(τ) for a τ -invariant measure µ in
the sense of (5) by the P-almost sure limit

hµ(τ) = − lim
n→∞n−1

∑
(x0,... ,xn−1)∈Σ+

A,n(ω)

µω([x0, . . . , xn−1]) logµω([x0, . . . , xn−1])

where [x0, . . . , xn−1] = {y ∈ Σ+A(ω) : yi = xi for i = 0, . . . , n − 1} (see
Bogenschütz [3]). The condition log k ∈ L1(Ω,P) guarantees that this limit
is P-a.s. finite. The following result can also be found in [14, Corollary 2.7,
Proposition 3.11].

Corollary 3.3 (Variational Principle). Assume that log k ∈ L1(Ω,P)
and µ, ϕ, Φ are as in Theorem 3.2. Then µ is the unique τ -invariant prob-
ability measure satisfying

hm(τ) +
∫
Φ dm < hµ(τ) +

∫
Φ dµ = 0
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hm(τ) +
∫
ϕdm < hµ(τ) +

∫
ϕdµ = πτ (ϕ)

for all τ -invariant measures m �= µ.

This corollary states the defining properties of equilibrium states (see
[14]), i.e. µ is an equilibrium state for ϕ and Φ. An interesting question to
ask is how the equilibrium states change with the functions ϕ. As all the
notions and the whole formalism this problem has its origin in statistical
mechanics (cf. Ruelle [22]), where it is connected to the phenomenon of
phase transitions. We can also adopt a way to solve this problem. For
this purpose we assume that we can apply Theorem 3.2 from which we
obtain a respective function Φ. Then we can introduce an operator L̂Φ on
the Banach space (F1A(α), ‖.‖A) (see Lemma 3.1) which has 1 as a simple
isolated eigenvalue, namely

(L̂Φf)(ω) = LΦ(ϑ−1ω)f(ϑ−1ω) for f ∈ L1A(Ω, C).
Moreover it can be deduced from Theorem 3.2 that the rest of the spectrum
is contained in a disc of radius strictly smaller than 1. Thus by the pertur-
bation theory of linear operators on Banach spaces the following result can
be deduced (cf. [14, Theorem 4.5]).

Corollary 3.4. Consider a function ϕ satisfying the conditions of Theo-
rem 3.2. Then the pressure function πτ can be extended to a real analytic
function of elements of H1A(α) in a neighbourhood of ϕ which are cohomol-
ogous to functions ψ satisfying ‖Lψ1(ω)‖∞<c P-a.s. for a constant c.

Here cohomologous means for two functions f, g ∈ L1A(Ω, C) the exis-
tence of a function u ∈ L1A(Ω, C) and a random variable c ∈ L1(Ω,P) such
that f(ω, x) = g(ω, x) + u(ω, x)− u(ϑω, τx)− c(ω).

4 Perturbations of Equilibrium States

In the following we will - based on Corollary 3.4 - consider certain ana-
lytic perturbations of ϕ and study the corresponding changes in πτ and
the equilibrium states. Namely, let us fix two functions ϕ,ψ satisfying the
conditions of Theorem 3.2 and∫

ϕdµ =
∫

ψdµ (12)

for the equilibrium state µ for ϕ. Consider δ ∈ R. Note that the function
ϕ̂(δ) := ϕ+ δψ (13)

is analytic in δ in a small neighbourhood of 0. This follows from Corol-
lary 3.4, as by Theorem 3.2 ϕ is cohomologous to a function Φ satisfying
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‖LΦ1(ω)‖∞ = 1 P-a.s.and an analogous results holds for ψ. As Theorem 3.2
is also valid for the function ϕ̂(δ) let us denote the corresponding equilib-
rium state by µδ and set r(δ) = πτ (ϕ + δψ). The latter can be rewritten
P-a.s. as

r(δ) = lim
n→∞

1
n
logZn(ϕ+ δψ, ω) (14)

= lim
n→∞

1
n
log

∑
(x0,... ,xn−1)

exp(Sn(ϕ+ δψ)(ω, x∗))

such that we obtain by differentiation

r̃′(δ) = lim
n→∞

1
n

1
Zn(ϕ+ δψ, ω)

d
dδ

Zn(ϕ+ δψ, ω)

= lim
n→∞

1
n

∑
x0,... ,xn−1

exp(Sn(ϕ+ δψ)(ω, x∗))Snψ(ω, x∗)

Zn(ϕ+ δψ, ω)
.

For further evaluations we can exploit the notion of tangent functionals to
πτ at ϕ (see Gundlach [15]) which are finite signed measures m such that
πτ (ϕ + g) − πτ (ϕ) ≥

∫
g dµ for all g ∈ L1A(Ω, C). Under the integrability

condition log k ∈ L1(Ω,P) the equilibrium states coincide with the tangent
functionals and we have

r′(0) = lim
n→∞

1
n

∑
x0,... ,xn−1

exp(Snϕ(ω, x∗))Snψ(ω, x∗)

Zn(ϕ, ω)
=

∫
ψ dµ.

This identity can best be understood with the help of the following distri-
butions µn(ω, .) on Σ+A,n(ω)

µn,δ(ω, x) :=
expSn(ϕ+ δψ)(ω, x∗)

Zn(ϕ+ δψ, ω)
, µn(ω, x) := µn,0(ω, x)

and the consequence of the random Krylov-Bogolioubov Theorem (see Bo-
genschütz [3]) in the form of

∫
f dµδ = lim

n→∞
1
n

∫
ΣA,n

Snf(ω, x)dµn,δ(ω, x)dP(ω)
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for integrable random continuous functions f . This can also be used for
estimating higher derivatives of the topological pressure:

r′′(δ) = lim
n→∞

d
dδ

 ∑
x0,... ,xn−1

Snψ(ω, x∗)µn,δ(ω, x)


= lim

n→∞
1
n

−
(
d
dδZn(ϕ+ δψ, ω)

)2
Zn(ϕ+ δψ, ω)2

+
d2

dδ2
Zn(ϕ+ δψ, ω)

Zn(ϕ+ δψ, ω)


= lim

n→∞
1
n

−( ∑
x1,... ,xn

Snψ(ω, x∗)µn,δ(ω, x)

)2
+

+
∑

x0,... ,xn−1

(Snψ(ω, x∗))2µn,δ(ω, x)

 ,

r′′′(δ) = lim
n→∞

1
n

2
(
d
dδZn(ϕ+ δψ, ω)

)3
Zn(ϕ+ δψ, ω)3

+
d3

dδ3
Zn(ϕ+ δψ, ω)

Zn(ϕ+ δψ, ω)

− 3
Zn(ϕ+ δψ, ω)2

(
d
dδ

Zn(ϕ+ δψ, ω)
)(

d2

dδ2
Zn(ϕ+ δψ, ω)

)]

= lim
n→∞

1
n

2
 ∑
x0,... ,xn−1

Snψ(ω, x∗)µn,δ(ω, x)

3

+

+
∑

x0,... ,xn−1

(Snψ(ω, x∗))3µn,δ(ω, x)

−3
∑

x0,... ,xn−1

Snψ(ω, x∗)µn,δ(ω, x)
∑

x0,... ,xn−1

(Snψ(ω, x∗))2µn,δ(ω, x)

 .
Let us denote the expectation on ΣA,n(ω) with respect to µn(ω, .) by En,ω,
the variance by varn,ω, and the random variable Snf(ω)x∗ by Xn,ω. Then
we have in particular P-a.s.

r′(0) = lim
n→∞

1
n
En,ωXn,ω =

∫
ψ dµ =

∫
ϕdµ, (15)

r′′(0) = lim
n→∞

1
n

(
En,ωX

2
n,ω − (En,ωXn,ω)2

)
= lim

n→∞
1
n
varn,ω(Xn,ω) =: σ2(ψ) ≥ 0, (16)
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r′′′(0) = lim
n→∞

1
n
En,ω (Xn,ω − En,ωXn,ω)

3 =: κ(ψ). (17)

Note that from Corollary 3.3 and (14) we can deduce that

r(δ) = hµδ(τ) +
∫
ϕdµδ + δ

∫
ψ dµδ

and hence

r′(0) =
d

dδ
hµδ(τ)|δ=0 +

d

dδ

(∫
ϕdµδ

)
|δ=0 +

∫
ψ dµ. (18)

Comparing (15) and (18) we obtain

d

dδ
hµδ(τ)|δ=0 = − d

dδ

(∫
ϕdµδ

)
|δ=0

and consequently

∂2

∂ε∂δ
πτ ((1+ε)ϕ+δψ)|ε=δ=0= d

dδ

(∫
ϕdµδ

)
|δ=0=−dhµδ(τ)

dδ
|δ=0.

(19)

For fixed ϕ we denote by σ2(δ) the variance of µδ for ϕ1+δ. Note that

σ2(δ) = (1 + δ)2σ2(ϕ) = (1 + δ)2r′′(δ)

and therefore we obtain via differentiation with the help of (17) that

dσ2

dδ
(0) = 2σ2(ϕ) + κ(ϕ) =: γ. (20)

Moreover we deduce from (19) that

σ2 := σ2(0) = r′′(0) = − d

dδ
hµδ(τ)|δ=0. (21)

For investigations in the next section we will be interested in changes

∆r := r(δ)− r(0), ∆H := hµδ(τ)− hµ(τ), ∆σ2 = σ2(δ)− σ2(0)

for δ of small absolute value. If we assume that
∫
ϕdµ, σ2(ϕ) and γ do not

vanish, then we can use the following approximations by the linearizations
(15), (21) and (20):

∆r ≈
∫
ϕdµ δ, ∆H ≈ −σ2δ, ∆σ2 ≈ γδ.

In particular we obtain for δ of small absolute value the following relations:∫
ϕdµ < 0⇒ ∆r∆H > 0, (22)
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ϕdµ > 0⇒ ∆r∆H < 0, (23)

γ < 0⇒ ∆H∆σ2 > 0, (24)

γ > 0⇒ ∆H∆σ2 < 0. (25)

Let us remark that in contrast to σ2, which is always non-negative, γ can
assume negative and positive values. For the investigations in the next
section the signs of ∆r and ∆σ2 will be of main interest. The significance
of entropy is based on the fact that it can be bounded from below by 0 and
from above by

∫
log k dP. Moreover we know that this maximal value can

be achieved only in the case that µω is P-a.s. an equidistribution, i.e.

µω =
∞∏
i=0

(
1

k(ϑiω)
, . . . ,

1
k(ϑiω)

).

We also call this measure the random Bernoulli (1/k, . . . , 1/k) state. The
situation in the case of minimal, i.e. zero entropy is not so nice, as there
can be many states with vanishing entropy. Among them are as simplest,
but not trivial examples the so-called random pure states

µω =
∞∏
i=0

δH(ϑiω)

for some random variable S : ω → N, ω �→ S(ω) ∈ {1, . . . , k(ω)}. It is an
interesting question to find the relevant states for extremal entropy amongst
the equilibrium states for a given random function and its perturbations.
Appealing to the boundedness of entropy we will try to get relations

between the signs of ∆r, ∆σ2 and ∆H. This will be particularly interesting
for deviations from random pure and Bernoulli states. In the case of random
pure states we have for every perturbation

∆H ≥ 0, ∆σ2 ≥ 0,
in the case of the random Bernoulli state, we have

∆H ≤ 0, ∆σ2 ≥ 0
even though γ = 0 might hold in both cases.

5 Diffusion Equations Describing Evolutionary
Dynamics

As mentioned before, the symbols 1, . . . , k(ω) designate population classes
and the elements x ∈ Σ+A(ω) describe histories (genealogies) of individ-
uals. So far we had considered a model for the class distribution of the



386 L. Demetrius and V. M. Gundlach

population and obtained an attractive stationary distribution. While ϕ is
designed to measure the contribution of individuals to the rate of change of
the population, the pressure πτ (ϕ), also denoted by r for fixed ϕ, measures
the average contribution of genealogies in their time evolution to the rate
of change of the population. Therefore we will assume that this rate r is
closely related to the rate of change of an additional parameter N , biologi-
cally interpreted as population size. As mentioned in the introduction, the
evolution of the parameter N should be modeled with the help of a diffu-
sion equation which we now establish. The study of this stochastic process
resides in a central limit theorem which we now invoke, drawing on certain
results by Kifer [18].
We will adopt the notations and assumptions of the previous sections. In

particular we will consider those ϕ and µ as in Theorem 3.2. First let us note
that with respect to µω the function ϕ(ω) defines a random variable with
mean

∫
ϕdµω. Let us consider the random variable Ψ(ω) := ϕ(ω)−∫

ϕdµω
which satisfies

∫
Ψ(ω) dµω = 0 and σ2 = limn→∞ 1

n

∫
(SnΨ(ω))2dµω accord-

ing to (16). Moreover we have by Birkhoff’s Ergodic Theorem
∫
ϕdµ =

limn→∞ 1
n

∑n−1
i=0

∫
ϕ(ϑiω) dµϑiω P-a.s. All this allows the application of the

central limit theorem of Kifer [18, Theorem 2.5] to Ψ which yields the
following result.

Theorem 5.1 (Central limit theorem). Assume that ϕ ∈ H1A(α) sat-
isfies the conditions of Theorem 3.2. Let µ be the probability measure which
is guaranteed by Theorem 3.2 for this situation. Then we have P-a.s. for
any a ∈ R

lim
n→∞µω

{
x ∈ Σ+A(ω) :

Snϕ(ω, x)− n
∫
ϕdµ√

n
≤ a

}
=

=
1

σ
√
2π

∫ a

−∞
exp(− t2

2σ2
)dt. (26)

Thus we can conclude that P-a.s. asymptotically the deviations of the
sample path Snϕ(ω) from the mean for n→∞ for µω-almost all x ∈ Σ+A(ω)
can be approximated by Brownian motion with variance σ2t, if we consider
a continuous time evolution St, t ∈ R+. In the following we will adopt
this continuous time approximation model and consider now a stochastic
process (N(t) : Ω → R+)t∈R+ closely related to Stϕ. Recall that we had
introduced the random partition function Zn(ϕ, .) as a state space sample
of exp(Snϕ) on Σ+A,n. These random partition functions grow exponentially
in r with rate r(0). We want to derive a model for a process N(t) based
on the hypothesis that N(t) also has exponential growth rate r(0) and its
fluctuations are determined by the ones of Stϕ. We will view N(t) as the
solution of a diffusion equation and hence we will derive the infinitesimal
moments for this process. We assume that the fluctuations have mean zero
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such that we obtain

lim
∆t→0

1
∆t
E{N(t+∆t)−N(t)|N(t) = N} = r(0)N, (27)

where we denote by E the expectation induced by P. (27) gives the first
infinitesimal moment of the process. In order to derive the second infinites-
imal moment of the process we have to specify the intensity of the variance
of the fluctuations. An assumption in our model is that as N becomes large
the influence of the fluctuations should become small and hence the process
deterministic, we assume that the change in logN(t) in the time interval
∆t due to fluctuations is caused by Brownian motion with the variance
σ2(ϕ)∆t
N(t) being a non-trivial function of time. Hence

lim
∆t→0

1
∆t
E{(N(t+∆t)−N(t))2|N(t) = N} = N2 lim

∆t→0
1
∆t

σ2∆t
N

= σ2N.

Consequently we can deduce from Ricciardi [21, II] that the solution of the
Fokker-Planck equation

∂f

∂t
= −r(0)∂(fN)

∂N
+
σ2(0)
2

∂2(fN)
∂N2

yields the density f(N, t) for the process N(t). We obtain an analogous
equation, if we consider ϕ̂(δ) instead of ϕ. This yields the general diffusion
model denoted by

∂fδ
∂t

= −r(δ)∂(fδNδ)
∂Nδ

+
σ2(δ)
2

∂2(fδNδ)
∂N2

δ

where r(δ) and σ2(δ) refer to the growth rate and the variance correspond-
ing to equilibrium states for the perturbed function of the type (13). For
comparing the two stochastic processes N(t) and Nδ(t), we introduce the
process p(t) = Nδ(t)

M(t) , whereM(t) = N(t)+Nδ(t). In the biological interpre-
tation (see Section 6) this process determines the criterion for invasion or
extinction of the mutant populations. Thus we will be interested whether
p(t) has 0 or 1 P-a.s. as attractive solution.
We assume that the processes N(t) and Nδ(t) evolve simultaneously

and statistically independent such that we can use a bivariate density
ψ(N,Nδ, t) for the pair (N(t), Nδ(t)) to describe its time evolution via
the Fokker-Planck equation

∂ψ

∂t
= −r(0)∂(ψN)

∂N
+
σ2(0)
2

∂2(ψN)
∂N2 − r(δ)

∂(ψNδ)
∂Nδ

+
σ2(δ)
2

∂2(ψNδ)
∂N2

δ

.

In terms of the processes M(t), p(t) we can represent this evolution by

∂ψ

∂t
= −α(p,M)

∂ψ

∂p
+
1
2
β(p,M)

∂2ψ

∂p2
− ζ(p,M)

∂ψ

∂M
+

+
1
2
υ(p,M)

∂2ψ

∂M2 +R(p,M)
∂2ψ

∂p∂M
(28)
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where

α(p,M) = p(1− p)[
1
M
∆σ2 −∆r], (29)

β(p,M) =
p(1− p)

M
[σ2p+ σ2(δ)(1− p)], (30)

ζ(p,M) =M [pr(δ) + (1− p)r(0)],

υ(p,M) =M [pσ2(δ) + (1− p)σ2(0)], R(p,M) = p(1− p)∆σ2.

We will be interested in a special case of equation (28) obtained for van-
ishing derivatives with respect to M . This is motivated by our interest in
the case of large M under the additional assumption that in this situation
the dependence on M should become negligible. We can therefore assume
that M is constant, a condition which yields the diffusion equation

∂ψ

∂t
= −α(p)∂ψ

∂p
+
1
2
β(p)

∂2ψ

∂p2
(31)

where the drift and diffusion coefficient are given by (29) and (30), respec-
tively, and where we have set α(p,M) ≡ α(p), β(p,M) ≡ β(p). Note that
we have the natural boundary conditions

ψ(0, t) = 0, ψ(1, t) = 1

due to

a(0) = 0, a(1) = 0, b(0) = 0, b(1) = 0 (32)

which guarantee (see Feller [11]) the existence of a unique solution of (31)
together with an initial value ψ(p, 0). Moreover the conditions (5) also
assert that 0 and 1 are absorbing states of the diffusion process. Thus we can
introduce the ultimate probability P (y) that absorption occurs eventually
in the state 1 under the initial condition y. By appealing to the backward
Kolmogorov equation and integrating we obtain a characterization of P (y)
as the solution of the ordinary differential equation (see also Ewens [10,
Section 4.3] or Crow and Kimura [7])

α(y)
dP

dy
+
1
2
β(y)

d2P

dy2
= 0 (33)

with boundary conditions P (0) = 0, P (1) = 1. Let us set

G(x) := exp
[
−2

∫ x α(y)
β(y)

dy

]
.
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Then for the solution of (33) we obtain

P (y) =

∫ y
0 G(x)dx∫ 1
0 G(x)dx

.

Using the expressions for α(p) and β(p) given in (29) and (30), and

s =
1
M
∆σ2 −∆r, (34)

we have

G(x) =
[
1− ∆σ2

σ∗2 x

] 2Ms
∆σ2

and hence

P (y) =
1−

(
1− ∆σ2

σ∗2
y
) 2Ms

∆σ2+1

1−
(
1− ∆σ2

σ∗2

) 2Ms
∆σ2+1

. (35)

For |Ms| E 1, the signs of s/∆σ2 and ∆σ2 and hence the sign of s de-
termine the order of numerator and denominator such that we have the
following implications:

(i) If s ≥ 0 then absorption in 1 occurs with probability P given by (35).

(ii) If s < 0, then absorption in 1 occurs P -a.s.

In the following we will be interested in the absorption in 0, i.e. in the
absorption of 1− p in 1, which can be obtained analogously.

Theorem 5.2. Consider equation (31) with coefficients α, β of (29) and
(30), respectively, which are derived according to Theorem 3.2 and pertur-
bations (13) for a respective function ϕ = ψ. Then the solution p of (31)
is almost surely absorbed in 0, if

∆r <
1
M
∆σ2. (36)

If
∫
ϕdµ �= 0 and (36) holds true for any of these possible perturbations,

then one of the following two cases occurs:

(i)
∫
ϕdµ < 0, γ ≥ 0,

(ii)
∫
ϕdµ > 0, γ ≤ 0.

In the first case (36) is equivalent to ∆H < 0, in the second to ∆H > 0.
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Proof. The first assertion is just the analogue to the absorption in 1 derived
above, where he have used the expression (34) for s. Now in the case that
(36) holds true for any of the perturbation of the given kind, we can deduce
that

∆r < 0, ∆σ2 ≥ 0 or ∆r ≤ 0, ∆σ2 > 0 (37)

must hold. Now we can use the relations (22) - (25) which guarantee that
the inequalities in (37) can only be simultaneously realized in the cases
(i) and (ii). The connection between the conditions on γ and on

∫
ϕdµ

is made by a suitable condition on ∆H, yielding the last assertion of the
theorem.

Let us remark that in the limit not only the diffusion equation degenerates
to a linear differential equation, but also the criterion (36) is reduced to
∆r < 0, a situation which corresponds in case of

∫
ϕdµ < 0 to ∆H < 0 and

in case of
∫
ϕdµ > 0 to ∆H > 0, an observation already made in Arnold,

Demetrius and Gundlach [1] for the case of equilibrium states obtained for
positive random matrices.
Thus Theorem 5.2 picks those states as robust in the competition de-

scribed by the diffusion equation (31) with perturbations in the sense of
(13) which have extremal entropy: minimal or maximal values, according
to the condition on

∫
ϕdµ. The values of these are given by 0 and

∫
log k dP

(see Bogenschütz [3]). While it is easy to find candidates for measures maxi-
mizing and minimizing entropy, namely the random Bernoulli (1/k, . . . 1/k)
and the random pure states, it is a far more difficult and unsolved problem
to find a way to determine whether these candidates in fact correspond to
equilibrium states of our dynamical models. In any case, entropy defines a
sufficient stability parameter for these systems with respect to evolution-
ary dynamics defined via the perturbations (13) and the diffusion equation
(31).

6 Discussion

Evolutionary theory, as proposed by Darwin, was formulated to explain the
remarkable degree of adaptation of populations to their environments - a
phenomenon which can be expressed in terms of the persistence of popula-
tion numbers in space and time. The theory postulates a two stage process:
mutation, which acts at the genetic level, and introduces new variants in
the population; selection, which operates at the phenotypic level, and or-
ders the variability through differential reproduction and mortality of the
ancestral and mutant type. Mathematical models of the mutation event
typically consider systems in which the ancestral population is sufficiently
large, so that fluctuations in numbers due to random effects are negligi-
ble. When this condition holds, the criterion for invasion of a population
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of mutants is given by the property s > 0, where s, called the selective
advantage, is given by

s = ∆r (38)

and ∆r denotes the difference in growth rates between the mutant and
ancestral type.
Evolutionarily stable states, that is, the demographic state which de-

scribes a population which is invulnerable to invasion by a rare mutant,
are from (38) defined by the state which maximizes the growth rate r. This
observation is the analytical basis for the principle of the maximization of
the Malthusian parameter as the criterion for evolutionary stability. This
tenet, which goes back to Fisher [12], has exerted considerable influence
on evolutionary genetics and dominates current efforts to understand the
adaptation of populations to their environments.
This article has considered a new class of models of the mutation event

described by (13) and (12) consistent with the observation of small, ef-
fective, directional changes in individual birth and death rates. In these
models the size of the population is assumed finite and the fluctuation in-
herent in the finite size condition becomes a critical element of our analysis.
Our study, in sharp contrast to previous works, pertains to both determin-
istic and random environments. In this new context we have shown that
the selective advantage which now describes the criterion for invasion of a
mutant is given by

s = ∆r − σ2

M
(39)

where r denotes the population growth rate and σ2 the so-called demo-
graphic variance, while M is the population size at the beginning of the
selection process.
We appealed to (39) and certain perturbation relations which charac-

terize correlations between changes in entropy, and the change in growth
rate and demographic variance to establish a general evolutionary princi-
ple: the evolutionarily stable states of a population are characterized by
the extremal states of entropy.
Let us remark that the (fibre) entropy is a measure of the heterogeneity

in birth and death rates of the individuals in the population. When en-
vironment is constant, it reduces to the Kolmogorov-Sinai entropy of the
equilibrium state. In the family of age class models considered in Section 2,
the random dynamical systems become random Markov shifts with (P, p)-
Markov measure µ and corresponding entropy that can be expressed (see
Bogenschütz and Gundlach [4]) as

hµ = −
∫ k(ω)∑

i=1

k(ϑω)∑
j=1

pi(ω)Pij(ω) logPij(ω) dP(ω). (40)
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The entropy can be interpreted, using the Shannon-McMillan-Breiman
Theorem (cf. Bogenschütz [3]), as the rate of increase of the number of
typical genealogies. It also describes the variability of the contribution of
the different classes to the equilibrium class distribution.
In the case of constant environment and populations structured by age,

the expression for entropy becomes (see Arnold, Demetrius and Gund-
lach [1])

H = −
∑

i wi logwi∑
j jwj

where wi represents the probability that the mother of a randomly cho-
sen newborn is in age class j. Populations whose reproductive activity is
concentrated at a single age class have zero entropy, when reproduction is
spread over several age-classes, entropy is positive.
The principle that evolutionarily stable states are characterized by ex-

tremal states of entropy in constant and random environments, is consis-
tent with the property, derived from large deviation theory, that the rate of
decay of fluctuations in population numbers induced by random perturba-
tions in the individual birth and death rates is determined by entropy. The
resilience of population numbers to large fluctuations can be considered
a measure of the adaptation of populations to the environmental condi-
tions - a property which will therefore be characterized by entropy. These
observations however remain qualitative since the problem of determin-
ing analytical expressions for fibre entropy and of computing extrema of
expressions such as (40) has not yet been resolved.
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Microscopic and Mezoscopic
Models for Mass Distributions
Peter Kotelenez1

ABSTRACT In this paper we extend the derivation of mezoscopic partial
differential equations (or stochastic partial differential equations (SPDE’s))
from particle systems with finite conserved mass to infinite conserved mass.
We also sketch the history of stochastic and deterministic (i.e., mezoscopic
and macroscopic) reaction-diffusion models initiated by Arnold’s work as
well as some results of Dawson’s measure processes approach to SPDE’s.
At the end of the paper we show how to include creation and annihilation
through a fractional step method into the mezoscopic PDE’s.

1 Introduction

A) Background and Heuristics
Around 1980 L. Arnold classified models of chemical reactions in a spatial

domain (the reactor) according to the following principles:
(1) global description (i.e., without diffusion, spatially homogeneous, or

“well-stirred” case) versus local description (i.e., including diffusion, spa-
tially inhomogeneous case);
(2) deterministic description (macroscopic, phenomenological, in terms

of concentrations) versus stochastic description (on the level of particles,
taking into account internal fluctuations).

The combination of these two principles gives rise to four mathematical
models, namely,

G.1 global deterministic model—ordinary differential equation;
G.2 global stochastic model—jump Markov process;
L.1 local deterministic model—partial differential equation;
L.2 local stochastic model—space-time jump Markov process.

The relation between the models G.1 and G.2 was thoroughly investi-
gated by Kurtz ([37, 38, 39] and references therein), the consistency of G.1

1This contribution is dedicated to Professor Ludwig Arnold on the occasion of his
60th birthday. It was supported by NSF grants DMS-9703648 and DMS-9414153.
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and L.1 as well as of G.2 and L.2 was proved by Arnold ([2]).
L.2 was defined by Arnold as follows: A space-time jump Markov process

Xν,N is constructed by dividing a finite interval I (one-dimensional reactor)
into N cells, counting the number of particles in each cell and dividing this
number by a proportionality factor ν (the cell size of an unscaled model).
This density changes in each cell due to reaction and diffusion (which
couples neighbouring cells). The rates by which this density changes are
derived from an underlying partial differential equation (PDE). Under a
high-density assumption (N2/ν → 0, as N →∞) Arnold and Theodosop-
ulu [3] derived the macroscopic limit (the law of large numbers (LNN) in
L2(I, dr)), where dr is the Lebesgue measure, i.e. Xν,N → X in L2(I),
X the solution of the PDE. This proved the consistency of L.1 and L.2.
Kotelenez [23, 25] provided the corresponding central limit theorem (CLT)
under the assumption that the reaction is linear. Using Arnold’s model
both the LLN and the CLT were later derived for nonlinear reactions with
diffusion on a d-dimensional domain by Kotelenez [26] and Blount [4, 5].
In particular, Blount succeeded in proving a low density macroscopic limit
theorem for L.2. Alternative models for L.2 with LLN’s and CLT’s were de-
rived later by numerous authors (e.g., Oelschläger [41], Boldrighini et al. [7],
Dittrich – and a generalization of Dittrich’s model by Kotelenez [27].
Motivated by Kurtz’ [38] diffusion approximation of G.2 by a stochastic

ordinary differential equation (SODE), L. Arnold [2] suggested to approx-
imate L.2 by a stochastic partial differential equation (SPDE). Thus, G.2
and L.2 could be replaced by an SODE resp. an SPDE, describing the mass
distribution of one type of particle in a reactor both for the well-stirred and
the spatially inhomogeneous cases.
A natural question about the relationship between L.1 and the modified

L.2 (SPDE) is how to identify some (physically meaningful) parameter of
the SPDE, whose convergence to some value, like ∞ or 0, would entail the
convergence of the solution of the SPDE from L.2 to the solution of the
PDE from L.1 (macroscopic limit), thus proving the consistency of L.1 and
L.2. Back in 1975 Dawson obtained a measure valued diffusion process as
the limit of the distribution of a system of branching Rd-valued diffusions.
Formally, Dawson’s process would be the solution of the (formal) SPDE

dX =
1
2
;Xdt+

√
XdW. (1)

Here, ; is the Laplacian on H0 := L2(Rd, dr), the space of real valued
functions of Rd, which are square integrable with respect to the Lebesgue
measure dr, X(t) is for each t a Borel measure on Rd,

√
X would be

the square root of X(t), if defined, W (t) is H0-valued standard cylindrical
Brownian motion and

√
XdW would be pointwise multiplication, if defined.

It was later shown that for d = 1 X(t) has a density with respect to
dr, which is the solution of a martingale problem for (1) (cf. Konno and
Shiga [22]). Thus, for d = 1 the operations in (1) can be defined. However,
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for d > 1, X(t) was shown not to have a density with respect to dr (cf.
Dawson [12] and the references therein).
The diffusion approximation, leading to (1) was basically obtained by

using the macroscopic limit scaling for the empirical measure process, as-
sociated with the branching particle system and simultaneously increasing
the branching rate. This procedure implied that the fluctuations due to the
diffusion disappeared, whereas the fluctuations due to branching yield the
stochastic term in (1), as N→∞ (the initial number of particles)
In a recent paper, Blount [6] generalized the Dawson-Konno/Shiga result

to Arnold’s model L.2 for a one-dimensional domain. Blount’s limit is a
density valued process, solving

dX = (αX − βX2 + γ)dt+
√
µXdW (2)

where γ, β and µ are positive constants and α ∈ R. Again W (t) has the
same meaning as for (1) (but on L2(R, dr)).
To better understand the relationship between SPDE representations

for (scaling limits of) particle systems and macroscopic limits let us as-
sume that there is no reaction, i.e., no creation or annihilation of mass.
Then we can consider N particles in Rd, whose positions at time t are
denoted by ri(t). Following the classical procedure of approximating the
Ornstein-Uhlenbeck model for Brownian particles (derived from Newto-
nian mechanics) by the Einstein-Smoluchowski model (cf., e.g., Il’in and
Khasminskii [21], Nelson [40], Kotelenez and Wang [36]) we may assume
that the displacement satisfies the following system of SODE’s (on RdN ):

dri= F̃ (ri, rN )dt+ m̃i(ri, rN , dt), ri(0)=qi, i = 1, . . . , N. (3)

Here, rN = (r1, . . . , rN ) ∈ RdN , F̃ dt represents the slowly varying compo-
nent of the forces and m̃i(·, ·, dt) the rapidly varying component. We assume
that m̃i(ri, rN , dt) is the increment of a square integrable continuous mar-
tingale adapted to some given stochastic basis (Ω,F ,Ft, P ). Suppose for
the moment that (3) has a unique Itô-solution with initial values (r10, . . . r

N
0 )

An example for F̃ can be as follows: F̃ (ri, rN ) :=
∑N

j=1 ajK(r
i − rj) rep-

resents pair interaction through the “force” K, where aj is the mass of the
j-th particle. Setting XN (t) :=

∑N
j=1 ajδrj(t), with that abbreviation

N∑
j=1

ajK(ri − rj) =
∫

K(ri − p)XN (t · dp) = K ∗ XN (t)(ri),

where the integration (here and in what follows) is over Rd. This allows
us to write F̃ (ri, rN ) = F (ri,XN ) (also for the case of the interaction of
n ≥ 2 particles, cf. Kotelenez [31]). Suppose we can rewrite m̃(ri, rN , dt)
by similar arguments as m̃i(ri, rN , dt) = mi(ri,XN , dt). Then (3) becomes

dri = F (ri,XN )dt+mi(ri,XN , dt), ri(0) = qi, i = 1, . . . , N. (4)
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We will call (3)/(4) a microscopic model for the particle system.
Denote by 〈〈mi

k(r
i, rN , t),m

j
H(r

j , rN , t)〉〉 the mutual quadratic variation
process of the one-dimensional components of mi(ri, rN , t), mj(rj , rN , t),
k, S = 1, . . . d, i, j = 1, . . . , N . For m ∈ N let Cm

b (R
d,R) be the m-times

continuously differentiable real valued functions on Rd which are bounded
with all their derivatives. Cm

0 (R
d,R) (⊂ Cm

b (R
d,R)) is the subspace of

functions, which together with their derivatives vanish at infinity. If ϕ ∈
C20 (R

d,R) Itô’s formula yields

d〈XN , ϕ〉 = 〈XN , F (·,XN ) · Gϕ〉dt+
N∑
i=1

ai G ϕ(ri) ·mi(ri,XN , dt) (5)

+
1
2

N∑
i=1

ai

d∑
k,H=1

∂2kHϕ(r
i)d〈〈mi

k(r
i,XN , t),mi

H(r
i,XN , t)〉〉

Here, G is the gradient on Rd, ∂k, ∂2kH are the derivatives with respect to
the one-dimensional components rk, resp., rk and rH of r ∈ Rd, “·” denotes
the scalar product on Rd and 〈XN , ϕ〉 =

∑N
i=1 aiϕ(r

i). If mi(r,XN ) does
not depend on i then (5) becomes

d〈XN , ϕ〉=〈XN , F (·,XN ) · Gϕ〉dt+ 〈XN ,m(·,XN , dt) · Gϕ(·)〉 (6)

+
1
2

d∑
k,H=1

〈XN , ∂2kHϕ(·)d〈〈mk(·,XN , t),mH(·,XN , t)〉〉.

On the other hand, if, e.g., mi(r,XN , dt) = dβi(t), where βi(t) are i.i.d.
standard Rd-valued Brownian motions, i = 1, . . . , N , (5) becomes

d〈XN , ϕ〉=〈XN , F (·,XN )·Gϕ〉dt+1
2
〈XN ,;ϕ〉dt+

N∑
i=1

ai G ϕ(ri) · dβi(t).
(7)

In difference from (6) the martingale increment in (7) cannot be rewritten
as the duality between XN and some martingale ·Gϕ(·). In contrast, after
“integration by parts” and interpreting the derivatives in the distributional
sense in (6) XN turns out to be the weak solution of the quasilinear SPDE

dX=
1
2

d∑
k,H=1

∂2kH(DkH(·, X)X)dt−G·(XF (·, X))dt−G·(Xm(·, X, dt)).
(8)

So, in case (6) XN is the solution of an SPDE, and in case (7) it is not. To
see whether we can expect macroscopic (i.e., deterministic) behaviour of
XN , as N →∞, let us compute the quadratic variations of the martingale
increment in (6) and (7). For simplicity assume ai = 1

N . Then (6) yields:

N∑
i,j=1

1
N2

d∑
k,H=1

∂kϕ(ri)∂Hϕ(rj)d〈〈mk(ri, XN , t),mH(rj , XN , t)〉〉 (9)
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and (7) yields (by independence of the Brownian motions)

N∑
i=1

1
N2

d∑
k=1

(∂kϕ(ri))2dt (10)

(10) is Oϕ( 1N )dt and indicates macroscopic behaviour of XN with rigorous
results proved by Gärtner [17]. On the other hand, if we assume that the
m(ri,XN , t) andm(ri,XN , t) are correlated for i �= j (which they should be,
if both depend on XN , resp. rN ), then (9) looks like Oϕ(1)dt and without
understanding the nature of the possible correlations we cannot expect
macroscopic behaviour of XN , as N → ∞. This observation is due to
Dawson [11] and lead to the derivation of quasilinear SPDE’s as the limit
of XN , if N →∞, where

m(ri,XN , dt) =
N∑
j=1

σj(ri,XN )dβj(t) (11)

(Vaillancourt [42], Dawson and Vaillancourt [13]). Note that in the Dawson-
Vaillancourt set-up there is no unique SPDE for which XN would be a
solution independent of N . The limiting SPDE in that set-up has a solution
as the solution of a martingale problem. Our approach is different from that
of Dawson and Vaillancourt in mainly two ways:
(I) Under the assumption that mi(r,XN , t) does not depend in i it is

natural to ask whether (8) has solutions other than the N -particle empirical
process XN (t), which could be approximated by XN (t), as N → ∞. To
ensure that the “noise” will be sufficiently general for space-time models
we will perturb the positions of N particles by a given family of infinitely
many Brownian motions or, equivalently, by Brownian sheets (cf. (12) and
(29)). We will call XN (t) a mezoscopic description of the mass distribution
and the equations (5), (7) as well as (6) and (8) mezoscopic models.
(II) We define a correlation length ε ≥ 0 for the fluctuation forces so

that for ε = 0 one would obtain (7) or more general versions thereof and
for ε > 0 one would obtain (6). Then, having solved (I), we let ε ↓ 0
in (8) and investigate whether (8) becomes macroscopic. Moreover, if this
macroscopic limit is the same as for (7), (cf. Gärtner [17]), then this would
imply that the limits ε ↓ 0 and N →∞ are interchangeable.
Before developing a general framework for our model (6)/(8) let us in-

troduce the stochastic set-up and then consider an example. (Ω,F ,Ft, P )
is a stochastic basis with right continuous filtration. All our stochastic pro-
cesses are assumed to live on Ω and to be Ft-adapted (including all initial
conditions in SODE-s and SPDE’s). Moreover, the processes are assumed
to be dP ⊗dt-measurable, where dt is the Lebesgue measure on [0,∞). Let
wH(r, t) be i.i.d. real valued Brownian sheets on Rd ×R+, S = 1, . . . , d (cf.
Walsh [43] and Kotelenez [28]) with mean zero and variance t|A|, where A is
a Borel set inRd with finite Lebesgue measure |A|. Adaptedness for wH(4, t)
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means that
∫
A
wH(dp, t) is adapted for any Borel set A ⊂ Rd with |A| <∞,

w(p, t) := (w1(p, t), . . . , wd(p, t))T where “T” denotes the transpose.

Example 1. Let ε > 0 be given. Let | · | be the Euclidean norm on Rd

and set Γ̃ε(r) := (2πε)
d
4 · exp

(
− |r|2
4ε

)
, i.e., Γ̃ε(r) is the square root of the

normal density on Rd with mean 0 and variance ε. Consider the system of
SODE’s, i = 1, . . . , N

driε=F (r
i
ε,XN )dt+

∫
Γε(riε − p)w(dp, dt), ri(0) = qi; (12)

where Γε is a diagonal d × d matrix, whose entries on the diagonal are
all Γ̃ε. The mutual quadratic variation of the martingales mε(ri, dt) :=∫
Γε(ri − p))w(dp, dt) is given by

〈〈mε,k(riε, dt)mε,H(rjεdt)〉〉 = exp
(
−|r

i
ε − rjε|2
8ε

)
dtδkH, (13)

where δkH is the Kronecker symbol. Hence, by Lévy’s theorem for each i,
mε(riε, t) is an Rd-valued standard Brownian motion. However, the fluc-
tuations of two particles together is not Brownian, and its correlation de-
pends on the distance of the particles and the critical parameter ε > 0. If
|riε−rjε|2 E ε, then the correlations are negligible and the fluctuation terms
behave essentially like independent Brownian motions. ε is the aforemen-
tioned correlation length. XN is now the weak solution of the following
semilinear SPDE:

dXε =
1
2
;Xε −G · (XεF (·, Xε))dt−G · (Xε

∫
Γε(· − p)w(dp, dt))

Xε(0) = XN (0) =
N∑
i=1

aiδqi (14)

Obviously, (14) is a special case of (8), and most of the following heuristics
for (14) could be directly used for (8). XN (t) is a measure valued process.
For dimension d = 2 (12)/(14) can be considered as microscopic and mezo-
scopic models for vortex distribution in a 2D-fluid, provided we allow ai to
take both positive and negative values (cf. Kotelenez [30]). Then XN (t)
is a signed measure valued process. Besides this example there are other
models calling for signed measure valued processes, such as binary alloys in
metallurgy etc. (cf. Giacomin and Lebowitz [18]). So we will assume that
ai can take both positive and negative values, which we will call just posi-
tive and negative masses. Let Bd be the σ-algebra of Borel sets on Rd. Set
a+ :=

∑
ai≥0 ai, a

− = −∑
ai<0 ai,a := (a

+, a−) and

Ma := {µ : Bd → R : µ is a signed Borel measure, µ±(Rd) = a±}.
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Here µ± is the Jordan decomposition of µ and µ±(A) = b± if and only if
µ+(A)=b+ and µ−(A)=b− for A∈Bd. Then XN (t)∈Ma for all t and w.

Now suppose we have solved (12) (in the sense of Itô). Then we can
consider XN (t) as an Ma-valued input process Z in (12), and (12) becomes
an N -system of an Rd-valued SODE with N (possibly different) initial
conditions qi, i = 1, . . . , N (qi F0-measurable):

drε=F (rε, Z)dt+
∫
Γε(rε−p)w(dp, dt), rε(0)=qi, Z=XN . (15)

For the N -particle system given by (12) XN (t) can be represented as the
solution of the measure equation

Xε(t, A) =
∫

δrε(t,Xε,q)(A)X (0, dq) (16)

with X (0) = XN (0), rε(t,X , q) the solution of (15) with initial condition q,
A ∈ Bd and the integration over Rd. Clearly, if we replace X in rε(t,X , q)
by some Ma-valued process Z(t) (16) is trivial in the discrete case where,
of course, Xε(t) = Xε(t, Z) would depend on Z as a parameter. The cor-
responding mezoscopic equation would be a bilinear SPDE with random
coefficients F (·, Z) etc. If rε(t, Z, ·) is measurable with respect to q, i.e. Bd-
measurable, the right hand side of (16) is meaningful for general X (0) ∈Ma

in particular, for X (0, dq) = X(0, q)dq, i.e., for measures which have a den-
sity with respect to the Lebesgue measure dq. Next suppose we can invert the
“flow” rε(t, Z, ·) on [0, T ] (which is possible under smoothness assumptions,
exactly like in more traditional SODE’s - cf. Ikeda and Watanabe [20]).
Let us denote the inverse flow by řε(t, Z, ·). Then, by the change of vari-
able formula, assuming sufficient smoothness of ř(t, Z, ·) as a function of r
(guaranteed by smooth coefficients)

Xε(t, Z, ·) = X(0, řε(t, Z, ·))ψε(t, Z, ·), (17)

where ψε(t, Z, r) = |det ∂
∂r řε(t, Z, r)|, i.e., ψε(t, Z, r) is the absolute value

of the determinant of the Jacobian ∂
∂r řε(t, Z, r) of řε(t, Z, r) (cf. the fol-

lowing Section 6, (61)). Clearly, if řε and ψε exist (possibly smooth as
functions of r) and X(0, q) is a density with respect to dq, then Xε(t, Z, ·)
is a (possibly smooth) function of r, and Xε(t, Z, ·) is the density-valued
solution of the modified bilinear SPDE:

dXε(t, Z) =
1
2
;Xε(t, Z)dt−G · ((Xε(t, Z), F (·, Z))dt (18)

−G ·(Xε(t, Z)
∫
Γε(· − p)w(dp, dt)), Xε(0) = X(0).

To come from (18) to the semilinear SPDE (14) or the quasilinear SPDE
(8) one can try an iterative procedure starting with say Z ≡ X(0) =: Xε,0,



402 P. Kotelenez

obtaining the solution Xε,1(t) := Xε,1(t,Xε,0) and setting there Z = Xε,1
etc. Assuming solvability of (18) in each step one needs a suitable topology
to guarantee convergence in non-trivial situations.

Recall that one solution of (18) (resp. (14) or (8)) is the empirical pro-
cess XN (t) (starting in a linear combination of N point measures), which
itself describes the distribution of an N -system of Rd-valued SODE’s. Set
Xε(t,XN (0)) := XN (t). It is natural to try to“extend” Xε(t,XN (0)) from
XN (0) to more general initial conditions X (0) as N→∞. A natural choice
of a metric for this approach is a Wasserstein metric (see (21)). It was
used to solve (8) in Kotelenez [30, 31] for fixed finite positive and negative
masses. In this paper we extend those results to arbitrary mass including
infinite mass. The latter case is needed to derive homogeneous (i.e. spatially
shift invariant) random fields as solutions (cf. Kotelenez [33]).

Let us now address the macroscopic limit problem. Consider (13) and
suppose P{qi �= qj} = 1 for i �= j. Using stopping times and Itô’s formula
for the function |riε(t)−rjε(t)|−2, it follows P{riε(t) �=rjε(t)}=1 for i �=j. In
other words, the particles don’t hit (starting in different positions). Clearly,
if there is a limit in (12), as ε ↓ 0, it should be an SODE driven by i.i.d.
Brownian motions. Next, in dimension d ≥ 2 (nice) diffusions starting at
different positions don’t hit in finite time (cf. Friedman [16]). Therefore,
in dimension d ≥ 2 we can prove by the martingale limit theorem that
the RN ·d-valued martingale in (12) converges to an RN ·d-valued Brownian
motion. Then the continuous mapping theorem implies for “nice” F that
the solution of (12) converges to the solution of

dri = F (ri,XN )dt+ dβi, ri(0) = qi, i = 1, . . . , N (19)

with βi i.i.d. Rd-valued standard Brownian motions. By the aforementioned
results of Gärtner we obtain (in some topology!) limN→∞ limε↓0 XN,ε(t) =
X∞,0(t), where X∞,0 is the solution of a macroscopic PDE. Kotelenez and
Kurtz [35] show that the previous arguments can be made rigorous and
that roughly speaking limN→∞ limε↓0 XN,ε = limε↓0 limN→∞ XN,ε. This is
proved for the more general class of quasilinear SPDE’s (8) by introducing
a correlation length ε > 0 similar to (12). In this paper we will extend
the results in the microscopic and mezoscopic models of Kotelenez [30, 31]
with emphasis on the infinite mass case. This extension will be achieved by
a combination of Wasserstein metric and weighted Sobolev norm estimates.

B) Notation, Hypotheses and Simple Properties
First we define a metric on Rd by

ρ(r, q) := (c|r − q| ∧ 1), (20)

where r, q ∈ Rd , c some positive constant and “∧” denotes “minimum”.
If µ, µ̃ ∈ Ma we will call positive Borel measures Q± on R2d joint rep-
resentations of (µ+, µ̃+), resp. (µ−, µ̃−), if Q±(A × Rd) = µ±(A)a± and
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Q±(Rd × B) = µ̃±(B)a± for arbitrary Borel sets A,B ⊂ Rd. The set
of all joint representations of (µ+, µ̃+), resp. (µ−, µ̃−) will be denoted by
C(µ+, µ̃+), resp. C(µ−, µ̃−). For µ, µ̃ ∈Ma and m = 1, 2 set

γm(µ, µ̃) := [ inf
Q+∈C(µ+,µ̃+)

∫ ∫
Q+(dr, dq)Wm(r, q) + (21)

+ inf
Q−∈C(µ−,µ̃−)

∫ ∫
Q−(dr, dq)Wm(r, q)]

1
m ,

where the integration is taken over Rd × Rd. (We will not indicate the
integration domain when integrating over Rd.) It follows from Dudley [15]
and de Acosta [14] that (Ma, γ2) is a complete separable metric space.
Now let M be the set of finite signed Borel measures (Rd,Bd), where

Bd is the σ-algebra of Borel sets on Rd. In other words, M =
⋃

a∈R2 Ma.
We extend the function γ2 from Ma ×Ma to M ×M by using (21) for
arbitrary µ ∈ Ma and µ̃ ∈ Mb. The following example, however, shows
that γ2 is not a metric on M×M.

Example 2. Let µ, µ̃ ∈Ma, a = (a+, a−) �= (0, 0). For simplicity assume
a− = 0 and drop the ”+”-sign in what follows. Choose α ∈ (0, 1) and set
µα := αµ and µ̃ 1

α
:= 1

α µ̃. Then Q ∈ C(µ, µ̃) iff Q ∈ C(µα, µ̃ 1
α
). Indeed, if

Q ∈ C(µ, µ̃), then for any Borel set A and B, Q(A×Rd) = µ(A)µ̃(Rd) =
αµ(A) 1α µ̃(R

d) and Q(Rd × B) = µ(Rd)µ̃(B) = αµ(Rd) 1α µ̃(B). Hence,
Q ∈ C(µα, µ̃1/α). The other direction is proved in the same way. These
calculations imply, in particular, γ2(µ, βµ) = 0 for all β > 0.

Set for µ ∈M

µ±1 :=
{

µ±

a± , if a± > 0,
δ0, if a± = 0.

Then we define for µ ∈Ma and µ̃ ∈Mb

γ̃(µ, µ̃) := γ2(µ1, µ̃1), γ(µ, µ̃) := γ̃(µ, µ̃) + ρ(a,b), (22)

where ρ is given by (20), assuming here d = 2. For ε ∈ (0, 1) set
Mε,ε−1 := {µ ∈M : µ±(Rd) ∈ [ε, ε−1]}. (23)

Proposition 1.1. γ is a metric on Mε,ε−1 , and (Mε,ε−1 , γ) is a complete
and separable metric space.

Proof. We easily see that γ is a metric. The separability and completeness
follows from the separability and completeness ofM(1,0) (resp.M(0,1)) (cf.
de Acosta [14]) and of [ε, ε−1].

We also easily see that (M, γ) itself defines a metric space, which is not
complete. Further, if a+ �= 0 �= a− and a = (a+, a−), then γ restricted to
Ma is equivalent to γ2.
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For the description of those µ ∈M, (and more general measures), which
have a density with respect to the Lebesgue measure (denoted “dr”) we
need the corresponding function spaces. First of all let Bn be the σ-algebra
of Borel sets on Rn. Secondly, we need the following weight function:

λ(r) := (1 + |r|2)−α,
where α > d

2 is fixed. 1 is the function which equals 1 for all r ∈ Rd, and
Φ ∈ {1, λ}. Finally, to describe the order of differentiability of f : Rd → R
we introduce the following notation on multiindices:

n = (n1, . . . nd) ∈ (N ∪ {0})d, |n| := n1 + . . .+ nd.

Set {f : f : Rd → R is Bd−B1 measurable and f has partial derivatives in
the generalized sense up to order m ∈ N ∪ {0}} =: Bd,1,m. For p > 0 and
f ∈ Bd,1,m we set

‖f‖pm,p,Φ :=
∑
|j|≤m

∫
|∂jf |p(r)Φ(r)dr,

where ∂jf = ∂j

∂rj1 ...∂rjd
f for j = (j1, . . . , jd), and set

Wm,p,Φ := {f ∈ Bd,1,m : ‖f‖m,p,Φ <∞}, (24)

(H0, ‖ · ‖0) := (W0,2,1, ‖ · ‖0,2,1), (H0,λ, ‖ · ‖0,λ) := (W0,2,λ, ‖ · ‖0,2,λ),
(Hm, ‖ · ‖m) := (Wm,2,1, ‖ · ‖m,2,1),

(W̃m,p,Φ), ‖̃ · ‖̃m,p,Φ) := (Wm,p,Φ ×Wm,p,Φ, ‖ · ‖m,p,Φ + ‖ · ‖m,p,Φ),
(H̃0,λ, ‖̃ · ‖̃0,λ) := (W̃0,2,λ, ‖̃ · ‖̃0,2,λ).

Let s ≥ 0. Then H0,λ,[s,∞) (resp. H̃0,λ,[s,∞),M[s,∞),Ma,[s,∞)) denotes the
space of H0,λ–, (resp. H̃0,λ–, M–, Ma-) –valued continuous functions.

Wm,p,Φ,[s,T ] := {f : [s, T ]×Rd → R :
∫ T

s

‖f(s)‖pm,p,Φds <∞},

where we assume that for fixed s f(s) ∈Wm,p,Φ and that f is Bs,t⊗Bd−B1-
measurable with Bs,t := B1 ∩ [s, T ] (the restriction of B1 to [s, T ]).
If K is some metric space, Ks is the space of K-valued Fs-measurable

random variables. Wm,p,Φ,[s,T ] is the space ofWm,p,Φ-valued adapted dt⊗
dP -measurable processes η(·) such that E

∫ T
s
‖η(u)‖pm,p,Φdu < ∞. Set

H0,λ,[s,T ] :=W0,2,λ,[s,T ]. W̃m,p,Φ,[s,T ] and H̃0,λ,[s,T ] are defined by replacing
Wm,p,Φ by W̃m,p,Φ in the definition of Wm,p,Φ,[s,T ].
IfBi, i = 1, 2 are metric spaces, then C(B1,B2) is the space of continuous

functions from B1 into B2.
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For m ∈ N let Cm
b (R

d,R) be the space of m times continuously dif-
ferentiable bounded real valued functions on Rd, where all derivatives up
to order m are bounded, Cm

0 (R
d,R) is the subspace of Cm

b (R
d,R) whose

elements vanish at infinity and Cm
c (R

d,R) the subspace of Cm
0 (R

d,R),
whose elements have compact support. If f ∈ Cm

b (R
d,R) we set

|‖f |‖m := max
�1+·+�d=|�|
|H|≤m

sup
r∈Rd

|∂|H|H1,... ,Hdf(r)|,

where ∂|H|H1...Hdf(r) =
∂�1+...+�d

(∂r�1 )
�1 ...(∂r�q )

�d
f(r) and rHi , is the Si-th coordinate of

r. If we take only one partial derivative, say, with respect to rH, we will just
write “∂H”.
We now define the coefficients for the microscopic equations (SODE’s):

F : Rd ×M× H̃0,λ → Rd, J : Rd ×Rd ×M× H̃0,λ →Md×d,

where Md×d are the d × d-matrices over R. Endowing the domains and
ranges of F and J with the Borel σ-algebras, we assume F and J to be
measurable. We will consider two types of microscopic equations:

dr(t) = F (r(t), Ỹ(t), Z̃(t))dt+
∫
J (r(t), p, Ỹ(t), Z̃(t))w(dp, dt) (25)

r(s) = rs ∈ Rd,s, Ỹ ∈ Mb,[0,∞), Z̃ ∈ W̃0,λ,[0,∞),

where Rd,s is the space of Rd-valued, Fs-measurable random variables rs
such that E|rs|2 <∞, and W̃0,λ,[0,∞) is the inductive limit of W̃0,λ,[0,T ],
T ↑∞ (and the same forMb,[0,∞)). (25) describes the motion of a diffusing
particle in a random environment (represented by (Ỹ, Z̃)).

dri(t) = F (ri(t),XN (t), Z̃(t))dt+
∫
J (ri(t), p,XN (t), Z̃(t))w(dp, dt) (26)

ri(s) = ris ∈ Rd,s, i = 1, . . . N, XN (t) :=
N∑
i=1

biδri(t), Z̃ ∈ W̃0,λ,[0,∞),

where bi ∈ R (implying XN (t, w) ∈ Mb for all (t, ω), if b = (b+, b−)
and b+ :=

∑
bi≥0 bi, b

− := −∑
bi<0 bi). (26) represents the motion of N

interacting and diffusing particles in a random environment (represented
by Z̃). δri is the point measure concentrated in ri.
Let us assume that the following functions are given: B ∈ C3b (R;R)

such that for all x ∈ R, |B(x)| ≤ |x|, B(x) = −B(−x), B′(x) > 0 and
|B(3)(x)x3|+|B′′(x)x2|≤c1|B′(x)|·|x|≤c2|B(x)|, where B(3), B′′, B′ are the
third, second and first derivatives of B, respectively, and c1 and c2 are finite
constants. ΛL ∈ Cb(R2d;R+) such that Λ2L(r, ·)λ−1(·) as a function of r
belongs to C(Rd;W0,1,1), L∈{F,J }; K∈C1b (R3d;R+); Γ∈C2b (R4d;R+),
All constants will be denoted by cF , cJ , cJ ,T etc. and will be assumed to
be nonnegative and finite.
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Hypothesis 1. Suppose (rH, µH, η̃H) ∈ Rd ×Mb × H̃0,λ, S = 1, 2, where
b = (b+, b−) and b+ �= 0 �= b−. Then with η̃H = (ηH, η̂H)

|F (r1, µ1, η̃1)− F (r2, µ2, η̃2)| ≤ cF {ρ(r1, r2) + ‖B(η1)−B(η2)‖0,λ (27)

+ γ(µ1, µ2)+
∫
ΛF (r2, p)|B(η̂1(p))−B(η̂2(p))|dp}; |F (r, µ1η̃1)| ≤ cF

d∑
k,H=1

∫
(JkH(r1, p, µ1, η̃1)− JkH(r2, p, µ2, η̃2))2dp (28)

≤ cJ {ρ2(r1, r2) + γ2(µ1, µ2) + (
∫
ΛJ (r2, p)|B(η̂1(p))−B(η̂2(p))|dp)2}

+ ‖B(η1)−B(η2)‖20,λ;
d∑

k,H=1

∫
J 2kH(r, p, µ1, η̃1)dp ≤ cJ .

For examples, cf. Kotelenez [33].

Remark 1.2. (i) Let {φ̃n}n∈N be a complete orthonormal system (CONS)
in H0 and define an Md×d-valued function φn whose entries on the main
diagonal are all φ̃n and whose other entries are all 0. Then for any Ỹ ∈
Mb,[0,∞), Z̃ ∈ W̃0,λ,[0,∞) and r(·) ∈ Rd,[0,∞) (the spaces of Rd-valued
adapted continuous processes)∫
J (r(t), p, Ỹ(t), Z̃(t))w(dp, dt)=

∞∑
n=1

∫
J (r(t), p, Ỹ(t), Z̃(t))φn(p)dpdβn(t),

(29)

where βn(t) are Rd-valued i.i.d. standard Wiener processes. The right hand
side of (29) defines the increment of an Rd-valued square integrable con-
tinuous martingale M , which can be verified as the corresponding state-
ment in Kotelenez [31, Remark 1.2]. In particular, (28) implies for the
mutual quadratic variation of the one-dimensional components of M(t) :=
M(r(t), Ỹ(t), Z̃(t)) that [Mk(t),MH(t)] ≤ cJ t.

(ii) For the analysis of equivalent distributions it is convenient to have
a nice state space for w(dp, dt). The representation (29) suggests for fixed
t a state space on which we can define spatial Gaussian standard white
noise as a countably additive Gauss measure. One way is to set Hw :=
Dom((−; + |r|2)−α) for some fixed α > d where ; is the Laplacian on
H0, |r|2 is a multiplication operator, and “Dom” is the domain of the
fractional power (−α) of (−; + |r|2), which itself determines a “natural”
Hilbert norm ‖ · ‖w on Hw. Then with 1 = (1, . . . , 1)

∂1w(·, t) ∈ C([0,∞);Hw) =: Hw,[0,∞) a.s. (30)

(cf., e.g., Kotelenez [24]).
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Following Kotelenez [31] we now introduce the mezoscopic equations (or
SPDE’s) associated with (25) and (26). The empirical process associated
with (25) is given by YN (t) :=

∑N
i=1 aiδr(t,ris), where r(t, r

i
s) is the solution

of (25) starting at ris and ai ∈ R (assuming that a solution exists). The
empirical process associated with (26) is XN (t), as given in (26).
We easily see that the mutual quadratic variation [Mk(t),MH(t)] is dif-

ferentiable in t. Set for (µ, η̃, r) ∈M× H̃0,λ ×Rd

DkH(µ, η̃, r) :=
d

dt
[Mk(r, µ, η̃),MH(r, µ, η̃)],

and abbreviate ∂2kH :=
∂2

∂rk∂r�
. Then the empirical process associated with

(25), YN (t), is a solution of the bilinear SPDE

dY = (
1
2

d∑
k,H=1

∂2kH(DkH(Ỹ, Z̃)Y)−G · (YF (Ỹ, Z̃)))dt (31)

−G ·(Y
∫
J (·, p, Ỹ, Z̃)w(dp, dt))

with initial condition Y(s) =∑N
i=1 aiδris .

The empirical process associated with (26), XN (t), is a solution of the
quasilinear SPDE

dX = (
1
2

d∑
k,H=1

∂2kH,r(DkH(X , Z̃)X )−G · (XF (X , Z̃)))dt (32)

− G · (X
∫
J (·, p,X , Z̃)w(dp, dt)),

with initial condition X (s) =∑N
i=1 aiδris .

A solution of (31) and (32) will always be a weak solution (in the sense
of PDE’s, cf. Kotelenez [31]), where the test functions are from C3b (R

d;R).

Some more notation:
Differential operators with respect to the space variable are usually de-
noted by ∂j, j ∈ (N ∪ {0})d, but if there are several space variables, like
(r, p, q) etc.), we will write ∂j

r, ∂
j
q etc. to indicate the variable on which ∂j

is acting. Partial derivatives of first and second order may also be denoted
by ∂k, ∂

2
kH, resp. ∂k,r, ∂

2
kH,r (indicating again in the latter cases the rel-

evant space variables). Gs,t (resp. Gt) is the σ-algebra generated by the
Brownian sheet between s and t (resp. 0 and t) for t ≥ s. Gw,s,t and
Gw,t are the corresponding cylinder set σ-algebras on Hw,[0,∞). We will
use a bar on top of a σ-algebra to indicate that this σ-algebra is com-
plete. The corresponding cylinder set filtrations on Ma,[0,∞), H0,λ,[0,∞),
H̃0,λ,[0,∞) are denoted Fa,s,t, F0,λ,s,t, F̃0,λ,s,t etc. [ · ] will denote the (scalar)
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quadratic variation of Rm-valued martingales, where m ≥ 1. Moreover, for
m ∈ N, Rm, [s,∞) := C([s,∞); Rm). Finally, if Bi, i = 1, 2 are Banach
spaces, L(B1, B2) are the bounded linear operators from B1 into B2. If
B1 = B2 = B, then L(B) = L(B,B). Finally, we set

W (t) := ∂1w(·, t) . (33)

Note that W is an H0-valued standard cylindrical Brownian motion.

2 The Microscopic Equations

Existence and uniqueness are derived for a class of SODE’s of type (25) as
well as the measurability of its solution with respect to (ω, µ, η̃, r). This gen-
eralizes the well known result for SODE’s of Markovian type (measurability
in (ω, r)) to our setting. As a consequence, equivalence in distribution of the
solutions of SODE’s driven by different “inputs” (wi, Ỹi, Z̃i, rs,i), i = 1, 2
is derived, provided that the “inputs” are equivalent in distribution (Theo-
rem 2.2). In Theorem 2.3 the SODE for interacting particles is solved, and
in Theorem 2.6 the “backward” SODE is derived.

Let F̃ and J̃ satisfy (27) and (28), w̃ be an Ft-adapted Brownian sheet
(as in (29)) and consider the following Rd-valued SODE on [s,∞):

dr(t) = F̃ (r(t), Ỹ(t), Z̃(t))dt+ ∫ J̃ (r(t), p, Ỹ(t), Z̃(t))w̃(dp, dt)
r(s) = rs, Ỹ ∈ Mb,[0,∞], Z̃ ∈ W̃0,λ,[0,∞). (34)

Denote a solution of (34), if it exists, by r(t, Ỹ, Z̃, rs, s). If f is a stochastic
process on [s,∞) with values in some metric space, we set for t ≥ s

(πs,tf)(u) := f(u ∧ t), (u ≥ s).

Theorem 2.1. 1) To each s≥0, rs ∈ Rd,s, Ỹ ∈ Mb,[s,∞), Z̃ ∈ W̃0,2,λ,[s,∞)
(2.1) has a unique solution r(·, Ỹ, Z̃, rs, s) ∈ Rd,[s,∞).

2) Let Ỹi ∈ Mb,[s,∞), Z̃i ∈ W̃0,2,λ,[s,∞) and rs,i ∈ Rd,s, i = 1, 2. Then
for any T ≥ s and any stopping time τ ≥ s

E sup
s≤t≤T∧τ

ρ2(r(t, Ỹ1, Z̃1, rs,1, s), r(t, Ỹ2, Z̃2, rs,2, s))≤cT,F̃ ,J̃ {Eρ2(rs,1, rs,2)

+ E

∫ T∧τ

s

(γ22(Ỹ1(u), Ỹ2(u)) + ‖Z1(u)− Z2(u)‖20,λ)du+ (35)

∑
L∈{F̃ J̃ )

E

∫ T∧τ

s

(
∫
ΛL(r(u, Ỹ2, Z̃2, rs,2, s), p)|B(Ẑ1(u, p))−B(Ẑ2(u, p))|dp)2du}.

Further, with probability 1 uniformly in t ∈ [s,∞)
r(t, Ỹ1, Z̃1, rs,1, s) ≡ r(t, πs,tỸ1, πs,tZ̃1, rs,1, s). (36)
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3) For any N ∈ N there is a RdN -valued map rN in (t, ω, µ(·), η̃(·), rN , s),
0 ≤ s ≤ t <∞ such that for any fixed s ≥ 0

rN (·, . . . , ·, s) : Ω×Mb,[s,∞) × H̃0,λ,[s,∞) ×RdN → C([s,∞);RdN ),

and the following holds:
(i) For any t ≥ s
rN (t, ·, . . . , ·, s) is Gs,t ⊗Fb,s,t ⊗ F̃0,λ,s,t ⊗ BdN ⊗−BdN -measurable.

(ii) The i-th d-vector of rN = (r1, . . . , ri, . . . rN ) depends only on the i-th d-
vector component ri of rN , and with probability 1 (uniformly in t ∈ [s,∞))

ri(t, ·, Ỹ, Z̃, ris, s) ≡ r(t, Ỹ, Z̃, ris, s), (37)

where the right hand side of (37) is the solution of (34).
(iii) If u ≥ s is fixed, then with probability 1 (uniformly in t ∈ [u,∞))

rN (t, ·, πu,tỸ, πu,tZ̃, rN (u, ·, πs,uỸ, πs,uZ̃, rN,s, s), u) (38)

≡ rN (t, ·, πs,tỸ, πs,tZ̃, rN,s, s).
Proof. We will prove statements 1) and 2) without loss of generality on
[0, T ] for fixed T > 0 and s = 0 and statement 3) on [s, T ], and whenever
possible we will suppress the dependence on s = 0 in our notation.
(i) Let qH ∈ Rd,[0,∞) and set

q̃H(t) := qH(0) +
∫ t

0
F̃ (qH(s), ỸH(s), Z̃H(s))ds+

+
∫ t

0

∫
J̃ (qH(s), p, ỸH(s), Z̃H(s))w̃(dp, ds).

(ii) (27) and (28) imply

E sup
0≤t≤T∧τ

ρ2(q̃1(t), q̃2(t))≤ c̃F,J {Eρ2(q1(0), q2(0))+E
∫ T∧τ

0
ρ2(q1(s), q2(s))ds

+ E

∫ T∧τ

0
γ22(Ỹ1(s), Ỹ2(s))ds+ E

∫ T∧τ

0
‖B(Z1(s))−B(Z2(s))‖20,λds

+ E

∫ T∧τ

0

∑
L∈{F̃ ,J̃ }

(
∫
ΛL(q2(s), p)|B(Ẑ1(s, p))−B(Ẑ2(s, p))|dp)2ds}.

(iii) Choosing first Ỹ1 ≡ Ỹ2, Z1 ≡ Z2, Ẑ1 ≡ Ẑ2 and τ = T the existence
of a unique continuous solution follows from the last estimate and the
contraction mapping principle. Having thus established the existence of
unique (continuous) solutions r(·, ỸH, Z̃H, r0,H), S = 1, 2, (35) follows from
the last estimate and Gronwall’s lemma.
(iv) The relation (36) follows immediately from the construction.
(v) Statement 3 is proved in Kotelenez [33].
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If f and g are random variables with values in some measurable space, we
will write f ∼ g, if f and g have the same distribution. Recall that by (33)
and (30) W is an element of Hw,[0,∞). Now suppose for s ≥ 0 there are two
sets of random variables (wi, Ỹi, Zi, rs,i), i = 1, 2, on (Ω,F , P ) such that
(i) wi are Brownian sheets with Wi in Hw,[0,∞) such that in the (weak)

representation (29) Wi(·, t) =
∑∞

n=1 φn(·)βn,i(t), where {βn,i(·)}n∈N are
two families of independent Rd-valued standard Brownian motions;
(ii) Ỹi ∈Mb,[s,∞) and for any t ≥ u ≥ s: πu,t(Ỹ1) ∼ πu,t(Ỹ2);
(iii) Z̃i ∈ H̃0,λ,[s,∞) and for any t ≥ u ≥ s: πu,t(Z̃1) ∼ πu,t(Z̃2);
(iv) ri,s ∈ Rd,s and r1,s ∼ r2,s.
In what follows we will denote by r(·, wi, Ỹi, Z̃i, rs,i, s) the unique contin-

uous solutions of (34) with input variables (wi, Ỹi, Z̃i, ri,s), i=1, 2. As (37),
rN (·, wi, Ỹi, Z̃i, rN,i,s, s) :=(r(·, wi, Ỹi, Z̃i, r1s,i, s), . . . , r(·, wi, Ỹi, Z̃i, rNs,i, s))
is a collection of N solutions, considered as an RdN -valued process.

Theorem 2.2. Suppose

(W1, Ỹ1, Z̃1, rN,1,s) ∼ (W2, Ỹ2, Z̃2, rN,2,s)

on C([s,∞);Hw ×Mb × H̃0,λ)×RdN . Then

rN (·, w1, Ỹ1, Z̃1, rN,1,s, s) ∼ rN (·, w2, Ỹ2, Z̃2, rN,2,s, s)
on C[s,∞);RdN ). In particular, for any t ≥ s

rN (t, w1, Ỹ1, Z̃1, rN,1,s, s) ∼ rN (t, w2, Ỹ2, Z̃2, rN,2,s, s).
Proof. Assume without loss of generality s = 0 and N = 1. Set Gt,i :=
G(wi(s), s ≤ t). Further, let Gw,t be the completion of Gw,t with respect
to πtW1P (the probability measure induced by πtW1 on (Hw,[0,∞),Gw,∞),
which by equivalence equals πtW2P ). r(·, wi(·), ·, ·, ·) are the general solu-
tion maps from Theorem 2.1, i = 1, 2.
It is now more convenient to “lift” the stochastic analysis to the “canoni-

cal” probability space (Hw,[0,∞)),Gw,∞,Gw,t, w1P ). Then, by Theorem 2.1,
there is a map

=
r : Hw,[0,∞) ×Mb,[0,∞) × H̃0,λ,[0,∞) ×Rd → C([0,∞);Rd)

such that (πt
=
r)(·, ·, ·, ·) is Gw,t ⊗ Fb,t ⊗ F̃0,λ,t ⊗ Bd,FRd,t-measurable, for

all t ≥ 0, where FRd,t is the σ-algebra of cylinder sets on C([0, t];Rd).
Moreover, with probability 1 uniformly in t ≥ 0

=
r (t, πtWi, πtỸ, πtZ̃i, ri,0) ≡ r(t, wi, Ỹi, Z̃i, ri,0), i ≡ 1, 2, (39)

(cf. Ikeda and Watanabe [20, Ch. IV]). Now under the assumption the
assertions of the theorem follow from the last two estimates. .

Next, we assume
Ma =Mb (i.e., a± = b±)
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and take Ỹ(t) := XN (t) :=
∑N

i=1 aiδri(t), i.e., we consider the R
dN -valued

system of coupled SODE’s (20). By a direct generalization of the proof of
Theorem 2.2 in Kotelenez [31] we obtain:

Theorem 2.3. To each Fs-adapted initial condition rN (s) ∈ RdN and
Z̃ ∈ W̃0,2,λ,[s,∞) (26) has a unique solution rN (·, Z̃, rN (s)) ∈ Rd,[s,∞).

Let us now choose F̃ := F , J̃ := J and w̃ := w. Then (34) becomes
the SODE (25) for the random “forward” flow. Next we will follow the
procedure in Ikeda and Watanabe [20, Ch. V] to construct the random
“backward” flow. Fix T > s and consider

dr(t) = −F (r(t), Ỹ(T + s− t), Z̃(T + s− t))dt

+
∫
J (r(t), p, Ỹ(T + s− t), Z̃(T + s− t))w̌(dp, dt) (40)

for r(s)=r (deterministic), t∈ [s, T ] and

w̌(dp, t) := w(dp, T − t)− w(dp, T ). (41)

Setting now w̃ := w̌, F̃ (r, Ỹ(t), Z̃(t)) := −F (r, Ỹ(T + s− t), Z̃(T + s− t)),
and J̃ (r, p, Ỹ(t), Z̃(t)) := J (r, p, Ỹ(T + s − t), Z̃(T + s − t)) Theorem 2.1
implies the existence of a unique Itô-solution of Hypothesis 2 below. More-
over, setting Gt := Ǧt := σ(W̌ (u), u ≤ t) (where σ(·) is the completed σ-
algebra) this solution can be represented through the Ǧt⊗Fb,t⊗F̃0,λ,t⊗Bd–
Bd-measurable map ř(t, ·, ·, ·, s, w̌) of part 3 of Theorem 2.1 with N = 1,
provided Z̃ ∈ H̃0,λ,[s,∞). Then the measurability properties of ř allow us
to define for any Rd-valued random variable ξ

ξ �→ ř(·, Ỹ, Z̃, ξ, s, w̌) (42)

such that for deterministic ξ = r ř(·, Ỹ, Z̃, r, s, w̌) is the unique Itô-solution
of (40) with ř(s, Ỹ, Z̃, r, s, w̌) = r.

Remark 2.4. (i) In general, ř(·, Ỹ, Z̃, ξ, s, w̌) cannot be interpreted as an
Itô-solution of (40) with initial condition ξ at time s, since ξ can be antic-
ipating with respect to w̌.

(ii) Since in (42) we do not need the measurability in µ and η̃, we may
always assume Z̃ ∈ W̃0,2,λ,[0,∞) etc. and assume that ř(t, Ỹ, Z̃, ·, s, w̌) is
measurable with respect to (ω, r).

We will now show that (40) is indeed the SODE for the backward flow
under an additional smoothness assumption on the coefficients of (34).
Abbreviate for u ∈ [0, T ] and k, S = 1, . . . , d

F̃k(r, u) := F̃k(r, Ỹ(u), Z̃(u)), J̃kH(r, p, u) := J̃kH(r, p, Ỹ(u), Z̃(u)).
(43)
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Hypothesis 2. For some m ≥ 1

max
1≤k,H≤d

ess sup
ω∈Ω, 0≤u≤T

{|‖F̃k(·, u, ω)|‖m+|‖
∫
J̃ 2kH(·, p, u, ω)dp|‖m+1} <∞.

Remark 2.5. For homogeneous kernels JkH(r− p, u) Hypothesis 2 reduces
to (4.2) on D̂ (cf. Section 4). Indeed, using the homogeneity in the first
step of the calculations below we obtain for any q̃(u) ∈ Rd,[0,∞) (assuming
|j| ≤ m+ 1)∫

(∂j
rJkH)2(q̃(u)− p, u)dp =

∫
(∂j
rJkH)2(q, u)dq

= (−1)|j|
∫
(∂2jr JkH(q, u))JkH(q, u)dq

≤ ess supω∈Ω, u∈[0,T ]|‖D̂kH(u, ω)|‖2(m+1) ≤ d1,T <∞.

Theorem 2.6 (Kotelenez [33]). Fix T > s. Under Hypothesis 2 with
probability 1

r(T − t, Ỹ, Z̃, r, s, w) = ř(t, Ỹ, Z̃, r(T − s, Ỹ, Z̃, r, s, w), w̌), (44)

uniformly in r ∈ Rd and t ∈ [s, T ], where the left hand side in (44) is the
(ω, r)-measurable version of the solution of the “forward” SODE (24), and
the right hand side is the measurable version (in (ω, r)) of the “backward”
SODE (40).

3 The Mezoscopic Equation – Existence

Existence for the mezoscopic equation (31) is obtained through extension by
continuity on the space of finite signed measures. The “mass” is conserved
but it can depend on ω. Finally, we derive existence for the quasilinear
SPDE (32) on M[s,∞).

Let Ỹ ∈ Mb,[0,∞), Z̃ ∈ W̃0,2,λ,[0,∞), ris ∈ Rd,s, i = 1, . . . N . Consider on
[s,∞) the N -system of Rd-valued SODE’s:

dri(t) = F (ri(t), Ỹ(t), Z̃(t))dt+ ∫ J (ri(t), p, Ỹ(t), Z̃(t))w(dp, dt)
ri(s) = ris, i = 1, . . . , N ; (45)

where F and J satisfy assumptions (27) and (28). By Theorem 2.1 (45)
has unique continuous solutions ri(t), i = 1, . . . , N . Set

YN (t) :=
N∑
i=1

aiδri(t), (46)
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where ai∈R, and a+:=
∑

ai≥0 ai, a
−:=

∑
ai<0 ai and a := (a

+, a−). Then

YN ∈Ma,[s,∞), (47)

and (by Itô’s formula, cf. Kotelenez [31]) YN is a solution of (31) with
initial condition

YN (s) =
N∑
i=1

aiδri(s) =: Xa,s. (48)

Now let Xa,s be any initial condition which can be represented by (48) and
Y(t, Ỹ, Z̃,Xa,s) the empirical process YN (t,Xa,s) given by (3.2). Let B∈Fs.
Then both X±

a,s1B and X±
a,s1Bc are Fs-measurable (where Bc := Ω\B). Set

Y±(t, Ỹ, Z̃,X±
a,s1B) := 1BY±(t, Ỹ, Z̃,X±

a,s).

We immediately verify that Y±(·, Ỹ, Z̃,X±
a,s1B) solves (31) with initial con-

dition X±
a,s1B , where now for all t ≥ s

Y±(t, Ỹ, Z̃,X±
a,s1B) ∈

{
Ma± , if ω ∈ B,
{0µ}, if ω �∈ B.

(49)

Here,Ma± are the non-negative Borel measures of mass a±, and 0µ(A) = 0
for all Borel sets A. This observation together with the fact that the solution
of a bilinear equation (on some vector space) defines a linear operator on
the space of initial conditions allows us to “extend” our solutions of (31)
with deterministic mass a to solutions with Fs-measurable random mass a
as follows: Let ai ∈ R2, Bi ∈ Fs and Xai,s given by (48), i = 1, . . . n. Then

Y(t, Ỹ, Z̃,
n∑
i=1

1BiXai,s) :=
n∑
i=1

1BiY(t, Ỹ, Z̃,Xai,s) (50)

is a solution of (31) with initial condition

Xs :=
n∑
i=1

1BiXai,s, a(ω) :=
n∑
i=1

ai1Bi(ω). (51)

Set

Ms,d :={Xs∈Ms : Xs =: Xs,n,N represented by (51), (48); n,N ∈ N}.

We restrict the metric (Eγ2(·, ·)) 1
2 onMs toMs,d.

Theorem 3.1. (I) For any fixed Ỹ ∈ Mb,[s,∞), Z̃ ∈ W̃0,2,λ,[s,∞) the map
Xs,n,N �→ Y(·, Ỹ, Z̃,Xs,n,N ) from Ms,d into M[s,∞) extends uniquely to a
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map Xs �→ Y(·, Ỹ, Z̃,Xs) from Ms into M[s,∞). If a±(ω) := X±
s (ω,R

d) is
the random mass at time s, then with probability 1 uniformly in t ∈ [s,∞)

Y(t, ω, Ỹ, Z̃,Xs(ω)) ∈Ma(ω), (52)

where a(ω) := (a+(ω), a−(ω)),
(II) Let Xs,H ∈ Ms, ỸH ∈ Mb,[s,∞), Z̃H ∈ W̃0,2,λ,[s,∞) a.s., S = 1, 2,

where X±
s,1(ω,R

d) = X±
s,2(ω,R

d) =: a±(ω). Then for any bounded stopping
time τ ≥ s

E sup
s≤t≤τ

γ2(Y(t, Ỹ1, Z̃1,Xs,1),Y(t, Ỹ2, Z̃2,Xs,2)) ≤ cτ,F,J {Eγ2(Xs,1,Xs,2)

+ E|a|2
∫ τ

s

(γ2(Ỹ1(u), Ỹ2(u)) + ‖B(Z1(u))−B(Z2(u))‖20,λ)du

+
∑

L∈{F,J}

∑
+,−

E|a|
∫ τ

s

∫
Y±2 (u, dr) · (53)

(
∫
ΛL(r(u, Ỹ2, Z̃2, r, s)− p)|B(Ẑ1(u, p))−B(Ẑ2(u, p))|dp)2du.

Proof. (i) Suppose the mass parameters of Xs, Xs,1, Xs,2 are discrete ran-
dom variables an, an,1, an,2 respectively (i.e., they take only finitely many
values). Then we can restrict the analysis to the case, where an, an,1 and
an,2 are all constant in ω. However, for constant mass parameters state-
ments (I) and (II) are straight forward generalizations of Kotelenez [31,
Lemma 3.1, Corollary 3.2], where the main difference comes from the last
term on the right hand side of (35).
(ii) We bound the mass away from 0 and∞. Let ε ∈ (0, 1) and recall that

(Mε,ε−1 , γ) is complete and separable. Clearly,
⋃
ε∈(0,1)Mε,ε−1 = {µ ∈M :

µ±(Rd) > 0} .
(iii) Assume for notational convenience s = 0. LetMε,ε−1,0,Mε,ε−1,[0,∞)

be the restrictions of M0 and M[0,∞), respectively, to random variables,
resp. random processes with values in Mε,ε−1 . Let X0 ∈ Mε,ε−1,0 with
mass a. Take a sequence of discrete random variables an with a+n , a

−
n ∈

(ε, ε−1) a.s. and Eρ2(an,a)→ 0, as u→∞. Set X±
0,n := a±nX±

0 /a
±. Then,

γ̃2(X0,X0,n) = 0, whence

Eγ2(X0,n,X0) = Eρ2(an,a)→ 0, as n→∞. (54)

Hence,M0,d is dense inM0 with respect to the metric (Eγ2(·, ·)) 1
2 .

The completeness of (Mε,ε−1 , γ) implies the completeness of Mε,ε−1,0
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andMε,ε−1,[0,∞). Step (i) implies

E sup
0≤t≤τ

γ2(Y(t, Ỹ1, Z̃1,X0,n),Y(t, Ỹ2, Z̃2,X0,m))≤cτ,F,J ,ε{Eγ2(X0,n,X0,m)

+ E

∫ τ

0
|a|2(γ2(Ỹ1(s), Ỹ2(s)) + ‖B(Z1(s))−B(Z2(s))‖20,λ)ds

+
∑

L∈{F,J}

∑
+,−

E

∫ τ

0

∫
|a|Y±2 (s, dr) · (55)

(
∫
ΛL(r(u, Ỹ2, Z̃2, r)− p)|B(Ẑ1(s, p))−B(Ẑ2(s, p)))dp)2ds}

for any X0,n,X0,m ∈ Mε,ε−1,0 ∩M0,d. Hence for any X0 ∈ Mε,ε−1,0, Ỹ ∈
Mb,[s,∞) and Z̃ ∈ W̃0,2,λ,[s,∞) there is a unique extension Y(·, Ỹ, Z̃,X0) ∈
Mε,ε−1,[0,∞). Moreover, the inequality extends by continuity to arbitrary
initial conditions X0,1 and X0,2 fromMε,ε−1,0.
(iv) Since ε ∈ (0, 1) was arbitrary and Y(t, Ỹ, Z̃,Xs) is linear in the initial

condition (cf. (50)) (53) extends to all Xs ∈Ms (where the right hand side
in (53) may be infinite and where we set Y±(t, Ỹ, Z̃, 0µ) ≡ 0µ). (52) follows
from the construction of the extension.

Next, we consider the mezoscopic equation (32) associated with the coupled
system of SODE’s (26). Let for b > 0

M0,b := {µ ∈M : µ+(Rd) + µ−(Rd) ≤ b}

and let M0,b,s denote the restriction of Ms to M0,b. By a trivial general-
ization of Theorem 2.1 we obtain that (26) has a unique solution even
if Ỹ ∈ M0,b,[s,∞) (the restriction of M[s,∞) to M0,b-valued processes)
such that (35) holds. We denote the empirical process of the N -particle
system by X (t, Z̃,Xs,N ), with Xs,N being its initial state. A combina-
tion of such states as given by (51) will be denoted Xs,N,n. Note that
X (t, Z̃,Xs,N,n) = Y(t,Y, Z̃,Xs,N,n), if we set Y := X (·, Z̃,Xs,N,n).

Theorem 3.2. (I) Let Z̃ ∈ W̃0,2,λ,[s,∞). Then for any b > 0 the map
Xs,N,n �→ X (·, Z̃,Xs,N,n) from M0,b,s∩Ms,d into M[s,∞) extends uniquely
to a map Xs �→ X (·, Z̃,Xs) from M0,b,s into M[s,∞). Moreover, if a±(ω) :=
X±
s (ω,R

d) is the random mass at time s, a(ω) := (a+(ω), a−(ω)), then with
probability 1, X (t, ω, Z̃,Xs(ω)) ∈Ma(ω) for all t ≥ s.

(II) Suppose for S = 1, 2 Z̃H ∈ W̃0,2,λ,[s,∞) and Xs,H ∈M0,b,s such that
X±
s,1(ω,R

d) = X±
s,2(ω,R

d) = a±(ω) a.s. Then, for any bounded stopping
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time τ ≥ s and with X2 := X (·, Z̃2,X2)

E sup
s≤t≤τ

γ2(X (t, Z̃1,Xs,1),X (t, Z̃2,Xs,2)) ≤ cτ,F,J ,b{Eγ2(Xs,1,Xs,2)

+E|a|2
∫ τ

s

‖B(Z1(u))−B(Z2(u))‖20,λdu+
∑

L∈{F,J}

∑
+,−

E|a|
∫ τ

s

∫
X±
2 (u, dq)

·(
∫
ΛL(r(u,X2, Z̃2, q, s)− p)|B(Ẑ1(u, p))−B(Ẑ2(u, p))|dp)2du}.

Proof. Theorem 3.1 and Kotelenez [31, Theorem 3.4].

Theorem 3.3. Let Z̃ ∈ W̃0,λ,[s,∞). Then the following statements hold:
(I) Suppose Ỹ ∈ M0,b,[s,∞), Xs ∈Ms. Then Y(·, Ỹ, Z̃,Xs), the process

obtained in Theorem 3.1, is a solution of (31) (cf. Kotelenez [31], (52)).
(II) Suppose Xs ∈ M0,b,s for some b > 0. Then X (·, Z̃,Xs), the process

obtained in Theorem 3.2, is a solution of (32) (cf. Kotelenez [31], (29)).

Proof. Simply generalize the proofs of [31, Theorems 3.5 and 3.6].

4 The Mezoscopic Equation – Smoothness

Under the smoothness assumptions (56) on the coefficients of (25) the so-
lution of (31) (resp. of (32)) is shown to live on corresponding smooth
Sobolev-Hilbert spaces Hm provided the initial condition lives on Hm.

Note that smoothness for the bilinear SPDE (31) implies smoothness
for the quasilinear SPDE (32) (by taking Y ≡ X ∈ M0,b,[s,∞), provided
Xs ∈M0,b,s for some b > 0). In Kotelenez [31]H0-valued solutions for both
SPDE’s were derived without the “input” (Ẑ, Z) and for deterministic mass
parameter a. Moreover, the kernel J was assumed to be homogeneous.
Since the arguments become more transparent in the homogeneous case,
we will make the same assumption here. It will, however, become obvious
that with minor changes in the proof one can also derive smoothness for
inhomogeneous J .
Hypothesis 3. J (r, p, ·) = J (r − p, ·) for all r, p ∈ Rd.

Then we abbreviate:

DkH(s) :=DkH(Ỹ(s), Z̃(s)), Fk(r, s) :=Fk(r, Ỹ(s), Z̃(s)),

J (r, s) :=J (r, Ỹ(s), Z̃(s)), dM(s) :=
∫
J (· − p, s)w(dp, ds),

D̃kH(s, r−q) :=
d

ds
[Mk(s, r),MH(s, q)], D̂kH(s, r−q) :=DkH(s)−D̃kH(s, r−q).
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Hypothesis 4. Fix m ∈ N ∪ {0}, T > 0 and suppose there are finite con-
stants di,T , i = 1, 2, 3 such that

max
1≤k,H≤d

ess sup(t,ω)∈[0,T ]×Ω|‖D̂kH(t, ω)|‖(m+1)2 ≤ d1,T ;

max
1≤k,H≤d

ess sup(t,ω)∈[0,T ]×Ω|DkH(t, ω)| ≤ d2,T ;

max
1≤k≤d

ess sup(t,ω)∈[0,T ]×Ω|‖Fk(t, ω)|‖m+1 ≤ d3,T .

We will call m the smoothness degree of the coefficients F and J .

Theorem 4.1. Let m ∈ N ∪ {0}. Suppose Hypothesis 3 and 4 and

Ys ∈ Wm,2,1,s ∩M0,b,s for some b > 0. (56)

Then, the unique (weak) solution of (31) has a density with respect to the
Lebesgue measure Y (·, Ys) := Y (·, Ỹ, Z̃, Ys) such that for any T > s

Y (·, s) ∈ Wm,2,1,[s,T ] ∩M0,b,[s,T ].

Moreover, there is a finite constant cT,m := cT,m(d1, d2, d3) such that uni-
formly in Ỹ ∈ M0,b,[s,T ] and Z̃ ∈ W̃0,λ,[s,∞).

sup
s≤t≤T

E‖Y (t, Ỹ, Z̃, Ys)‖2m ≤ cT,mE‖Ys‖2m,

where d1, d2 and d3 are the bounds in (56) evaluated at T .

5 The Itô formula for ‖ · ‖pm,p,Φ

The Itô formula for ‖Y (t)‖pm,p,Φ is derived under smoothness assumption
on the coefficients and the initial conditions.

Theorem 5.1. Let Φ ∈ {1, λ}, p > 0, if Φ = λ and p ≥ 2, if Φ ≡ 1,
m ∈ N∪{0}, m > d

2 +m+2 an even integer and assume that Hypothesis 3
and 4 (with smoothness degree m instead of m) hold. Further, assume

Ys ∈ Wm,2,1,s ∩M0,b,s for some b > 0. (57)

Let Y (·) := Y (·, Ys) := Y (·, Ỹ, Z̃, Ys) be the (smooth) solution of (31) (de-
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rived in Section 4). Then for any multiindex m with |m| ≤ m∫
(∂mY (t, r))pΦ(r)dr =

∫
(∂mY (s, r))pΦ(r)dr+

+
1
2

d∑
k,H=1

∫ t

s

∫
(∂mY (u, r))p∂2kHΦ(r)drDkH(s)ds

− p

2

d∑
k,H=1

∫ t

s

∫
(∂mY (u, r))p−1{

∑
n<mk

(∂nY (u, r))LkH,mk−n(u)∂HΦ(r)

+
∑

n<m�

∂nY (u, r)(−1)|m�−n|+1LkH,m�−n(u)∂kΦ(r)}drdu

+
p(p− 1)

2

d∑
k,H=1

∫ t

s

∫
(∂mY (u, r))p−2

∑
n<mk
ñ<m�

(∂nY (u, r)) (∂ñY (u, r)) ·

·(−1)|m�−ñ|+1Lk,H,mk+m�−n−ñ(u)Φ(r)drdu

+
d∑
H=1

∫ t

s

∫
(∂mY (u, r))p((∂HFH)(r, u)Φ(r) + FH(r, u)∂HΦ(r))drdu

− p

d∑
H=1

∫ t

s

∫
(∂mY (u, r))p−1

∑
n<m�

(∂nY (u, r))(∂m�−nFH(r, u))Φ(r)drdu

+
d∑
H=1

∫ t

s

∫
(∂mY (u, r))p((d∂HMH(u, r))Φ(r) + dMH(u, r)∂HΦ(r))dr

− p

d∑
H=1

∫ t

s

∫
(∂mY (u, r))p−1

∑
n<m�

(∂nY (u, r))d(∂m�−nMH(u, r))Φ(r)dr,

=:
8∑
i=1

Cm,i(t),

where mk :=m+ 1k,mH :=m+ 1H and Lk,H,n(s) := ∂nD̂kH(s, r)|r=0.

Proof. (i) If p ≥ 2, Theorem 4.1 and the definition ofm imply Y (t), ∂kY (t),
∂2kHY (t) are in Wm,p,1 ⊂ Wm,p,Φ for k, S = 1, . . . , d. For Φ = λ Hölder’s
inequality implies Wm,p,λ ⊃Wm,2,λ if 0 < p ≤ 2. Again we assume s = 0.
Further, since we can always choose a decomposition {Bn}n∈n of Ω with
Bn ∈ F0 such that ess supω ‖Y0‖m1Bn < ∞ for n ≥ 2 and P (B1) = 0 we
may without loss of generality assume ess supω‖Y0(ω)‖m ≤ c <∞. By (57)
we may stop ‖Y (t)‖m−2 at the first exit time τ := τN for the ball with center
0 and radius N > c (where τN (ω) = ∞, if sup0≤t<∞ ‖Y (t)‖m−2 < ∞).
Hence, ‖Y (t∧ τN )‖m−2 ≤ N a.s. for all t ≥ 0. By the smoothness result we
obtain the analogue of Kotelenez [33, (9.110] with µ =∞, i.e., Rm

2
µ replaced
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by I and t∧ τ instead of t. We now proceed as in the proof of Theorem 4.1
(cf. Kotelenez, loc. cit.). Let us also use the same abbreviations as in that
proof (with µ =∞, t �→ t ∧ τ and setting here Ym(t) := ∂mY (t)).
(ii) Integration by parts yields A2,m(t)=A2,m,1(t) +A2,m,2(t) as

A2,m(t)=−p(p−1)
2

d∑
k,H=1

∫ t∧τ

0

∫
(Ym(s, r))p−2(∂kYm(s, r))(∂HYm(s, r))·

·Φ(r)drDkH(s)ds+
1
2

d∑
k,H=1

∫ t∧τ

0

∫
(Ym(s, r))p∂2kHΦ(r)drds

where the second term comes from

p

∫
Y p−1(s, r)(∂HYm(s, r))∂kΦ(r)dr =

∫
∂H(Y p

m(s, r))∂kΦ(r)dr

and integration by parts. Next, note that n ≤mk, ñ ≤mH,

d[∂mk−nMk(s, r), ∂m�−ñMH(s, r)] = LkH,mk+m�−n−ñ(s)(−1)|m�−ñ|+1ds,

and −LkH,0(s) = DkH(s). Therefore,

[∂k∂m(Y (s, r)dMk(s, r)), ∂H∂m(Y (s, r)dMH(s, r))]
= (∂kYm(s, r))(∂HYm(s, r))DkH(s)ds

+
∑

n<mk
ñ<m�

(∂nY (s, r))(∂ñY (s, r))(−1)|m�−n|+1LkH,mk+m�−n−ñ(s)ds

+
∑

ñ<m�

(∂kYm(s, r))(∂ñY (s, r))(−1)|m�−ñ|+1LkH,m�−ñ(s)ds

+
∑

n<mk

(∂HYm(s, r))(∂nY (s, r))LkH,mk−n(s) ds =:
4∑
i=1

BkH,i(s, r)ds.

The decomposition of the left hand side into
∑4

i=1BkH,i(s, r)ds induces a
decomposition A5,m(t)=!

∑4
i=1A5,m,i(t). Clearly, A2,m,1(t)+A5,m,1(t)≡0.

By the same trick, which leads to a simplification of A2,m,2(t) we easily see
that

∑4
i=3A5,m,i(t) = Cm,3(t ∧ τ). Moreover, A5,m,2(t) = Cm,4(t ∧ τ).

(iii) Similarly to (ii) we obtain A3,m(t)= Cm,5(t ∧ τ) + Cm,6(t ∧ τ) and
A4,m(t)=Cm,7(t∧ τ)+Cm,8(t∧ τ). We obtain (58) with t replaced by t∧ τ .
(iv) Since τN ↑ ∞ a.s., as N →∞, (58) holds for any t ≥ s.

6 Extension of the Mezoscopic Equations to
Wm,p,Φ – Existence and Uniqueness

Under certain smoothness assumptions the solution of the bilinear SPDE
(31) is extended to initial conditions in Wm,p,Φ,s and shown to live on
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Wm,p,Φ,[s,∞) (Theorem 6.2). Then, F , J are assumed to depend only on r

and Z̃ = (Ẑ, Z). A representation of the solution of (31) in terms of the
backward SODE (40) is derived (Lemma 6.3). Hence, microscopic estimates
can be used to derive a unique solution X of the quasilinear SPDE (32) with
Ẑ as a fixed random input, the initial condition X0 does not depend on r,
is bounded and Z in the bilinear SPDE is replaced by X (Theorem 6.8).

Lemma 6.1. Under the assumptions of Theorem 5.1 there exists a finite
cm,F,J ,Φ,p such that for any T > s

sup
s≤t≤T

E‖Y (t, Ys)‖pm,p,Φ≤exp((T−s)cm,F,J ,Φ,p)E‖Ys‖pm,p,Φ. (58)

Proof. Apply Theorem 5.1, Hölder’s inequality, Gronwall’s and Fatou’s
lemma.

Theorem 6.2. Let Φ ∈ {1, λ}, p an even number ≥ 2, m ∈ N ∪ {0},
m > d

2 + m + 2 an even integer and suppose Hypothesis 3 and 4 with
smoothness degree m. Further, let Ỹ ∈ M0,b,[s,∞) for some b > 0 and Z̃ ∈
W̃0,2,λ,[s,∞). Assume Ys ∈ Wm,p,Φ,s. Then, there is a unique weak solution
Y (·) := Y (·, Ys) := Y (·, Ỹ, Z̃, Ys) ∈ Wm,p,Φ,[s,∞) of (31) with Y (s) = Ys,
and for any T > s (6.1) holds with cm,F,J ,Φ,p independent of Ỹ and Z̃.

Proof. (i) Again we may without loss of generality assume s = 0. Since
Y (·, Y0) is linear in the initial condition, (58) implies that Y (·, Y0) is a uni-
formly continuous map from D ⊂ Wm,p,Φ,0 intoWm,p,Φ,[0,T ] for any T > 0.
Here D is the set of linear combinations of initial conditions satisfying (57)
with smoothness degree m and s = 0, endowed with the norm of Wm,p,Φ,0.
It is shown in Kotelenez [33, Lemma 9.6] that D is dense in Wm,p,Φ,0,
whence there is a unique extension of the map Y (·, Y0) to Wm,p,Φ,0, which
also satisfies (58).
(ii) In this step we show that the extension Y (·, Y0) also satisfies (31).

Let Y0,N be the approximation of Y0 as constructed in [33, Lemma 9.6]
and set hN (t) := Y (t, Y0,N ) − Y (t, Y0). Further, abbreviate J (s, r) :=
J (r, Ỹ (s), Z̃(s)), let ϕ ∈ C2c (R

d,R) and set cΦ,ϕ := supr∈suppϕ Φ−2(r),
where “supp ϕ” is the support of ϕ. Then, in case Φ = λ, we obtain

[
∫ t

0
〈hN (s),

∫
J (s, · − p)w(dp, ds) · Gϕ〉]=

d∑
j,k,H=1

∫ t

0

∫ ∫
hN (s, r)hN (s, q)

·
∫
Jkj(s, r − p)JHj(s, q − p)dp∂kϕ(r)∂Hϕ(q)dqdrds

≤ d2cΦ,ϕ|‖ϕ|‖21c
∫ t

0
(
∫
|hN (s, r)|Φ(r)dr)2ds

≤ d3cΦ,ϕ|‖ϕ|‖21c̃
∫ t

0
‖1‖0, p−1

p ,Φ · ‖hN (s)‖20,p,Φds.
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(where we used |∑d
j=1

∫ Jkj(s, r− p)JHj(s, q− p)dp| ≤ |D̃kH(s, r− q)| ≤ c).

But sup0≤s≤T E‖hN (s)‖20,p,Φ≤sup0≤s≤T (E‖hN (s)‖p0,p,Φ)
2
p→ 0 by step (i).

The convergence of the deterministic integrals can be proved by the same
method. Since Y (·, Y0,N ) satisfies (31) for all N the same holds for Y (·, Y0).
The case Φ ≡ 1 can be proved by similar arguments.
(iii) The uniqueness is a trivial generalization of Kotelenez [31, Theo-

rem 5.1] and Kotelenez [32, Theorem 5.2].

To solve the quasilinear SPDE (32) on H0,λ we assume

Hypothesis 5. The functions F , J from (26) depend only on r and Z̃.

In what follows next we will treat Z̃ as a fixed parameter and suppress
in the notation the explicit dependence of F,J etc. on Z̃. ř(u, r) will be
the measurable version of the backward SODE (40) on [0, t] (i.e., with t
instead of T ) in the sense of Remark 2.4 (ii). We abbreviate

ψ(u, r) := |det ∂
∂r

ř(u, r)|, (59)

i.e., the left hand side is the absolute value of the Jacobian determinant
of ř(u, r), which is well-defined by Lemma 10.4 of Appendix II of Kote-
lenez [33], if we suppose Hypothesis 2, resp. 4 with m ≥ 1. Suppose

X0 ∈ W0,2,Φ,0 ∩ L0(Ω;C(Rd;R)). (60)

Lemma 6.3. Suppose Hypothesis 3, 4 (with m > d
2 + 2), 5 and (60). Let

Y (t) := Y (t, Z̃,X0) be the weak solution of (31) with Y (0) = X0. Then,
for fixed t dr ⊗ dP a.e.

Y (t, r) = X0(ř(t, r))ψ(t, r) (61)

with ψ(t, r) defined by (59).

Proof. Let A be a compact subset ofRd. Further, set r(t, A) := ∪q∈Ar(t, q).
Since ř(t, r(t, A)) = A, r(t, A) is also compact. Moreover, by continuity, if
diam (A)→ 0, then diam (r(t, A))→ 0, for a sequence of compact sets A,
where diam (A) := supr,q∈A |r − q|. Then we have a.s.∫

r(t,A)
Y (t, q)dq =

∫
A

X0(q)dq =
∫
r(t,A)

X0(ř(t, q))ψ(t, q)dq.

Here, the first equality results from the definition of our measure process
Y(t, A) and the backward flow. The second equality is just the change of
variable formula. Since our assumptions imply by [33, Corollary 10.10] that
also řH(t, ·), S = 1, . . . , d, and ψ(t, ·) are in L0(Ω;C(Rd;R)), differentiation
in the last equation yields (61) for all r ∈ R and almost all ω.
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Let δ be the Fréchet derivative of differentiable functions defined on Rd.
Set for u ∈ [0, t]

F−i (r, u) := −Fi(r, t− u) A(r, u) := (δF−)(ř(u, r), u)

BH(r, p, u) := (δJ·H)(ř(u, r)− p, t− u), S = 1, . . . , d,

where J·H is the S-th column of the matrix process J , Fi(r, t − u) :=
Fi(r, Z̃(t − u)), Jij(r, t − u) := Jij(r, Z̃(t − u)) etc. (cf. Section 4). Let
“Tr” denote the trace of a d× d-matrix.

Lemma 6.4. Suppose Hypothesis 3 and 4 with m ≥ 2. Then, with proba-
bility 1 uniformly in u ∈ [0, t] and r ∈ Rd

ψ(u, r) = exp(
∫ u

0
Tr{(A(r, v)− 1

2

d∑
H=1

∫
B2H (r, p, v)dp)dv +

+
d∑
H=1

∫
BH(r, p, v)w̌H(dp, dv)}), (62)

where w̌ is given by (41) (with t instead of T ).

Proof. (i) Assumption (56),m ≥ 2, implies that A(r, u), ∫ B2H (r, p, u)dp etc.
are bounded uniformly in u ∈ [0, t], ω ∈ Ω, r ∈ Rd. Set ϕ(u, r) := ∂

∂r ř(u, r).
Then, by [33, (10.23)], ϕ(·, r) is the solution of the bilinear Md×d-valued
SODE (on [0, t])

dϕ(u, r) = A(u, r)ϕ(u, r)du+
d∑
H=1

∫
BH(r, p, u)ϕ(u, r)w̌H(dp, du)

ϕ(0, r) = I. (63)

We consider (63) as an SODE onRd2
and approximate it by random ODE’s

as defined in [33, Appendix II] (and Ikeda and Watanabe [20], cf. also
Arnold [1]). We expand the martingale term into an infinite expansion, cut
this off at level M (obtaining thus M i.i.d. Rd-valued Brownian motions
βn) and replace these βn by the (smooth) piecewise linear approximations
βn,L. The resulting random ODE is given by

ϕM,L(0, r) = I, ϕ̇M,L(u, r) = ÃM (r, u)ϕM,L(u, r)+ (64)

+
M∑
n=1

d∑
H=1

(δσn,·H)(ř(u, r), t− u)
dβ̌n,L,H
du

(u)ϕM,L(u, r)

with

ÃM (r, u) := A(r, u)− 1
2

M∑
n=1

d∑
H=1

((δσn,·H)(ř(u, r), t− u))2. (65)
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(ii) Next, we easily see that

M∑
n=1

((δσn,·H)(ř(u, r), t− u))2 →
∫

B2H (r, p, u)dp, (66)

asM→∞ (onMd×d with the Euclidean norm), which implies (asM→∞)

Tr
M∑
n=1

((δσn,·H)(ř(u, r), t− u))2 →
∫

Tr(B2H (r, p, u)dp. (67)

(iii) From [33, Appendix II] by Hypothesis 4 for m ≥ 2 and any K > 0

E sup
|r|≤K

sup
0≤u≤t

|ϕM,L(u, r)−ϕ(u, r)| → 0, as L→∞,M→∞, (68)

which implies convergence of the sequence (sup|r|≤K . . . ) in probability.
(iv) Now (62) is correct, if we replace detϕ in the left hand side by

detϕM,L and in exp{ } the right hand side of (67) by the approximating
trace in the left hand side of (67), which is just a classical result of ODE’s
(cf. Coddington and Levinson [8, Ch. I, Section 7]. Application of step (iii)
and (66) finishes the proof.

Corollary 6.5. Suppose Hypothesis 3 and 4 with m ≥ 2. Then ψ(u, r)
defined by (59) is the unique solution of the R-valued bilinear Itô SODE
(on [0, t])

dψ(u, r) = Tr (A(r, u))ψ(u, r)du+
d∑
H=1

∫
Tr (BH(r, p, u))ψ(u, r)w̌H(dp, du)

+
1
2

d∑
H=1

∫
((Tr (BH(r, p, u)))2 − TrB2H (r, p, u))dpψ(u, r)du (69)

ψ(0, r) = 1.

Proof. The definition of the independent Brownian sheets w̌H, S = 1, . . . , d,
and Itô’s formula imply (69).

Let us now check whether the coefficients in (69) as functions of ř(u, r) and
Z̃(t−u) are Lipschitz. Let qi∈Rd, ηi∈H̃0,λ, i=1, 2. Then, a typical element
of (TrBH(r, p, u))2 or TrB2H (r, p, u) with qi= ř(u, Z̃i, r), ηi := Z̃i(t), i=1, 2
can be written as

∫
∂mJkH(qi − p, ηi)∂nJk̃H(qi − p, ηi)dp. Using integration
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by parts and the Cauchy-Schwarz inequality we obtain

|
∫
{(∂mJkH)(q1−p, η1)(∂nJk̃H)(q1−p, η1)

−(∂mJkH)(q2−p, η2)∂nJk̃H(q2−p, η2)}dp|
≤ max

k=1,... ,d
(
∫
{(∂2m,nJkH)2(q1 − p, η1) + (∂2m,nJkH)2(q2 − p, η2)}dp) 1

2 ·

· max
k̃=1,... ,d

(
∫
(Jk̃H(q1 − p, η1)− Jk̃H(q2 − p, η2))2dp)

1
2 (70)

≤ max
k̃=1,... ,d

(2d1,T )
1
2 (
∫
(Jk̃H(q1 − p, η1)− Jk̃H(q2 − p, η2))2dp)

1
2 ,

assuming (56) with m ≥ 2. So the Lipschitz assumption (22) on Jk̃H in
addition to Hypothesis 3 and 4 with m ≥ 2, implies the (global) Lipschitz
property for (TrBH)2 and TrB2H .
The Lipschitz property of ∂kFk(q, η), k = 1, . . . , d, cannot be directly

derived from the hypothesis and the Lipschitz property of Fk.

Hypothesis 6. Suppose for any k=1, . . . , d, (qi, η̃i)∈Rd×H̃0,λ, i=1, 2

ρ2(∂kFk(q1, η̃1), ∂kFk(q2, η̃2)) ≤ cF {ρ2(q1, q2)+‖B(η1)−B(η2)‖20,λ +
+(

∫
ΛF (q2−p)|B(η̂1(p))−B(η̂2(p))|dp)2}.

Lemma 6.6. Suppose Hypothesis 3, 4 and 6. Let Z̃i ∈ W̃0,2,λ,[0,∞) and set
ψi(u, r) := ∂

∂r ř(u, Z̃i, r), i = 1, 2. Then, for u ≤ t (≤ T )

E sup
0≤v≤u

(B(ψ1(v, r))−B(ψ2(v, r)))2

≤ cF,J ,B,TE
∫ u

0
{‖B(Z1(t−v))−B(Z2(t−v))‖20,λ (71)

+
∑

L∈{F,J}
(
∫
ΛL(ř(v, Ẑ2, r)−p)|B(Ẑ1(t−v, p))−B(Ẑ2(t−v, p))|dp)2}dv.

Proof. (i) The coefficients in (69) explicitly depend on Z̃i, i=1, 2. Let ai(u)
be the sum of all 3 drift coefficients from (69). We suppress the dependence
on r and abbreviate bH,i(u, p) := Tr(BH,i(r, p, u)). Itô’s formula yields:

(B(ψ1(u))−B(ψ2(u)))2=
∫ u

0
2(B(ψ1(v))−B(ψ2(v)))d(B(ψ1(v))−B(ψ2(v)))

+
∫ u

0
d〈B(ψ1(v))−B(ψ2(v))〉, (72)
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where, again by Itô’s formula,

B(ψi(u)) =
∫ u

0
B′(ψi(v))ai(v)ψi(v)dv +

d∑
H=1

∫ u

0
B′(ψi(v))· (73)

·
∫
bH,i(v, p)ψi(v)w̌H(dp, dv)+

1
2

d∑
H=1

∫ u

0
B′′(ψi(v))

∫
b2H,i(v, p)dpψ

2
i (v)dv.

(ii) Hence,

〈B(ψ1(u))−B(ψ2(u))〉

=
d∑
H=1

∫ u

0

∫
(B′(ψ1(v))ψ1(v)bH,1(v, p)−B′(ψ2(v))ψ2(v)bH,2(v, p))2dpdv

≤ 2
d∑
H=1

∫ u

0
(B′(ψ1(v))ψ1(v)−B′(ψ2(v))ψ2(v))2

∫
b2H,1(v, p)dpdv (74)

+ 2
d∑
H=1

∫ u

0
B′(ψ2(v))ψ2(v)

∫
(bH,1(v, p)− bH,2(v, p))2dpdv.

Now the properties of B, the boundedness of
∫
b2H,1(v, p)dp and (70) in

addition to (28) imply for u ≤ t (≤ T )

〈B(ψ1(u))−B(ψ2(u))〉 ≤ cJ ,B,T
∫ u

0
(B(ψ1(v))−B(ψ2(v)))2dv (75)

+ cJ ,B,T
∫ u

0
{ρ2(ř(v, Z̃1, r), ř(v, Z̃2, r))+‖B(Z1(t−v))−B(Z2(t−v))‖20,λ

+
∑

L∈{F,J}
(
∫
ΛL(ř(v, Ẑ2, r)−p)|B(Ẑ1(t−v, p))−B(Ẑ2(t−v, p))|dp)2}

·B′(ψ2(v))ψ2(v)dv.
(iii) We denote the second integral of the right-hand side of (75) byH1,2(u).
Note that our assumptions on B imply (by the mean value theorem)

|B′(y)y −B′(x)x|+ |B′′(y)y2 −B′′(x)x2| ≤ cB |B(y)−B(x)|
for all x, y ∈ R. In particular, supx∈R{|B′(x)x+ B′′(x)x2|} < ∞ . Hence,
by an elementary calculation, using the Cauchy-Schwarz inequality and
|ab| ≤ a2

2 +
b2

2 , a, b ∈ R, (70) and Hypothesis 6 imply

2
∫ u

0
|B(ψ1(v))−B(ψ2(v))|{|B′(ψ1(v))ψ1(v)a1(v)−B′(ψ2(v))ψ2(v)a2(v)|

+
1
2

d∑
l=1

|B′′(ψ1(v))ψ1(v)
∫
b2l,1(v, p)dp−B′′(ψ2(v))ψ22(v)

∫
b2l,2(v, p)dp|}dv

≤ cF,J ,B,T

{∫ u

0
(B(ψ1(v))−B(ψ2(v)))2 +H1,2(u)

}
. (76)



426 P. Kotelenez

(iv) LetMi(v) be the martingale part of B(ψi(v)), i = 1, 2. Since 〈M1(v)−
M2(v)〉 = 〈B(ψ1(v)) − B(ψ2))〉 we obtain (using, e.g., Ikeda and Watan-
abe [20, Ch. II, §2] and an elementary calculation)

c[
∫ u

0
2(B(ψ1(v))−B(ψ2(v)))d(M1(v)−M2(v))]

1
2 ≤ (77)

≤ 1
2
sup
v≤u

(B(ψ1(v))−B(ψ2(v)))2 + 8c4〈B(ψ1(u))−B(ψ2(u))〉,

where c > 0 is an arbitrary positive constant.
(v) Since |B′(x)x| is bounded we obtain from (72)-(77), the Burkholder-

Davis-Gundy inequality and Gronwall’s lemma

E sup
v≤u

(B(ψ1(v))−B(ψ2(v)))2≤cF,J ,B,TE
∫ u

0
{ρ2(ř(v, Z̃1, r), ř(v, Z̃2, r))+

+‖B(Z1(t− v))−B(Z2(t−v))‖20,λ+
∑

L∈{F,J}
(
∫
ΛL(ř(v, Ẑ2, r)−p)

·|B(Ẑ1(t−v, p))−B(Ẑ2(t−v, p))|dp)2}dv.

Now, using (35) we obtain (71).

In order to derive a solution of (25) we will now assume:

Hypothesis 7. Ẑ ∈ W0,2,λ,[0,∞) is a fixed random input.

Since we want to be conceptual rather than computational we make an
assumption on the initial condition.

Hypothesis 8. X0 is F0-measurable, and it does not depend on r ∈ Rd.
Moreover, there are constants 0<c<c<∞ such that c≤|X0(ω)|≤c a.s.

Lemma 6.7. Suppose Hypothesis 3, 4 (with m > d
2 + 2), 5, 7 and 8. For

Zi ∈W0,2,λ,[0,∞) set Yi(t, r) := Y (t, Zi, X0, r) := Y (t, Ẑ, Zi, X0, r), i= 1, 2.
Then, for any t > 0 and c̃ := cF,J ,λ,T,X0

sup
0≤t≤T

E‖B(Y1(t))−B(Y2(t))‖20,λ≤ c̃

∫ T

0
E‖B(Z1(s))−B(Z2(s))‖20,λds.

(78)

Proof. Fix t ∈ [0, T ]. Then, by (61) and the properties of B

(B(Y1(t, r))−B(Y2(t, r)))2 ≤ c(B(ψ1(t, r))−B(ψ2(t, r)))2.

Application of (71) with change of variables t − v → s and integration
against λ(r)dr implies (78).

Now we can solve (32) on H0,λ under the previous assumptions.
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Theorem 6.8. Suppose Hypothesis 3, 4 (with m > d
2 + 2), 5, 7 and 8.

Then (32) has a unique weak (Itô) solution X(·, X0) ∈ H0,λ,[0,∞).
Proof. (i) By Theorem 6.2 the solution of the bilinear SPDE (31) satis-
fies the relation Y (·, Z,X0) := Y (·, Ẑ, Z,X0) ∈ H0,λ,[0,∞) for any Ẑ, Z ∈
W0,2,λ,[0,∞). Hence, suppressing the dependence on Ẑ in our notation, we
iteratively define Yn+1(·, Yn, X0), n ≥ 1, Y1 ≡ X0. (78) implies that this
sequence has a unique fixed point X̃ := limn→∞B(Yn) on W0,2,λ,[0,∞). Set
X(t, r) := B−1(X̃(t, r)).
(ii) Let f : R→ R be bounded and continuous. Then we easily verify

E‖f(Yn(t))− f(X(t))‖20,λ → 0, as n→∞. (79)

In particular, choosing f with |f |(x) ≤ |x| for all x ∈ R, we obtain by
(58) E‖f(X(t))‖20,λ ≤ lim infn→∞E‖Yn(t)‖20,λ ≤ cF,J ,λ,TE|X0|2. Choos-
ing fm ≥ 0 such that fm(x) ≤ |x| and fm(x) ↑ |x| for all x ∈ R, monotone
convergence implies

sup
0≤t≤T

E‖X(t)‖20,λ ≤ cF,J ,λ,TE|X0|2. (80)

In particular, X ∈ W0,2,λ,[0,∞). Next, set µ(dr) := λ(r)dr and let dT be
the Lebesgue measure on [0, T ]. Then µ and dT are finite Borel measures
and by Chebyshev’s inequality and (58)

dT ⊗ µ⊗ P{(t, r, ω) : |Yn(t, r, ω)| ≥ N} ≤ cF,J ,λ,T
E|X0|2
N2 .

Hence, |Yn|2 is uniformly integrable on L1([0, T ]×Rd×Ω, dT ⊗µ⊗P ). By
(79) and (80) this implies

∫ T
0 E‖Yn(t)−X(t)‖20,λdt→ 0, as n→∞.

(iii) Repeating the arguments of the proof of Theorem 6.2, it follows
that X(·, X,X0) is a solution of (31) in H0,λ with Z ≡ X and that it
is an element of Wm,2,λ,[0,∞). Hence, X(·, X,X0) is a strong solution of
(32) on H0,λ (cf. Da Prato and Zabczyk [9]) and, therefore, X(·, X,X0) ∈
H0,λ,[0,∞). The uniqueness follows directly from Theorem 6.2.

7 Mezoscopic Models with Creation/Annihilation

The assumption of mass conservation was used to derive SPDE’s for inter-
acting and diffusing particle systems by essentially considering the motion
of N particles in such a way that

∑
ai>0 ai= a+ and −∑

ai<0 ai= a− are
the total positive and negative masses independent of N . To include reac-
tion is the same as to include some creation/annihilation mechanism. Since
the Wasserstein metric is only a metric on finite measures with identical
total masses we cannot directly generalize the procedure of Section 3. In
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Goncharuk and Kotelenez [19] a (partial) solution was obtained by using
a fractional step method to first decompose and then to compose the two
phenomena: (1) interaction and diffusion, (2) reaction and its fluctuation.
The “full” SPDE is given in integral form on H0 by

X(t)=X0+
1
2

d∑
k,l=1

∫ t

0
D̃kl(s)∂2klX(s)ds−

∫ t

0
G·(X(s)F (s))ds+ (81)

∫ t

0
G·(X(s)dMs)+

∫ t

0
(R(s)X(s)+R0(s))ds+

∫ t

0
(σ(s)X(s)+σ0(s))dM̃s.

The decomposition of (81) yields:

Z(t) = Z(0) +
1
2

d∑
k,l=1

∫ t

0
D̃kl(s)∂2iHZ(s)ds (82)

−
∫ t

0
G · (Z(s)F (s))ds+

∫ t

0
G · (Z(s)dMs), (83)

Y (t) = Y (0)+
∫ t

0
(R(s)Y (s)+R0(s))ds+

∫ t

0
(σ(s)Y (s)+σ0(s))dM̃s.(84)

Ms and M̃s are mutually orthogonal martingales. dMs can be taken
as

∫ J (·, p, Ỹ, Z̃)w(dp, ds) from (31). The orthogonality follows from the
fact that reaction and diffusion fluctuations are uncorrelated in reaction-
diffusion models like Arnold’s box model ([26]). (82) is solved as in Section
3 and its smoothness follows from the assumptions and the results of Kote-
lenez [31, 34]. Under boundedness assumptions on the coefficients, (84) has
a unique solution. Then we solve first (82) on a small time interval and use
its solution at the end of this interval as the initial condition of (84) on
the same time interval. Then the solution of (84) at the end of the initial
time interval becomes the initial condition of (82) on the next (small) time
interval etc. Letting the size of the time steps tend to 0 gives a solution of
(81). Since (81) is essentially bilinear, this solution is unique.
We expect that this procedure can also yield solutions in the quasilinear

case and where the reaction is a nonlinear phenomenon. The generalization
to the case including creation and annihilation is left for a future paper.
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de Probabilités de Saint-Flour XX. Lecture Notes in Math. 1541,
Springer, Berlin, 1-260.

[13] Dawson, D.A. Vaillancourt, J. (1995): Stochastic McKean-Vlasov equa-
tions. No. DEA 2. 199-229.

[14] De Acosta, A. (1982): Invariance principles in probability for trian-
gular arrays of B-valued random vectors and some applications. Ann.
Probab., No. 2, 346-373.

[15] Dudley, R.M. (1989): Real analysis and probability. Wadsworth and
Brooks, Belmont, California.

[16] Friedman, A. (1976): Stochastic differential equations and applica-
tions. Vol. 2, Academic Press. New York-San Francisco-London.
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asymptotically stable, 261
Atkinson-type spectral problem, 156
attracting universe, 267, 268
attractor, 166, 199, 261

global, 93
global random, 86, 96, 97, 99
local, 96
random, 93, 96, 98, 268
random hyperbolic, 120
relative global, 101
stochastic, 201
topological circle, 110

attractor–repeller decomposition, 200
attractor–repeller pair, 200
averaging principle, 232

backward cocycle, 31
backward complete, 30, 75
Besov type spaces, 308
bifurcation, 27, 98

dynamic (D), 81, 83, 98
phenomenological (P), 27, 52,

59, 60, 81, 84
random, 160, 162, 169
stochastic, 1, 27, 51, 81

Brownian flow
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Brownian particles
Einstein–Smoluchowski model,

397
Ornstein–Uhlenbeck model, 397

Brownian sheet, 399, 400, 406, 408

Brusselator, 71, 73
stochastic, 72, 74

bundle random dynamical system,
130

canonical dynamical system, 30
canonical Gaussian measure, 362
canonical integral, 284
canonical ODE with jumps, 285
canonical probability space, 331
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driven by Lévy process, 286
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process, 286
central limit theorem, 137, 138, 228,

360, 376, 386
chain, 187

controlled, 191
chain control set, 191, 197, 203

maximal, 200
chain limit set, 188
chain orbit, 200
chain recurrent, 148, 188
chain recurrent set, 200
chain transitive, 188
chain transitive set, 191

maximal invariant, 191
chaos, 189
chaotic dynamics, 110
co-dimension one bifurcation

stochastic perturbation, 49
co-dimension two bifurcation

generic normal form, 50
stochastic perturbation, 50
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cocycle, 75, 95, 150, 264, 265

backward, 31
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cocycle attractor, 271
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compact attractor, 162
complementary repeller, 200
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backward, 30, 75
forward, 30, 75, 95
strictly, 95

conjugation, 123
continuous particle systems, 342
continuous time approximation, 386
control, 288
control flow, 182
control function, 186, 285
control set, 190

domain of attraction, 190, 194
invariant, 80, 190, 194
main, 190
reachability order, 190

control system, 80, 181, 189, 194
controlled chain, 191
covariation process, 317
curvature, 327

principal, 328
Riemann, 328
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curvature process
positive recurrence, 328

D-bifurcation, 81, 83, 98
demographic variance, 391
destabilization, 229
destabilizing, 223
difference equation

nonautonomous, 265
differentiable measure, 354
differential equation

linear, 209
diffusing particle in a random envi-

ronment, 405
diffusion approximation, 397
diffusion equation, 386
diffusion process

absorbing state, 388
measure valued, 396

Dirichlet form, 355
irreducible, 357

discretization error, 254, 277
global, 261

discretization of SDE, 241
disintegration, 97, 119
Duffing–van der Pol equation, 50, 104

Hopf bifurcation, 104, 105
pitchfork bifurcation, 105
stochastic perturbation, 105

Duffing-van der Pol oscillator, 162
parametrically perturbed, 160

dynamical system
canonical, 30
metric, 95
nonautonomous, 264
two sided, 29
uniformly hyperbolic, 117

elliptic generator, 212
empirical process, 402
energy of interaction, 353
entrance, 66
entropy

extremal, 390
for an RDS, 134, 380, 391
relativized, 134
topological, 148

equilibrium point, 261
random, 275

equilibrium state, 136, 339, 381
equivalence of probability densities,

59
ergodic, 150, 197, 199
Euler scheme, 244, 245, 253, 260, 272

implicit, 279
stochastic, 233
variable time step, 273

evolutionary stability, 371, 391
exchange of stability, 4
exit, 66
expansive, 126
expansivity characteristic, 126
expensive

not this book, xvii
explosion, 95
explosion time, 75, 89, 286
exponential decay of correlations, 360
exponential dichotomy, 123, 152, 162
exponential separation, 162
exponentially stable, 86

feedback stabilization, 173
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fibre entropy, 134, 380, 391
first passage time, 65
fixed point

hyperbolic, 123
Floquet exponent, 170
Floquet theory, 171
flow, 29

local, 161
suspension, 143
topological, 150

fluctuation, 342, 360
local, 360

Fokker-Planck equation, 59, 79, 214,
216, 387

stationary solution, 60
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fractal integral, 310

approximation property, 315
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fractional calculus, 306
fractional derivative, 307
fractional Riemann–Liouville integral,

306
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perturbed by multiplicative white
noise, 223

Furstenberg Theorem, 248

Gaussian thermodynamic limit, 342
genealogies, 375
generator

hypoelliptic, 80
uniformly elliptic, 248

Gibbs measure, 135, 339, 354
decay of correlations, 359
extremality, 357
mixing, 359
on product manifolds, 353
uniqueness, 359

Girsanov formula, 352
Glauber dynamics, 340, 342, 356
global attractor, 93
global random attractor, 86, 96

approximation, 99
invariant measure, 97

global stable manifold, 126, 142
global unstable manifold, 126, 142

Hörmander condition, 212, 213, 230
Hamiltonian system, 153

perturbed, 52
closed orbits, 54

harmonic oscillator, 223, 228
underdamped, 224

Hausdorff metric, 98, 262
Hausdorff separation, 262
Heun scheme, 260
homoclinic orbit, 58, 63

small random perturbation, 143
homoclinic point

random, 127
homoclinic tangencies, 110
homogeneous stochastic flows, 21
Hopf bifurcation, 51, 72, 73, 90, 94

stochastic, 51, 81
under the influence of noise, 94

hull, 150
Hurst exponent, 317
hyperbolic

normally, 110
uniformly, 117

hyperbolic fixed point, 123
hyperbolic invariant set

random perturbation, 123
hyperbolic point, 261

random, 276
hyperbolic set

random, 119, 140
small random perturbation, 123

hyperbolic splitting, 122, 153
hyperbolic stationary random vec-

tor, 123
hyperbolicity, 120
hypoellipticity condition, 222

infinite product of manifolds, 344
differentiable map, 346
differentiable section, 346
operator field, 348
Riemannian-like structure, 345
stochastic differential equation,

350
stochastic integral, 349
tangent bundle, 344
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vector field, 348
infinitesimal generator, 32
infinitesimal moments, 386
inner pair condition, 182, 203
integral

canonical, 284
fractal, 310

interacting particles
stochastic differential equation,

408
interaction, 339

energy, 353
finite range, 359

invariant cone
random, 141

invariant control set, 80
invariant hyperbolic splitting, 122
invariant manifold

random, 97
invariant measure, 31, 78, 97, 118,

195, 197–199
approximation, 106
expansion, 218
stable, 36
support, 292
unstable, 36

invariant random cones, 122
invariant set, 119, 266
invasion-extinction dynamics, 372
inverted pendulum, 229, 231, 232
isotropic Brownian flow, 330
isotropic stochastic flow, 327
Itô formula, 318

Jordan form, 172

Khasminskii formula, 11, 13
Kolmogorov equation

backward, 65, 388
Kolmogorov-Sinai Theorem, 134
Krylov-Bogolioubov method, 150, 197,

382

Lévy measure
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Lévy process
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law, 284
support, 288

Lagrange plane, 153
Langevin approximation, 72
large deviations, 137, 139
large noise, 229
lattice model, 339
lattice system

Gibbs measure, 341
law of large numbers, 195
law of iterated logarithm, 139
Lebesgue-Stieltjes integral, 311
left-shift, 130
Leslie matrices, 374
Lie algebra rank condition, 185
limit set, 187
linear control system

random, 172
linear differential equation

nonautonomous, 150
random perturbation, 209

linear stochastic differential equation,
212

linear system
noise perturbed, 212

linearised stability along trajectories,
2

local attractor, 96
local cocycle, 30
local flow, 161
local fluctuation, 360
local product structure, 126
local random dynamical system, 30,

75, 95
local stable manifold, 125, 142

random size, 125
local unstable manifold, 125, 142

random size, 125
localization, 163
logarithmic derivative of a measure,

354
long-lived transients, 85, 90
Lyapunov exponent, 2, 35, 82, 97,

152, 211, 276
asymptotics, 219
maximal, 152
moment, 234
numerical approximation, 243
numerical computation, 243
top, 211, 214, 222

Lyapunov function, 262, 271
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macroscopic fluctuations, 342
macroscopic limit, 342, 402
main control set, 190, 197
Markov perturbation model, 194
Markov diffusion model, 192
Markov diffusion perturbation model,
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Markov diffusion process, 185
Markov diffusion system, 185
Markov measure, 79, 105

invariant, 195
Markov partition, 129, 134
Markov semigroup, 32, 79
Markov shift

random, 391
Markov solution

stationary, 185, 195
martingale

mutual quadratic variation, 400,
406
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mass distribution, 396

mezoscopic description, 399, 413
microscopic description, 408

master equation, 72
mean first passage time, 65
measure

differentiable, 354
logarithmic derivative, 354

measure valued diffusion process, 396
measure valued process

signed, 400
Melnikov method

random, 143
mesoscopic model, 72
mezoscopic equation, 407, 413, 415,

419
smoothness, 416

mezoscopic model, 399
mass creation/annihilation, 428

microscopic equation, 408
minimal, 148, 160, 173
moment Lyapunov exponent, 234
moment Lyapunov function, 5
Morse decomposition, 182, 188, 200

finest, 188
Morse set, 182, 188

multiplicative ergodic theorem, 97,
211, 266

multiplicative noise, 78, 210
multistability region, 204
multistable point, 193
mutual quadratic variation process,

398

natural boundary, 66
noise induced rotation, 224
noise induced transitions, 72
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non-symmetric diffusion, 231
nonautonomous difference equation,
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nonautonomous dynamical system,
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numerical scheme
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discretization error, 277
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steady state solution, 262
order, 261

numerical stable manifold, 262, 277
numerical system, 260

global attractor, 263
numerical unstable manifold, 262, 277

omega limit set, 266
one–step numerical scheme, 260
ordinary differential equation

autonomous, 260
nonautonomous, 264

Ornstein-Uhlenbeck semigroup, 364
Oseledets space, 97, 211, 276

convergence, 224

P-bifurcation, 52, 59, 60, 81, 84
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parameter dependent system, 182
parameter-intermittency, 160
parametric excitation, 210, 233
particle system

microscopic model, 398
pendulum, 228, 229

vibrating suspension, 223
perfect cocycle, 30
periodic bifurcation problem, 170
periodic process, 148
perturbation

by small real noise, 227
by small white noise, 222

perturbation model, 183
stochastic, 184

perturbation scheme, 216
perturbed system, 181, 183

regular, 182
pitchfork bifurcation, 28, 51, 84

stochastic, 39, 43, 45
polar coordinates, 213
population dynamics, 373

diffusion model, 387
population growth rate, 391
positive random matrices, 374

products, 374
positively invariant set, 263
potential, 353
potential analysis, 341
pre-Dirichlet form, 355

generator, 355
pressure, 136, 379, 381
principal curvature, 328
probability space

canonical, 331
projective bundle, 243
projective space, 213, 243
pseudo-orbit, 127
pullback, 33, 86
pullback attractor, 267, 268
pullback convergence, 97, 267

quadratic variation process, 317

random attractor, 93
random angle multiplication, 124
random Anosov system, 120, 124
random attracting set, 96

random attractor, 96, 98, 268
discretization, 272
uniqueness, 96

random Bernoulli state, 385
random bifurcation, 160, 169

robustness, 162
random compact set, 96, 119
random cone, 121

invariant, 122
random conjugation, 123
random continuous function, 378
random differential equation, 140, 148,

151, 265
existence and uniqueness of so-
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random Dirac measure, 29, 32, 84,

86
random dynamical system (RDS), 29,

95, 264–266
bundle, 130
local, 30, 95
smooth, 75, 118

random equi-Hölder continuous func-
tion, 378

random equilibrium point, 275
random expanding map, 124
random geodesic flow, 143
random global attractor, 96
random Hölder continuous function,

125, 135
random homoclinic point, 127
random hyperbolic attractor, 120
random hyperbolic point, 276

discretization, 275
random hyperbolic set, 119, 140

structural stability, 123
random invariant cone, 141
random invariant manifold, 97
random invariant set, 96
random k-shift, 130
random linear control system, 172
random Markov shift, 391
random matrices

positive, 374
random Melnikov method, 143
random norm, 120, 276
random orthogonal polynomial, 154,

158
random partition function, 379
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random Perron-Frobenius Theorem,
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random probability measure, 29
random pure state, 385
random Ruelle-Perron-Frobenius The-

orem, 380
random scalar product, 120
random Schrödinger equation, 157
random semiconjugacy, 131
random set of reflection coefficients,

155
random shadowing lemma, 127
random shift, 373

one-sided, 134
random Smale Theorem, 127
random smooth map, 118
random sofic shifts, 139
random stochastic matrix, 376
random subshift of finite type, 110,

130, 375
random Markov measure, 376

random symbol space, 375
random transfer operator, 135, 379
random transfer operator theorem,

135, 379
random transition matrix, 130, 375

aperiodic, 135
random unstable manifold, 98

approximation, 103
random vector field, 140
random vibration, 211
randomization, 150
reaction diffusion system, 396
real noise process, 148
rectangle, 129

proper, 129
recurrence, 148
recurrent, 160, 197
regular boundary, 66
regular perturbed system, 182
relative global attractor, 101
relativized entropy, 134
repeller, 199

complementary, 200
Riemann curvature tensor, 328
Riemann–Liouville integral

fractional, 306
Romberg extrapolation technique, 255
Romberg–Richardson procedure, 255

rotation number, 83, 153, 215, 222,
224

rotational symmetry, 16

second fundamental form, 328, 333
sectional curvature, 328
selection process, 377
selective advantage, 391
semi–dynamical system, 261

autonomous, 265
semi-Hausdorff metric, 96
semigroup

ergodic, 357
sensitive dependence on initial con-

ditions, 148, 189
shadowing, 127, 262, 278
shift, 130, 375
shift flow, 148
shift operator, 264
singular perturbation methods, 216
skew product flow, 31, 181, 183, 265

continuous, 183
topological dynamics, 182

skew product transformation, 97, 119
skew symmetric diffusion, 231
Skorohod metric, 288, 289
Skorohod space, 284
Slobodeckij type space, 308
Smale Theorem

random, 127
small white noise perturbation, 219
space of macroscopic fluctuations, 362
space-time jump Markov process, 396
speed measure, 32

density, 42
finiteness, 41

spin system, 339
SRB-measure, 136, 143
stability along trajectories, 2
stability radius, 233
stabilization, 229
stabilizing, 223
stabilizing noise, 230
stable invariant measure, 36
stable manifold, 261

global, 126, 142
local, 125, 142
numerical, 262, 277

stationary Markov solution, 185, 195
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unique, 185
stationary measure, 79
stationary process

Kolmogorov construction, 184
stationary random vector, 123

hyperbolic, 123
steady state solution, 261
Stieltjes integral, 310
stochastic attractor, 201
stochastic averaging, 56
stochastic bifurcation, 1, 27, 40, 51,

81
P-bifurcation, 52, 59, 60
phenomenological approach, 59

stochastic Brusselator, 72, 74
invariant measures, 80

stochastic differential equation, 265
backward canonical, 284
bilinear, 241
Cauchy problem, 340
discretization, 241
ellipticity, 31
for interacting particles, 408
generating a local RDS, 95
linear, 212
Markov solution, 211
on Banach manifolds, 340
on Hilbert manifolds, 340
on infinite dimensional linear spaces,

340
on infinite product of manifolds,

350
on loop manifolds, 340
on product groups, 351
on product manifolds, 340
one–dimensional, 244
with random coefficients, 321

stochastic Duffing–van der Pol equa-
tion

invariant manifolds, 107
random global attractor, 106

stochastic Duffing-van der Pol equa-
tion, 50

stochastic Euler scheme, 233
stochastic excitation, 50
stochastic flow

homogeneous, 21
isotropic, 327
on the torus, 20

stochastic flow of diffeomorphisms,
21, 242, 266, 284, 287

stochastic Hopf bifurcation, 51, 81
stochastic matrix

random, 376
stochastic numerics, 216
stochastic partial differential equa-

tion (SPDE), 396
bilinear, 419
quasilinear, 398
semilinear, 400

stochastic perturbation, 181
SDE, 185

stochastic perturbation method, 198
stochastic perturbation model, 184
stochastic pitchfork bifurcation, 39,

43, 45
stochastic quantization, 341
stochastic transcritical bifurcation,

39, 44, 45
strictly complete, 95
structural stability, 59, 123
subdivision algorithm, 94, 101, 279

approximation of random attrac-
tor, 101

support, 285, 287
Brownian motion, 284
characterization, 290
invariant measure, 292
Lévy process, 284, 288

support theorem, 181, 186
suspension, 156
suspension flow, 143
symbolic dynamics, 134
symmetry, 230

tangent functional, 382
tempered, 119
tempered random set, 96
thermodynamic formalism, 371, 377
thermodynamic limit, 342
top Lyapunov exponent, 211, 214,

222
topological entropy, 148
topological flow, 150
topological pressure, 136, 379

analyticity, 381
topologically chaotic, 189
topologically mixing, 187
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topologically transitive, 136, 148, 187
torus automorphism, 124
transcritical bifurcation, 28

stochastic, 39, 44, 45
transfer operator, 135

random, 135, 379
transfer operator theorem

random, 135
transition matrix

random, 130, 375
translational symmetry, 19

uniquely ergodic, 161
unstable invariant measure, 36
unstable manifold, 261

global, 142
local, 125, 142
numerical, 262, 277
random, 98

unstable manifold global, 126

variable time step discretization, 270,
272

variational equation, 275
variational principle, 380
vortex distribution

microscopic model, 400

Wasserstein metric, 402, 403
Weyl m-function, 157
Weyl representation, 307
white noise limit, 228
Wiener shift, 265




